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CONTACT PROBLEM OF TWO ELASTIC BODIES — Part I

VLADIMIR JANOVSKY, PETR PROCHAZKA

(Received September 1, 1977)

INTRODUCTION

In tunnel construction the following problem occurs: Find displacements and
stresses on the tunnel wall and the surrounding earth, particularly on the boundary
between the tunnel wall and the earth. It includes the problem how to find the part
of the boundary where the tunnel wall and the earth are in contact after deformation.

We formulate the simplest model intwo dimensions.;Our aimis a complete numerical
study of the model. For this reason we have devided the paper into three parts. The
first part of our paper has the following chapters:

1. Formulation of the problem
2. Finite dimensional elasticity model
3. Numerical solution of the finite dimensional model

The convergence analysis is left to the second part of our paper while the third part
includes the implementation of the algorithm and numerical results.

The contact problem between an elastic and a rigid body was studied by Lions and
Duvaut [1] and by Fremond [2] from the numerical point of view. Fremond’s idea
of an artificial bolt was generalized by Janovsky [4] to the case that both bodies are
elastic.

I. FORMULATION OF THE PROBLEM

We consider a displacement problem concerning a tunnel beneath the earth where
the wall of the tunnel (") is subjected to forces due to the surrounding earth ().
It is assumed that slipping may occur at the tunnel-earth interface, so that in fact both
bodies may lose contact at certain points on the common boundary I'. The problem
(before the deformation occuts) is illustrated in two-dimensional situation (section
view) in Figure 1. Symmetry about the vertical axis (xz) is assumed so that only one
half of the region is considered.
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The following assumption concerning the physical situation are made:

(1) there is a plane deformation,

(2) both materials are isotropic,

(3) the displacements are small,

(4) the problem is symmetric about the x,-axis,

(5) friction forces on I' are neglected,

(6) there are no displacements along I',,

(7) there is a loading on I'y,

(8) there is no loading on I's,

(9) the boundaries 0Q" and Q" of Q" and Q" are respectively Lipschitz and piece-
wise infinitely smooth,

(10) both @’ and Q" are simply connected domains of the plane.

N

Displacements are described by a vector function u = [u,, u,] of the variable
x = (x;,x,); 2 =Q UQ", where u; = uyx) is the displacement of the point x
in the direction of the x;-axis (i = 1, 2). The restriction of any function to Q' or Q"
is denoted respectively by one prime or by two primes; e.g. u/Q" = u’ and u/Q" = u".
The vector functions F = [F,, F,] and P = [P,, P,] describe volume and surface

forces on Q and I'y, respectively; let us suppose that F; € L,(R) and P; e L,(I',) for
i=12

Definition 1.1. We denote

V={ws=[w,w,] on Q wie W-Q),w;e W-3Q") for i =1,2;

w;=0a.e.on I, fori=1,2; wi =0 ae. on I's;

0 a.e. on Iy}

Wi
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and

ol = (3, il e

the norm on V.

Remark 1.2. The extensions of w}; and w? to 0Q" and dQ" respectively are defined
by means of the traces of w;e W'?(Q') and wj e W"(Q"), i = 1, 2.

Remark 1.3. The space Vis the Banach space of all admissible displacements which
satisfy the essential boundary conditions on I',, I'y, I', but not on I

Let v = (v,, v,) be the outward normal vector to I" with respect to '. The functions
u, = vyui + vus and vy = v,uf + v,uj (on I') are displacements of the bodies Q'
and Q" in the v-direction along the contact boundary I'. With respect to assumption
(3) concerning “small” displacements, it may be satisfactory to formulate the essential
boundary condition along the contact boundary as follows:

(1.1) [u],=u, —uy, <0 aec onl.

Definition 1.2. We denote
K={weV;[w],<0aeonTl}.
Remark 1.3. The set K is the cone of admissible displacements with respect to the

essential contact condition (1.1).

Definition 1.3. We denote

2 2
J(w) = JA(w, w) — Z J‘ Fw,;dx, dx, — Z J Pw,;do
1o r

Jor all weV, where

2
A(w,v) = ) 7;(w) e;(v)dx; dx, Yo,weV

i,j=1 Joyo”

1/0v; v;
e;; = e;i(v =~4+J,
1= al) z(axj Ox,)

7,(w) = A405;; + 2ne;

and

Tij =

0 =00 = 3 esf0).

0,; is the Kronecker delta, A, n are positive Lamme’s constants.

ijo

Remark 1.4. The functional J = J(w) represents the amount of potential energy
of both the bodies Q" and Q" after a deformation w e V.
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The problem of finding the displacement u = [u, u,] can be formulated mathema-
tically as follows.

Problem. Find u € K such that
(1.2) Ju) < J(w) Ywek.

Remark I[.1. The problem (1.2) is equivalent to the following one: Find u € K
such that

(1.3) DJu,w—u)=20 Ywek,
where D J(u, ) is the Fréchet derivative in the direction  of the functional J at the
point u; i.e.

