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OF THE GENERALIZED PERIODIC OVERIMPLICIT
MULTISTEP METHOD

HAssAN NASR AHMED ISMAIL

(Received August 27, 1977)

First of all let us recall the definition of the general periodic overimplicit multistep
method (shortly GPOM method) the basic properties of which were studied in [1].
The method is used for solving the ordinary differential equation

(1) y' =f(x,y), xe[_ﬂ,b]
with the initial condition
(2) ya)=n.

The essence of this method consists in the fact that in one step of the method, the
approximate solution is computed simultaneously at k points supposing that it is
known at [ points (1 <[ < k). To be able to describe the method precisely let us
introduce some notation. The points

Xy =a+jmh, j=0,1,..

where m is a positive integer and h > 0 is the integration step will be called basic
points and the points

Xjpwi = X+ ih, i=1,..,k—1

where u; are any real numbers will be called intermediate points.
The approximate solution at the point x ;. ; (j =0,1,..;i=0,..,k— 1) wil
be denoted by j(x, ;). Further, let us define the I-dimensional vector x; by

x; = (xjk, ...,Xjk+l—1)T

and the I-dimensional vector §(x;) of the approximate solution at these points by
f(xj) = (j’(xjk), s y(xjk+1—l))T
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and analogously, the vectors z; and §(z;) by

_ T
Z; = (xjk+la cees x(j+1)k+l—l)
and

j’.(zj) = (;‘(xjkﬂ)’ cees f(x(j+ 1)k+l—l))T >
and the vector-valued functions f(x;, #(x;)) and f(z;, §(z;)) by
f(xjs i(xj)) = (f(xﬂu .i}(xjk))a ---9f(xjk+l——1’ y(xjk+lvl)))1
and
f(z,', j;(z])) = (f(xjk+la i(xjkﬂ)), '-"f(x(j+ Dk+1-15 f(x(j+ 1)::4»141)))T .
Finally, let B, D be any k x [ matrices and C any k x k matrix. Then the system
(3) ¥(z;) = B §(x;) + hCf(z;, §(z;)) + hDf(x;, §(x;)), j=0,1,...

is called GPOM method.

In [1] sufficient conditions for the convergence of GPOM method were formulated.
The aim of the present paper is to find necessary conditions for the convergence of the
method. Since these conditions depend obviously on the definition of the convergence,
let us first of all recall it.

Definition 1. The GPOM method will be called convergent if it holds
lim f(xp4:) = v(x), i=0,..,k—1
SRS
where y(x) is the exact solution of a differential equation of the form (1) with the
right-hand term satisfying the Lipschitz condition determined by the initial
condition (2) and §(x) is any solution of the corresponding equation (3) determined
by the initial conditions y(x,), s = 0, ..., 1 — 1 satisfying

lim j(x,) =n for s=0,..,1—-1.
h—=0
The first result concerning our problem is formulated in the following theorem.

Theorem 1. The convergent GPOM method is stable in the sense of [1], i.e., the
matrix E = RB where R = [0,,_,, 1] satisfies the condition |E"| £ G for n =
= 0,1, ... with G independent of n.

Proof. Let a GPOM method be given which is convergent and let us investigate
the initial value problem

) y'=0, xela,b]; ya)=0,

the exact solution of which is obviously the function y(x) = 0. Further, let us apply
the given method to the above problem. We get

() - #(z;) = Bj(x;), j=0,1,...,
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or in more detail,

(©) [FCxmss)s oo T e npwi- )] = BLI(x)s oo Fxsr-)]"s S =0,1,....

Now it must hold

(7) lim j(xj4,) =0, v=0,..,k — 1
s
for any solution of (5) satisfying
(8) 1my( )=0, p=0,..,1-1
h-
since the given method is supposed to be convergent. Let us choose an arbitrary

function ¢(h) satisfying lim ¢(h) = 0 and let us define the vector §(z;) = [F(x;i4,), - .-
h—0

ey 9(X(j4 1+ 1-1)]T by the following relations:

[9(x0) T [ O
. 0
9) . =|¢(h)|...s — th row
0
h)~’(x1—1)J | 0 |
where s is an arbitrary number, 1 < s < [,
(10) [} )k) . ,y jk+1- 1)] = EJ[V(XO) xl x)]T i=12,...;

and
1

(11) I esn) = byciery P (Xjgsv-1), n=1L..,k—1; j=0,1,....
v=1

Let us show that the sequence of vectors §(z;) defined by (9) to (11) satisfies (5)
(or (6)). Really, if we premultiply (6) by the matrix R we get