(1.4) D J(u, ) = A(u, ) — Z Fap,dx, dx, — i Py,do.

ry

Lemma 1.1. (Inequality of Korn’s type.)
Let

P={w=/[w,wy]onQ;w;=aj+ bx, wy=ad, — b'x;,w] =al +b'x,,

”

wy = ay — b"x, where ay, a}, a{, a3, b’, b” are constants} .

1y

(a) Wis a closed linear subspace of V,

(b) v =¥, ¥, ]eWnPiffy; =0o0n Q fori=1,2
then there exists a constant C such that

A, w) 2 Clu?
forallwe W.

Remark 1.6. We do not prove the above lemma. For detailed information see [3].
Korn’s inequality states that the energy functional J is coercive of any Banach space
-of admissible displacements Wexcept that one for which the displacements of both the

bodies Q' and Q" are rigid.
We define a certain splitting of V into two parts such that one of them has the

character of the space W, see Lemma 1.1.

Definition 1.4. Let Iy be a fixed part of I such that

-1
qdo = (f Va dU) > q—é +0.
I'o

(It is evident that such I'y exists.) We define two operators T,;:V — V (i = 1,2)as
follows:
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If we Vthen
(a) Towe V, (Tow); = 00n Q' fori = 1,2, (T,w); = 00n Q",
(Tyw); = g0 j g0 [w], do on Q"

Io

Il

(b) Tyw=w + Tow.
Remark 1.7. It follows from Definition 1.4 that

T(Tow) = —Tow,
T(Tyw) = T,w
for each we V.

Lemma 1.2. There exists a constant C such that
A(Tyw, Tyw) 2 C|Tyw||> VYweV.

Proof. It is sufficient to show that
(i) the range of the operator T; is closed;
(i) if T,we P A Vthen Tyw = 0;
the required results then follow by applying Lemma 1.1. Assertion (i) follows im-
mediately from Remark 1.7 and from the continuity of T,. To prove (ii), observe that
definitions of ¥V and P imply
(Tyw)i=0o0n Q (i =1,2),
(le)’l’ =0 on Q",
(Tyw); =« on Q"

where o is a constant.

Hence
wi;=0on Q (i=1,2),
wy =0 on Q"
and
(1.5) o= w; + qoj [w],do on Q.
I'o

Thus wj is a constant, say «;, on Q". Substitution of «, into (1.5) together with
integration of the boundary integral gives

o =a — qoaIJ‘ v, do
To

and so a = 0.
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Theorem 1.1. If

f Fydx, dx, + 0,
o

then there exists at most one solution of Problem (1.2).

Proof. Suppose that this is not so and that u and u(*) are two such solutions.
Then (1.3) implies
0=Alu —u®u —u®).

Since
Afw =, = ) = AT (e = u), Ty = ),
Lemma 1.2 gives
Ty(u —uM)=0.

By definition J(u) = J(u‘"’), and after some manipulations this gives that

F; dx, dx, .

(Tzu)gj‘ Fydx, dx, = (Tlu(”)gj‘
o

I
From the hypothesis of the theorem, we conclude that
T,(u —uV)=0.

Theorem 1.2. If
J F3dx, dx, =0,
o

then there exists at least one solution of our Problem (1.2).

Proof. It is evident that the functional J() is weakly lower semi-continuous on V.
According to the standard theory concerning minimalization of the functional J
over a closed convex set K it is thus sufficient to prove that J is coercive on K, i.e.
if a sequence

{w®}2, of elements of K is given such that
[w®] - 400 for k— +o0,
then
JW®) > o0
Let us assume that

J F3dx, dx, > 0.
o
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We consider the “splitting” operators T, and T, (see Definition 1.4) where I’y is
chosen so that g, < 0; it is evident that such I'y = I exists. Using splitting w® =
= Tw® — T,w® we know that

[w® - +oo
only if either

(1.6) [Tw®| = + o0
or
(1.7) {|T,w®]|} is bounded, |T,w®| - +oo.

In accordance with Lemma 1.2 there exists a constant C such that

2 2
T Wl - ¥ j Fy (Tw®),dx, dx, = Y [ Py (Tiw®), do +
i=1 g i=1 ),

+ J F5 (T,w®); dx, dx, < J(w®).
o
But
(Tow®) = g, j [w],do 2 0,
Io

due to the fact that w® e K.
Hence

J Fj . (T,w®);dx, dx, = 0
o

and
(1.10)

2 2
C|Tyw®|> =% | Fi . (T,w®),dx, dx, =Y | P;.(T,w®),do < J(w™).
=1 g =1 )r,

If assumption (1.6) holds then (according to (1.10)) we have
J(w®) > +o0. v

If assumption (1.7) holds then the absolute value of

4o J [w®1], de
Io
must converge to + oo (see Definition 1.4). In this case it follows from (1.9) that
j F; (T,w®); dx, dx, —» + o0
o

and so (due to (1.8))
J(w®) > +oo.
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2. FINITE DIMENSIONAL ELASTICITY MODEL
2.1. Finite dimensional spaces of displacements and other auxiliary spaces

We define a partition of  into distinct ““triangular’” non-overlapping subdomains
Q;,, i = 1,...,K(p), where the integer p is a parameter and K(p) is the number of
subdomains.

Definiton 2.1. The system {Q; }i) = Q" is a triangulation of Q iff
K(p)

(i) _U1 Qi,p =0,
=

(i) either @; , = Q or Q, , = ',

(iii) 0Q; , is the boundary of Q; ,. In general, the element Q; , is a triangle. In order
to match curved boundaries I', I's, we admit curved sides (see Fig. 2) of the
corresponding triangles;

(iv) triangles Q;,, Q; , are either disjoint or have a vertex in common or have
a common side.

All vertices of triangles {Qi,p}ﬂ”l) are nodal points. The partition ¥ induces

a partition on I" as follows:

Fig. 2.

Definition 2.2. Given an integer p, the intersection of the relevant curved triangles
of the partition QP with I defines a set of distinct nonempty arcs

{Ti,p},tf(!} = T(p) >

where k(p) is the number of subarcs on I'. The elements of ©® are ordered so that
the nodes on I' are

(N }i% = N® (see Fig. 2).
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In order to approximate the space V and the cone K (see Definitions 1.1 and 1.2)
we define a finite dimensional subspace V” and a cone K®. For the purpose of
Section 3 we introduce subsets V" and K’ of V" and K with a “frozen” displace-
ment at the point 4 e I'.

Definiton 2.3. Given an integer p, we define the space V" = {y; ¢ is a linear
Sunction on each Q;,e Q" and satisfies the essential boundary conditions at
any nodal point QeI'y U 'y U Iy, € C(Q)} and the convex subset

K® = {y;y € V'” and at points Qe N® itis [y], <0}.
For a given point Ae NP we define
VP = (s eV, [y], = 0 ar A}
KP = {y; ¢ eKP, [y], =0 at A}.

Some spaces involving the reactions on I" are also needed.

Definition 2.4. Let p be an integer and let NP be as in Definition 2.2, then
AP = {A; X is a real function on NP, } = 0} .
For a given point A e N we define
AP = {; 2 is a real function on NV, 2 = 0 on N\ {4}}.

For the purpose of numerical integration on I', we define quadrature formulae
Definition 2.5. Let p be an integer and let N, 1P be as in Definition 2.2, then
; k(p)
1(z) = 3 [z(N;,) + z2(N;-, )] meas t;,
i=1

for any real function z over NP, where

meas t;,, = j do,
Ti,p

the integral being taken in the Lebesgue sense. For a given A € NP we define
k(p)

19(z) = %.Zl[f(N"-’) + Z(N;-, )] meas t; ,,

i=

where
Z(N) = 0 for N = A and %(N) = z(N) for NeN", N+ A.

The balance condition upon the reactive forces on I' must also be satisfied, and to
ensure this we define
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Definition 2.6. Let p be an integer, then
AP = {l; Ae A("),J Fydx, dx, + IP(1.v,) = 0},
@

where v, = v,(x) is the second co-ordinate of the outside normal vector v at the point
xel.
For a given A e NP we define

/Tff)= {/l; Le Aff),J. F}dx, dx, + I(”)(l ) Vz) _ 0}.
o

We introduce a certain subset of N whose importance will be made clear in
Section 3.

Definition 2.7. For a given integer p we define N’ = {x; xe N® such that
v,(x) =& 0, where v,(x) is defined in Definition 2.6}.

2.2. Discrete problems

From Definition 2.3 we define the discrete form of Problem (1.2) as follows:
Problem. For a given integer p find u® e K® such that

2.1) Ju®) £ J(w) YweK?.

Assumption: In all theorems and lemmas of this paper we assume
2) j Fdx, dx, + 0.
o

This means that in our concrete technical problem the tunnel Q" is subjected to
a volume force F” such that the resultant of its vertical component F3 is nonzero
(e.g. F73 is the specific weight of the tunnel which is supposed to be nonzero).

Theorem 2.1. There exists a unique solution u‘” to Problem (2.1).

Proof. First we introduce a discrete version of the operators T, and T,, see De-
finition 1.4. Let 4 be a point of N§. We define splitting operators T; : V» — VP
fori = 1, 2 as follows: If w e V® then

(a) Towe V@, (T,w); = 0on @ fori = 1,2, (T,w); = 0and
(T} = (2(4)) " [w(4)], on 2
(b) Tyw = w + T,w.

For this choice of T; it can be easily checked that Remark 1.7 and Lemma 1.2 are
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valid if we replace V and ¢, and

respectively by ¥ and (v,(A))™ ! and [w(4)],.

The proof of uniqueness of u® is similar to that of Theorem 1.1. The existence
of u'® can be proved by adapting slightly the idea of the proof of Theorem 1.2: It is
sufficient to verify that J is coercive on K». We assume (without loss of generality)
that

J F5dx,dx, >0
o

and choose A € Ni’ such that v,(4) < 0. For this choice of A4 we consider the splitting
operators Ty, T, defined above. If {w®}[" is a sequence of elements of K such
that |w®| — co, then (1.8) and (1.10) hold again, because (T,w™); = 0. Moreover
we can assume either |T,w®| — oo or |T,w®| is bounded and (T,w®), =
= (v,(4))"" [w(4)], » +o0. As an easy consequence of (1.8) and (1.10) we obtain
that J(w(")) — + w.