(12) (7% 1)y o TG oper-)T = ELFG), - 90xjeea-0]7
j=0,1,...

which is obviously satisfied by (10) and the remaining components of the vector

7(z;) are defined directly by (6) as is seen from the comparison of the first k — I

equations (6) with (11). Moreover, the initial values j(x,), # = 0,...,1 — 1 of the

just defined vector §(z;) satisfy (8) in virtue of (9) and the definition of ¢(h). Con-

sequently, the vector §(z;) must satisfy (7). Substituting (9) into (10), we have

F(Xj+y) = &415(J) p(h) for v=0,..,1 -1
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where ¢, ,(j) denote the elements of the matrix E’. From (7) it follows that

(13) lime, ., (j)¢(h) =0 for v=0,..,1—1.
B0

Xjk=X

Since x; = x implies that j behaves as l/h for h — 0 we can conclude from (13) and
from the fact that ¢(h) is arbitrary that ¢, (j) must be bounded for any j and for
v=20,...,1 — 1 by a constant independent of j. Since s was chosen arbitrary we
can finally assert that all elements of the matrix E/ must be bounded. But the
boundedness of the elements of E’ is obviously equivalent to the boundedness of
| E’||. The theorem is proved.

Further necessary conditions for convergence are expressed in the following
theorems.

Theorem 2. The convergent GPOM method satisfies the condition

1
(14) Zb,‘jzl, i=1,..
i=1

k.

Proof. Let us investigate the problem

(15) y(x) =0, xela, b]; ya)=1

having the exact solution y(x) = 1. Applying the given method to the problem (15)
we obtain again (6). If we define the initial conditions §(x,) for the vectors §(z;),
j=20,1,... by

[#(xo), 7(x()s ooy F(xim )] = [1, 1, .., 1]
and §(z;) for j = 1,2, ... by (6) we get obviously the solution of (6) satisfying

limj(x,) =1 for u=0,...,01—1.
h=0

Consequently, (the given method being convergent) it must hold for this solution

lim j(xj4,) =1 for v=0,..,k—1,
h=0

which can be written in a simpler form

lim (xp4,) =1 for v=0,..,k—1

Jj—
since the solution i(zj) we are dealing with does not depend on h at all.
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Thus, passing to the limit for j — oo in (6) we obtain the equation
1 1
=B |:

i.e., (14). The theorem is proved.
To be able to formulate another necessary condition for convergence of the GPOM
method we must introduce the following two lemmas with easy proofs.

Lemma 1. Let E be a square matrix of order [ satisfying the condition of the
stability and further let
(16) EitV =
where i is the Il-dimensional vector with all elements equal to unity. Finally,
let T be the regular matrix transforming the matrix E to the Jordan canonical

J,. O
-1 = = L.,
T'ET=1J [O .Jr:,

form, i.e.

and let us suppose that the Jordan blocks J; are ordered in such a way that J, ..., J
correspond to eigenvalues of E equal to unity. Then
(i) « = 1,

(i) Jy, ..., J, are numbers;

(iii) If we put T™HD = (vy, ..., v,, t,.)", then v = 0.

Proof. The condition (16) implies that the matrix E has at least one eigenvalue
equal to unity. Consequently, « = 1. Further, from Remark 2 in [1] it follows that
the elementary divisors corresponding to eigenvalues equal to unity must be linear.
Thus J,, ..., J, are 1 x 1 matrices. Finally, it follows from (16) that i is the eigen-
vector of E corresponding to the unit eigenvalue. Consequently, it is JT 'V =
= T~ which shows that T~ 1" is the eigenvector corresponding to the unity of
the matrix J. On the other hand, from (i) and (ii) we have

10
I= [0 J]

where 1, is the identity matrix of order o and J,,, is a (triangular) matrix with eigen-
values different from unity. Hence,

vy vy
— 1 .
JI-4i" = =
U(l Ux!
Jresvres vl’éS

i'e" YCSUYES = vreS‘
But the matrix J,,, — I is regular which proves (iii). The lemma is proved.
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Lemma 2. Let H be a square matrix such that the matrix H — I is regular.
Then

’fuv —(H- 1) (- 1)

for any positive integer j.

Proof. The lemma can be easily proved by induction.

Theorem 3. The convergent GPOM method satisfies the condition
Ia o -1 _ (1)
T[O 0} T 'p=mi

Proof. Let us investigate the initial value problem

where p = R(Ci® + Di").

y(x) =1, xela,b]; y(a)=0.