If one is interested not only in displacement u™ but also in the surface forces along
the boundary I', then the following reformulation of Problem (2.1) in terms of Lagran-
ge multipliers can be used. Note that this is a minimax formulation.

Problem. For a given integer p find a pair {u”, A"’} such that u” e V® and
AP e AP and

(2.3) J(u(p)) + I(p)()v(p)[u(li)]v) < J(w) + 1(11)(2(17)[“,]‘,) , Ywe VP
and
(2.4) 1P([u®],) < IPOP[L],), VreA® .

Remark 2.1. If the pair {u'”, A"} solves Problem (2.3)—(2.4) then the first
component u'” solves Problem (2.1). The component A® can be interpreted as
a reactive force of the body Q' at the points of the set N, The reactive force of the
body Q" is equal to —A%", of course. From the mathematical point of view, the
function AP is the Lagrange multiplier.

Remark 2.2. Condition (2.3) is equivalent to
e D s ) + 197 o], = 0
Vo € V?; the bilinear form D J(-,-) is derivative of J (see 1.4).

Remark 2.3. Substituting e V), ;=0 for i = 1,2, Y] =0 and ¢; =1
into (2.5), we easily verify that A'®) must satisfy the balance condition, i.e. A € AP,
see Definition 2.6.
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Lemma 2.1. The pair {u®, A"} solves Problem (2.3)—(2-4) iff condition (2.5)
is satisfied and

(2.6) [uP] <0, AP 20, [uP],A? =0 holds on N

The proof is straightforward and therefore omitted.

Theorem 2.2. The solution to Problem (2.3)—(2.4), if it exists, is unique.

Proof. Let both {u®, AP} and {w®, 4™} be solutions of Problem (2.3)—(2.4).
Then (Remark 2.1) functions u® and w solve Problem (2.1), which has a unique
solution (Theorem 2.1), i.e. u” = w™. Hence, the condition (2.5) implies that

](p)((l(p) — n(p)) [(P]v) =0 Vpe 17452

It is evident that the function ¢ € V'® can be chosen so that [¢], = AP — 4@

on N and hence I'”((A” — #»)?) = 0. From Definition 2.5 it follows that A®) =
—_ n(p) on NP,

We now prove the existence of the above solution using the well-known geometric
interpretation of the Hahn-Banach theorem.

Theorem 2.3. Let both X and Y be convex subsets of a Banach space Z; let the
interior X of X be nonempty and X 'Y = 0. Then there exists a bounded linear
functional F(-) over Z and a constant C such that

F£0
and

F(z;) 2 CZ2 F(z;) Vz;eX,z,eY.
Proof see [6], Theorem 3.1.3, page 51.
Definition 2.8. Let u‘” be the solution to Problem (2.1). Let the symbol £ denote

the space of all real functions over the set NP, Two subsets S®) and T® of the Car-
tesian product R, x Z® are defined as follows: For (p, g)e R, x E®

() (p, q) € S iff there exist we V® and s, e R, and s € EP guch thqt
5020, s<0
p=J00) = I) + 5
q=1[w],—s
(ii) (p, q) € T® iff there exist to € R, and te E7) such that
th>0, t£0
p=—1
q t.

I
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Lemma 2.2, It holds that
(i) both S and T™ are convex subsets of R, x EP,
(ii) S® A TP = 0,
(iii) the set S® contains at least one interior point.
Proof. The assertion (i) is trivial. Let us suppose the contrary of the assertion (ii),
i.e. there exist real numbers s,, , and functions s, t € 2 and w, € V® such that
So =0, t,>0
s £0, t<0on NP
J(wo) — J(uP) + 5o = —1,
[w],—s=1.
However, then J(w,) < J(u”) and [wy], < 0 on N, i.e. u'? is not the solution to
Problem (2.1) which is a contradiction. Finally we show that the point (p,, 4),
where p, = —J(u”) + 1 and g, = 1 is an interior point of the set S®. Choosing
w=0,s= —1and s, =1 we verify that (py, go) € S — see Definition 2.8. But
for any {p,q}eR; x EP, where po—1<p<p,+1, go—1<g<gqe+1
(i.e. {p, q} is an arbitrary element in the “ball” of radius 1 with the centre at {po, 4o})
we can find s, > 0, s < 0, w = 0 such that
p=—=Ju®) + s, + J(w),
—s + [w],

and hence {p, g} € S

Remark 2.4. A functional F(+,-) is linear and bounded on R, x E® iff there
exists a pair (; o) € R; x Z® such that

F(p, q) = oaop + I(aq) V(p,q)e R, x EP .
Thus F = 0 iff ¢, = 0 and o« = 0 on N,

Theorem 2.4. There exists at least one solution of Problem (2.3)—(2.4).

Proof. We use Theorem 2.3 where X and Y and Z are to be replaced by S and
T® and R, x EP, respectively. In this case it follows from Lemma 2.2 that the
assumptions of Theorem 2.3 are satisfied. Using Remark 2.4, we interpret the state-
ments of Theorem 2.3 as follows:

There exist constants a,, C and a function a € 5@ such that

(2.7) ag + 1P(a?) * 0
and

(28)  ay(J(w) = JuP) + so) + IP(a([w], — 5)) = C = ap(—10) + IP(at)

YweV® seR,, tye Ry, se P, te E® such that s, =0, s <0,1=0,¢t, > 0.
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The following substitutions (a)—(d) into (2.8) are made:
(a) to > Ofixed, so = 0, w = u'”, s = [w],, t = 0, i.e. 0 = —apt, and hence
(2.9) o = 05

(b) 1o > 0 fixed, s, = 0, w = u”, 1 =0, 5 = [w], + § where §5e £”, 5 £ 0, i.c.
— IP(a.3) = —opt, V3 and hence

(2.10) o

v

0;

(€) 5o =0,5=0,t=0,w=u"ie —aty < IP(a.[uP],) <0V, >0
where the last inequality follows from (2.10) and the fact that [u”], < 0. As a con-
sequence we have

(2.11) 17 [u”]) =0,
(d) 5o =0,s = [u”"]v, t=0,i.e. cxu(J(w) — J(u(”))) + I(")(zx[w]v — oc[u]v) > —aplo
Vi, > 0, we VP,

Hence we can write
(2.12) oy JP) + IP(a[uP],) £ g J(w) + IP(a[w],) YweV®.

A stronger condition than (2.9), namely oy > 0, is required. Thus suppose that
o = 0. Then (2.12) and (2.11) imply

0 = 1P([u],) < 17(s]w],

Vw e V. Choosing we V® such that [w], = —a on N, we immediately have
IP(«*) = 0, and hence it is g + I”)(«®) = 0. But the last statement contradicts (2.7)
and hence o, > 0.

We now verify that the pair {u”, afo,} solves Problem (2.3)—(2.4). The function
afay belongs to AP because of (2.10) and «, > 0. Then the condition (2.3) follows
from (2.12) and the condition (2.4) is a consequence of (2.11) and the fact that
[u], < 0 on N (see Definition 2.3 for the cone K?).

The following assertion will be very useful in Section 3:

Lemma 2.3. If a pair {u®, AP} solves Problem (2.3)—(2.4) then there exists
at least one point A€ N (see Definition 2.7) such that [u”], = 0 at A (i.e. the
contact occurs at the point A).

Proof. Let us suppose the contrary, i.e. [u®], < 0 on N{. Then we define w'»

such that
(w?); = w?);on @, i=12,

(w(p))flf — (u(p))'l' on Q",

(w?); = (u”); + « on 2",
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where « is a constant. If we express [w'?’], then we get
[w®], = [u®], — ov, on N®
At the points X e N\ N we have [w?], = [u”], because of v,(x) = 0, see

Definition 2.7. Using the assumption that [u®], < 0 and the fact that N{’ is a finite
set, we can choose o =+ 0 sufficiently small so that [w”], < 0 on N and hence

[w(p)]v <0 on N®» |

We now prove that the pair {w'”, "} solves Problem (2.3)—(2.4).

In fact we verify the equivalent formulation by (2.5) and (2.6) — see Lemma 2.1.
Because D J(w, @) = D J(u®, p)Vp € VP, the condition (2.5) is satisfied. We
know from the previous conclusion that [w”], < 0 and 2A® > 0 on N®. Tt remains
to show that 2”[w®], = 0 on N (see (2.6)).

According to Lemma 2.1, A”[u'”], = 0 on N, Using the assumption [u®], < 0
on N, we know that A” = 0 on N{”. Hence JP[w»], = 0 on N{’ and because
[W(p)]v = [u(P)]v on N® \ng), we have /hfp)[w(p)]v = 0 on NP \ N("),

3. NUMERICAL SOLUTION OF THE FINITE DIMENSIONAL MODEL

3.1. Introduction

The method generally recommended for the solution of Problem (2.3)—(2.4) is
the Uzawa method; see [5]. Thus, let ¢ > 0 be a real number and let A?1 ¢ AP

be given. Then the quoted method involves the repeated application of the following
two steps:

(i) Find u®» ¢ p@ sych that
D J®h, @) + IP(PN[p]) =0 Yoe VP,
(ii) Find A%*+ 1 ¢ 4® guch that
APkt 1) p(;ﬁ(p.k) + Q[u(”‘k)]‘.),
where the operator P : 5@ — A® is defined as follows:
if peZ® then x = Pu iff

ke AP and IP((u — k) (w0 — x)) < 0 for all @ e AP ie. k is the projection of u
into AP,

However, it may happen that the problem (i) is not solvable. The necessary and
sufficient condition for a solution to exist is that A7% ¢ A, i.e. A?X € AP and

f Fg d_)(;1 dx2 + I(")(X(”‘“vz) =0.
o
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Hence the initial multiplier A”>" must belong to A® and the condition (ii) must be

replaced by the projection of the gradient direction A®*% + o[u®*], into A® as
follows:

(iii) Find A®*%*1) ¢ J® such that
APRED = P3P0 4 o[y h] )|

where P : 2@ 5 f® s such that

1O((n — Pu) (w — ﬁ/,t)) <0 YoedAP,

I(P)(u - ﬁﬂ)l < I(")(y — w)z Yoe AP .