The exact solution of the above problem is obviously the function y(x) = x — a.
If we apply the given method to this differential equation we get

(17) §(z,) = B §(x;) + hCi® + hDi® .
Premultiplying both sides of (17) by the matrix R we have
F(xje1) = E(x;) + hp .
The solution of this equation can be written in the form
i-1
(18) F(x;) = E §(xo) + h ZOE“p

as can be easily verified. Thus the components J(x;) of the solution of (17) are given
by (18) and the remaining components of this vector which are not used in the new
step of the method are given directly by the part of equations (17).

If we assume in (18) that

(19) lim i(x,,) =0 for p=0,...,1 -1
h—0
It must hold that
(20) lim j:'(xj) =(x — a) i
h—0
Xj=x

since the given method is assumed tp be convergent. Further, the matrix E is stable
as follows from Theorem 1. Thus (19), (20) and (18) imply
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j-1

(21) imhY Ep = (x — a)i®.
h—=0 v=0
Xjk=X

Using the notation of Lemma 1 the assumptions of which are satisfied as follows
from Theorems 1 and 2 we can write

izt v i Iav 0 -1
(22) hLEp=hTy [ o J] T 'p
-1
L Lo
=hr |"7° T 'p.

ji—1
0 Z "rves
v=0
Obviously
j—1

-
(23) YL =jI,.
v=0

Further, the matrix J,,, — I'is regular as follows from Lemma 1 and, consequently,
Lemma 2 gives

Jji—1
(24) Z Jr‘;:s = (Jres - I)_! (Jrjes - I) .
v=0

Substituting (23) and (24) into (22) we get

! v hJIa 0 -1
@) "nLEr =T [ 0 WJes = 1) (Pl 1)] e
But the matrix J,., satisfies obviously the condition of stability, consequently,
(26) limh(Joy — 1) (Ve — 1) = 0.
B0

Xjk=x

The equation x; = x implies
(27) hj:i(x—a).
m

Thus, if we pass to the limit in (25) using (26) and (27) we get

- L (x —a)I, O
lim hjz Ep=1|" T 'p
h=>0 v=0 o 0] ’
Xjk=X

From here and from (20) the assertion of the theorem follows directly.

Let us now try to construct necessary and sufficient conditions for convergence
in some special cases included in the following two remarks:
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Remark 1. Let the matrix B = {bij} of the given method satisfy
(28) bk—Hi,j = 5(;‘”

where 8¢ is the Kronecker 6. Then the conditions of Theorems 2 and 3 are exactly
the conditions of the consistency with respect to I from [1]. Consequently, in this
special case the stability and the consistency with respect to [ are necessary and
sufficient conditions for the convergence.

Remark 2. The problem of necessary and sufficient conditions for the convergence
is also completely solved in the special case of the GPOM method with I = 1 since
in this case (28) is obviously satisfied. This case is very important from the practical
point of view since such methods are selfstarting, i.e., one needs no special procedures
for the computation of initial values.

These two remarks suggest that even in the general case the condition of consistency
would be necessary for the convergence. There are, moreover, other intuitive argu-
ments for this assertion but the definite answer is till now a problem for further in-
vestigation.

It is proved in the previous paper [1] that Dahlquist’s method is a special case of
our GPOM method. We can prove now that the necessary and sufficient conditions
developed above give the same result as the classical theory. Before this let us give
first a short survey of Dahlquist’s method.

In this method the approximate solution ji(¢;) of " = f(x, y), ¥(a) = n at the points
t;=a+ jh;j=0,1,...1s computed from the equation

k k
Zavy(tn+v): hzﬁvf(ln+vv.'}}(tn+v))y h =Oa 19
v=0 v=0

where a,, B, are constants, o, =+ 0, ’%l + Iﬁo’ > 0 and the initial values j(t,),
p=0,...,k — 1 are assumed to be known. It is well known (c.f., for example [2])
that necessary and sufficient conditions for the convergence of these methods are the
following:

(i) The roots ¢; of the polynomial

k

(29) of) = Yol

v=0

satisfy the condition |{;| < 1 and the roots {; for which |{;| = 1 are simple (this
condition is called the Dahlquist stability condition).