While condition (ii) can be easily implemented, the implementation of condition (iii)
presents certain practical difficulties. These are due to the constraint

j Fjdx, dx; + 1P(4v,) = 0.
o

We try to avoid this difficulty by constructing an auxiliary problem.

3.2. Auxiliary problem; interpretation

Problem. Let A e N® be given. Find u® ¢ K such that
(3.1) Ju®) < Jw) VweKDP.

Lemma 3.1. There exists a unique solution u‘® to Problem (3.1).

Proof. The proof of uniqueness and existence is similar to that of Theorem 2.1.
We reformulate Problem (3.1) in terms of Lagrange Multipliers as follows:

Problem. Let 4 e N be given. Find u” e V{ and 2% € AP such that

(3.2) J®) + 1P0P[uP]) < J(w) + 1PGP[w],) Vwe VO

and

(3.3) [O(u[u®],) < I°(GP[uP]) Vae AP .
Remark 3.1. The condition (3.2) is equivalent to the following one:

(3.2a) D J(u®; @) + 102 [¢],) =0 Voev®

Lemma 3.2. A pair {u®®, AP’} solves Problem (3.2)—(3.3) iff it holds (3.2a) and
[u(p)]v <0, [u(p)]v 20 — 0on N® gnd A» > 0on N® \ {A} and [u(p)]v =0at A.

Proof is evident.
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Remark 3.2. As a consequence of (3.2a) we obtain a necessary condition upon
ey

J‘ Fydx, dx, + IP(APv,) =0,
o

i.e. the balance condition.

Remark 3.3. The condition [u], = 0 at 4 is the condition which would be satisfied
if an artificial “bold” were placed at the point 4. The multipliers 4 play the role of
reaction forces of Q" along I'. The bold being placed at A has an effect iff the cor-
responding reaction 4 is negative. In the non-negative case, the bold is placed on the
part of I" where the solution of the former Problem (2.1) has a contact.

Theorem 3.1. The solution to Problem (3.2)—(3.3), if it exists, is unique.

Proof. Let both {u?, 27} and {w®, u»} be solutions of Problem (3.2)—(3.3).
Then obviously the functions u” and w'” solve Problem (3.1), which has a unique
solution (Lemma 3.1). Hence, from the condition (3.2a) we derive that

I(p)((,yp) _ ﬂ(”)) [‘P]v) =0 Voe v,

It is evident that the function ¢ € V® can be chosen so that [¢], = A"’ — u® on
N® and hence IP(AP — p@®)2 = 0 je. AP = p® on NP,

Definition 3.1. Let u'® be the solution to Problem (3.1). Two subsets S and T™®
of the Cartesian product Ry x E® gre defined as follows:
For (p,q)e R, x Z®,

(i) (p, @) € SV iff there exist we V® and sy € R, and s e Z® such that

S5 =20, s=0

s =0at A
P = J() = Ju) + 5,
q =[w],—s,

(i) (p q) € T iff there exist toe R, and t e EP such that

th>0, t<0

t =0at A
p = —1l
qg =1.

Lemma 3.3, If Ae NP then

(i) both S® gnd T are convex subsets of R, x =,
(i) S® A T® = g,
(iii) the set S® contains at least one interior point.
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Proof. The assertion (i) is trivial. Let us suppose the contrary of the assertion (i),
i.e. there exist real numbers s,, f, and functions s, t € 2 and wo € V® such that

S50 =20, t,>0,

s £0, t<0on N®,

s t=0at 4,
J(wo) = J(uP) + 5o = —1o,
[Wols —s=1.

But then J(w,) < J(u®?) and [w,y], < 0 on N and [w,], = 0 at 4, i.e. u is not
a solution to Problem (3.1) which contradicts Lemma 3.1.

Proof of the assertion (iii): Let us define {p,, g0} € R; x E® such that

po=—Ju?) +1,
go =1 on N\ {4},
qgo=0at 4.

Choosingw = 0,5, = 1,s = —1 on N? | {4}, s = 0 at 4, we verify that {p,, 4.} €
e S — see Definition 3.1.

We now prove that if
{p, qleRy x E
Po—e<p<py+e,
Go —€<qg<(qo+e,

where & > 0 is a sufficiently small real number, then {p, q} € S, i.e. {p,, qo} is
an interior point.

Let {p, g} satisfy the assumptions above. We define w € V™ in the following way:
(Wi=0o0nQ (i=12),w] =0,w; = —q(4) (v2(4)) ™" on Q". Then we can esti-
mate |[w],| < &(|v2(4)]) ™! on N® and |J(w)| < Cz(|v,(4)|)*, where

Czj F5 dx, dx, .
o

Let us now define s € £” and s, € R, so that

a=[wl—s, p=Jw)—Ju?) +s,.
Then it must be

s=0at A, s< —1+ze+g|v(4))" on NP\ 4
and
so=1—¢— C.s(le(A)l)_1 , ie.

for & > O sufficiently smallitis s < Oand s, 2 0. Thus we conclude that {p, g} € S'?.
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Theorem 3.2. There exists at least one solution of Problem (3.2)—(3.3).