(ii) The polynomial ¢({) and the polynomial o(() given by o(() = iﬂv@'" satisfy
v=0

(30) e(1)

(31) | o(1)
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The equivalent GPOM method has k =1, m =1, ;=i fori=1,... k — 1
and the matrices B, C and D given by

0, I, 0... 0 0 ...0
|- : 1|: :
2 - - : _ 2 :
(32) B % % | ¢ 4|0 ... 00 |’ b |0 ... 0
o o 0 ... 0% Bo - Pry
(see [1]).

Let us begin with the necessary conditions. From Theorem 1 it follows that the
given matrix B must satisfy the condition of stability since £ = B.

But the matrix B is in the so-called Frobenius form and, as far as such matrices are
concerned, it is well known that

(i) the characteristic polynomial is the polynomial ¢({) given by (29);

(ii) the elementary divisor corresponding to any eigenvalue 4, is ({ — ;)" where r,
is the multiplicity of A; as the root of ¢. Now from here it follows immediately that
the root of ¢(¢) must lie in the unit circle and that those with moduli equal to unity
must be simple, i.e., the GPOM stability is the Dahlquist stability.

Further, Theorem 2 implies immediately (30).

Finally, from the stability condition and from (30) it follows that the unity is
a simple eigenvalue of B. Consequently « = 1 in Theorem 3 which can be written
in the form

k
(3) il a(1) = Y ii)
Ol v=1

where T~ = {;;'} since all components of the vector T~ 'i%) except the first one
are equal to zero as follows from Lemma 1, and since the last component of the
vector p is equal to (1)) (1) and all other components are equal to zero as follows
immediately from (32).

The matrix T satisfies

T 'B=JT"!

and we know that the first row of the matrix J is (1, 0,..., 0). Consequently, it is
possible to write the first row of JT ™! as ¢™ where ¢ = (7', ..., 17,}).
On the other hand, the first row of T~ !B has obviously the form #"B. Thus we
have
t'B=1"
or
Bt =1,

i.e., the vector 7 is the eigenvector corresponding to the eigenvalue equal to unity
of the transpose to B. If we write the last vector equation in more detail we get
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(34) - e = 1y

X
—1 1,1 _ -1
iy — —ty =12
Ay
-1 Xg—1 ,~1 __ -1
-1 — — bl = I
X
Adding the last k — 1 equations we get
- oy + o ey -
1 -1 1 k=1 —1
iy =ty = Iy
%
ie.
- oy + ...+ o Ly -
1 1 k —1 0 —1
tyy = =y = — — Iy
oy 294

since g(1) = o5 + ... + a; = 0. Thus, the first equation of (34) is a consequence of
the other equations and it may be, therefore, ommitted. The remaining equations give

- Ag—1\ -1
'1,11¢—1 = <1 + )tu
O

-1 Ok—2 -1 -1 -1 a2\
k-2 e T hpx-1= (1 + ‘“‘) Lik
. Ok

'_ Og—q1 + ..o+ oy
td =<1 R 1) .

i

X
From here we first conclude that t;,' # O since in the opposite case all t;,} would
be equal to zero and the matrix T~ ' would be singular.

Secondly, adding these last equations we get

k=1 _
thvl=<k—1+(k 1)ak_,+...+1.a1>tf:f
v=1

Ak

what can be obviously rewritten in the form

LA koy + ...+ 1.0\ _ 1, -
(35) Y= <“‘k_—l> ==t
v=1 oy Oy

Comparing (33) and (35) we get (31) since ¢;;' + 0 and «; + 0.
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Thus our results imply that the Dahlquist stability and the Dahlquist consistency
are necessary for the convergence. But our results imply also that these conditions
are sufficient, as well. The proof of this part is very easy and it is omitted. Hence we
see that in the case of Dahlquist’s method our theory and the classical theory give
the same results.

References

[1] Hassan Nasr: Generalized Periodic Overimplicit Multistep Method Apl. mat., 24 (1979),
250-272.

[2] Henrici P.: Discrete Variable Methods in Ordinary Differential Equations. John Wiley & Sons,
Inc. (1962).

Souhrn

NUTNE PODMINKY KONVERGENCE
ZOBECNENYCH PERIODICKYCH SILNE IMPLICITNICH
MNOHOKROKOVYCH METOD

HassaN NASR AHMED ISMAIL
Clanek je pfimym pokradovanim préace ,,Zobecnéné periodické silné implicitni
mnohokrokové metody‘“ téhoZ autora a je vénovan studiu nutnych a v nékterych
specialnich pfipadech nutnych a postadujicich podminek konvergence zobecnénych

periodickych silné€ implicitnich mnohokrokovych metod.
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