Proof. We use Theorem 2.3 where X and Y and Z are to be replaced by S and
T®and R, x EP, respectively; see Definition 3.1. In this case it follows from Lemma
3.3 that the assumptions of Theorem 2.3 are satisfied. Hence (see Remark 244) there
exist real o, and « € £” such that
(3.4) ag + 17(a®) + 0

and

(33)  a(J(w) = JU®) + s0) + I7(([w]s = 5)) = Bo = ao=to) + 17(ar)

Ywe VP seR,, toeR,, seEP, te ZP such that 1, > 0, 50 =0, s <0, t =<0,
s=1=0at 4.

The following substitutions (a)—(d) into (3.4) are made:
(a) to > Ofixed, s, = 0, w = u?, s = [w],, 1 = 0, i.e. 0 = —ut41, and hence

(3.6) % 2 0.

(b) 1o > 0 fixed, s =0, w=u?, 1=0, s=[w], +3 where §eZ®, §<0,
§=0at A,

ie.

—-I"’)(oc . §) > —ogt, VS
and hence
(3.7) 220 on N®\ {4}

(no condition on the value « at the point A).
(€) 56 =0,s=0,1=0,w=u?,
ie.
—ooty £ IP(o. [u™],) <0 Vi, >0,

where the last inequality follows from (3.7) and the fact that [4"], < 0 and [u”], =
= 0 at A. As a consequence we have

(3.8) I1P(a[u”]) =0.
(d) so =0,5 =[u?],1=0,
ie.
a,(J(w) — Ju'?)) + 1P w], — «[u],) = —ayt,
Vt, > 0, we VP Hence we can conclude that
(3.9) ay J(uP) + 1P (a[u®],) < oy J(w) + I'P(a[w],) Ywe VP .

We now prove that o, > 0 (compare with (3.6)). Let us suppose that oy = 0. Then
(3.9) and (3.8) imply that

0 = 1(”’(a[u‘”’]v) < I‘P‘(a[w]v)
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vw e V. Choosing w e V' such that [w], = —« on N®_ we obtain I'P(¢?) = 0
i.e.
ap + IP(?) =0,

which contradicts (3.4).

Using (3.7)—(3.9) and the fact that &, > 0, it can be easily verified that the pair
{u®, a/ay} solves Problem (3.2)—(3.3).

Theorem 3.3. Let a point Ae N be given. If the pair {u'®, J»} solves Problem
(3.2)—(3.3) then {u'”, )"} solves Problem (2.3)—(2.4) and u‘® solves Problem (2.1)
iff

AP > 0 at the point A .

Moreover, there exists at least one point Ae NP such that P = 0 at A, where
{u®, A"} solves the corresponding Problem (3.2)—(3.3).

Proof. The first assertion follows from the definitions of both Problem (3.2)—(3.3)
and Problem (2.3)—(2.4). The second is a consequence of Lemma 2.3, Theorem 2.2
and Theorem 2.4.

3.3. Algorithm

In this section we describe an algorithm (the “p, A-Algorithm”) for the solution
of Problem (3.2)—(3.3) for any given point A ¢ N

P, A-Algorithm. Let Ae N and 2?1 ¢ AP be given. Then the sequences
{u("""},‘:‘;l and {/1(”"‘)}:0=1
are determined by the following iterations:
STEP 1
Find u®b ¢ y(» gych that
(3.10) D J(u”®, ) + 1@(@R[y]) = 0 Ve v
STEP 2
Find Atrk+1) AP such that
(3.11) APRED = P (2P0 4 o[ulhi0],) on N®\ {4}

and (the “palance condition”)

(3.12) J F} dxl dxz + I(P)(&(p.k+1)v2) =0
o

(ie. M"-k+1>eA~2p))
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where ¢ is a fixed positive constant and P, : R, »R{ such that
Py =y it x20,

Py=0 iff y<0
for any real y.

Remark 3.4. The condition (3.12) defines the value of APk+1) ¢ (e point A.
This is the reason why we restrict the application of the algorithm to those points
A e N where v, # 0 (i.e. the condition 4 € N{).

Theorem 3.4. If Ae N’ and ¢ > 0 are “small enough”*) then

u®o 5oy iy V/({P) ,

S (pok 1)
AP0 0y AP

Sfor k —» + o and for any choice of the initial function 2"V e AP Moreover, the
pair {u®, 2P} solves Problem (3.2)—(3.3).

The proof of Theorem 3.4 will be preceded by two Lemmas.

Lemma 3.4. If A € NP then there exists a constant C, such that
A(w, w) = Ci|w|> VYwe V.
Proof. The space VP is finite-dimensional. Hence it is sufficient to verify that
if we VP and A(w,w) =0
then w =0.

Let us suppose that A(w, w) = 0, we V{P. Then w; =0 on Q (i = 1,2), w{ =0
on ", w; = f = aconstant on Q". But [w], = —fv, = 0 at the point A. According
to the assumption 4 € N{ it is v, # 0 at 4 and hence necessarily # = 0, i.e. w = 0.

Lemma 3.5. There exists a constant C, such that

I9([w]) = €,

Proof. The space VP is finite-dimensional. The assertion above is an easy con-
sequence of the fact that |w| = 0 implies I([w]}) = 0.

wl? Ywe VP,

Proof of Theorem 3.4. We remember that
A0 — PA(/I(”"‘”” + Q[u(”'k_”]v)
on N\ {4}. Moreover, it is easy to verify that
A = P(A® + o[u],)

*) See (3.15) in the proof of Theorem 3.4 and Remark 3.6.
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on N\ {A4}; see Lemma 3.2. Subtracting both equations and taking into account
the definition of the operator P, we can derive the estimate

Il(p) _ “.(p'k)‘z < I/l\p) _ A(p.k—l) + Q([u(p)]v _ [u(p.k—l)]v)lz —
— ‘)v(p) _ l(p,k—])lZ + Qzl[u(p)]v _ [u(p.k—-l)]"|2 +
+ 29(/3_(57) _ )v(p.lhl)) ([u(p)]v _ [u(rhk—l)]v) ,
which holds at any point X e N§” | {4}. Hence
(3.]3) 1;17)[(/1(1:) — l(p,k))2] < Iﬁf)[(l{”) _ ;H(p.k—l))z] +
+ Ql Ifdp)[([u(p)}v — [u(p.k—l)]v)l] +
+ 20 Iff)((;v(p) _ ;t(p-k—l)) ([u(p)]v — [u(lhkfl)]v)) =
— ];P)[(;N(p) _ )h(p‘k—”)Z] + 02 I(p)[([u(p\]v — [u(p.k-l)]v)Z] +
+ 20 I(p)((/l(p) — )y(p.k—l)) ([u(p)]v _ [u(pvk—l)]v)) X

See Definition 2.5 for the definition of 1 and notice that the last equality is due to

[u®], = [u®*~ D], = 0 at 4. With respect to (3.2a) and (3.10) and Lemma 3.4 we
can obtain

(3.14) 1P = 225 D) ([u®], — [u®*~D],)) =
= -A(u"’) — k=D oy u(p.k—l)) < -C, ”u(p) — u(p.k—nHz )
Now (3.13) and (3.14) together with Lemma 3.5 yield

IP[GP — 2@0)?2] < [P[(AP — Jrk-1)2] 4

+ (0*C, — 20Cy) ”u(”) — u<p.k—n”2 )
If

(3.15) 0e(0,2¢,C5 1),
where C, and C, are the constants from Lemmas 3.4 and 3.5, then ¢*C, — 20C, < 0,
i.e. the sequence
{Iap)[(/q_(p) _ /1(”'“)2]}:;1
is decreasing and convergent. Hence
(20C, — 0°C) “u"” _ u(p.k)“Z <
< I(/f)[(l(p) _ l(p.kﬂl))Z] _ Iff)[(l(") _ ;L(p.k))Z] -0

for k - + oo, ie.

u®® - u® for k- 4oo.
Substracting (3.2a) and (3.10) we obtain the identity
D J(u(p\k)’ l//) - D J(u”’), l//) — _I(p)(()'(p.k) _ )'(pl) [l//]v) Vl// e v
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For any nodal point P e N® fixed we can choose € ¥ such that [], = 0 on
N@\ P, [y], = 1 at P. The above identity implies that the value |17 — 2P| at
the point P is bounded by the norm of u‘®® — 4®_ Thus A?K — A,

Remark 3.5. Since the constants C, and C, (see the above proof) are not available
in practice, the choice of ¢ (see (3.15)) is based on intuitive and experimental argu-
ments. We shall discuss this question in the third part of our paper.

CONCLUSION OF CHAPTER 3

Theorems 3.3 and 3.4 justify the following global strategy of computation:
(i) Guess Ae N,
(ii) Solve the relevant p, A-Algorithm, i.e. find the solution {u‘”’, 1"} to Problem
(3.2)—(3.3).
(iii) If 2" < 0 at A then try a new guess of 4 € NY, i.e. go to (i); at least one of the
choices of A4 e NP jeads to the following step:
(iv) If A? = Othen {u®, 2"} solve Problem (2.3)—(2.4), i.e. u” solves Problem (2.1).
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Souhrn

KONTAKTNI PROBLEM DVOU PRUZNYCH TELES — Cdst 1

VLADIMIR JANOVSKY, PETR PROCHAZKA

Cilem ¢ldnku je studium kontaktniho problému dvou pruznych téles. Problém je
primo aplikovatelny na vypocet posuvil a napjatosti horninového kontinua a obezdiv-
ky tunelu, kterd je horninou obklopena. V této prvé &sti je problém variaén& formu-
lovdn ve spojité i diskrétni verzi.
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