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The aim of the present part of our paper is to continue the study of the abstract
evolution inequality that we have begun in [4].

For that purpose we maintain the assumptions upon the spaces W, V and H
(where W < V < H) which are formulated in [4]. The functional ¢ : ¥V — (— oo,
+00] is assumed to be proper, convex and lower semi-continuous. Since our sub-
sequent discussion is essentially based on [4] we also keep the assumption that
@(x) = (0) for all x € V. Let D(¢) denote the effective domain of ¢, i.e.

D(p) ={xeV:g(x) < +0}.
Finally, given u € I*(0, T; V) we set

qs(u)zr(p(u) dt if o(u(-) e L0, T),

0

400 otherwise .

We then consider the evolution problem

fT(u' + Au + B(u, u), v — u)dt + &) — d(u) =

T
éJ-(f,v - u)dt YoeI’(0, T, W),

u(0) = u,

where A : W W* is a (nonlinear) mapping, B : W x W — W* a bilinear mapping,
f and u, are given data. As in [4], the conditions we are going to impose upon A
and B are motivatied by a type of modified Navier-Stokes equations under certain
unilateral boundary conditions.
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In the first section of the present part of our paper we state the results. Theorem 1
yields the existence and uniqueness of a weak solution to the above inequality
(i.e. u' is replaced by the derivative of the test function v). This concept of solution
permits to weaken the assumptions upon the data. Theorem 2 presents two regularity
results (with respect to f) for the solution u to the above inequality. In particular,
we obtain a regularity property of the type t*u’ € L*(0, T; H) n IZ(0, T; V) (o = $)
which represents a smoothing effect upon the initial value u, '). The proofs of
Theorem 1 and Theorem 2 are then given in Section 2 and Section 3, respectively.

L

1. STATEMENT OF RESULTS

In the present part of our paper we subject the mapping A : W — W* to the
following conditions:

(1.1) A is hemi-continuous ;

(12)  (Ax — Ay, x —y) = c)|x — y|* Vx,yeW, ¢, =const >0;

(1.3) (4x,x) = CZMXWP VxeW, ¢, =const >0, p>3;
(1.4) there exists a functional F : W — R such that

’ A =grad F;
(1.5) [1Ax||lx < es(flx]|[7~* + 1) Vxe W, ¢; = const > 0.

One easily deduces from (1.1) and (1.4) that the functional F admits the representation
1
F(x) = F(0) +J.(A(SX),X)C15, xeW
0

Thus, our hypotheses (1.1)—(1.5) imply those imposed upon the mapping A in [4].
The conditions upon the bilinear mapping B : W x W — W* will be strengthened
as follows:

(1.6) |(B(x, ¥), 2) = ealx] [¥] [[]]
|(B(x, »), 2)| < eallx| [[ly]] |21,
|(B(x, »), 2)| = eaf[x]] 2] 2]
Vx,y,ze W, ¢, = const.

A

IIA

The main results of the present part of our paper are the following two theorems.

1) For a detailed discussion of this problem within the framework of monotone operators we
refer to the book: Barbu, V.: Nonlinear semigroups and differential equations in Banach spaces.
Bucharest, Leyden 1976. — However, note that the theory developed in this book does not cover
our above evolution problem.
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Theorem 1. Let the mapping A satisfy (1.1)—(1.5), while the bilinear mapping B
is assumed to fulfil (1.6).
Let the data satisfy the following conditions:

S=f+fa:[1e(0,T;V*), fo,fse 17'(0, T, W*);
ug e Wn D(g)# 2).
Then there exists exactly one function u e I2(0, T, W) n C([0, T]; H) such that
(1.7) D(u) < +o0;

(15) £@+Au+mm@u_@m+¢@—¢@;

r
gjmu_@m—%Mm_%v
0
Yoe I0, T; W) with v e IX'(0, T, W*);

(1.9) u(0) = u, .

Theorem 2. Suppose that the mapping A satisfies the conditions (1.1)—(1.5),
while the bilinear mapping B fulfils the condition (1.6).

(i) Let

feX0, T;v*), fel’(0,T; W), f eLl*0, T, V*);
uge Wn D(op)

where @ = %. Then there exists exactly one function u e L*(0, T; W) n C([0, T]; H)
such that

(1.10) d(u) < +oo, u' el}0,T;H);

(1.11) ueC((0, T]; V), ru'eL*(0, T;H)nI¥0,T;V);
.

(1.12) f (u' + Au + B(u, u), v — u)dt + &(v) — D(u) =
0

.
2J (fiv = u)dt Yoe I7(0, T; W) ;

0
(1.13) u(0) = ug .
(ii) If the data satisfy the conditions
e 20, T; V¥), uge Wn (dp)~* (0),
(f(0) — Auy — B(ug, up)) e H

2y W N D)™ = closure of W N D(p) in H.
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then the function u from (i) satisfies in addition

(1.14) ue C([0, T]; V), uw'eL”0,T;H)n X0, T; V).

2. PROOF OF THEOREM 1

Uniqueness. Let u;e I2(0, T; W) n C([0, T]; H) (i =1,2) be two functions
satisfying (1.7)—(1.9). We then conclude from [1; Théoréme I1.3] that

i) — w0 + e ﬁuul s
gj;(——B(ul, uy) + B(uy, u,), uy — uy)ds <
< const [ (]| + ) s = sl o, = ]

for all te [0, T]. Therefore
[uy(t) = uy(1))* < cons‘[ﬁ)(‘”ulm2 + ’Huzmz)[u1 — u,|*ds

for all t e [O, T]; hence, by Gronwall’s lemma, u, = u,.

Existence. Let {f,,} < I}(0, T; V*) and {u,,} = Wn D(¢) (m =1,2,...) be
sequences such that

fim€ 20, T; V*) (m=1,2,..),
fim = f1 strongly in X0, T; V*),

Uom = Uy Strongly in H

as m — oo. Applying the basic existence result in [4] one obtains for each m a function
up € L”(0, T, W) n C([0, T]; H) such that

D(u,) < +o0, u,el’(0,T; H);

T
(2.1) J(uj,, + Au,, + B(u,, u,), v — u,)dt +
0

+ &(v) — ¥(u,,) = J‘T(fl,,, + f5 v — u,)dt
0
Yoe I7(0, T; W) ;
(22) u(0) = tgp, -
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From [1; App. I, Prop. 3] we conclude that (2.1) is equivalent to
(2.1)) (up(1) + A (1) + B(u,(1), un(1)), x — u,(t)) +
+ (%) = @(un(t) Z (f1n(t) + F2(0), x = un(1))
for all xe Wand a.a. t€[0, T] (m = 1,2,...). Setting x = 0 in (2.1,) one obtains

L o + el <

2d
< —(Bun(t)s (1)), (1) + (fin() + S20), (1)) =
< const [[[lun(O[* + (11l + [[£200]]le) [Jn(0)]]

fora.a. te[0, T]. Thus
(23) [un(t)] < ky Vie[0,T], m=1,2,...,
[tml oo,y < by Jor m=1,2,....

Next, observing our hypotheses (1.2) and (1.6) we easily derive from (2.1,) that
t
Hu, () — w,(1)]* + Cl_[ |t — u,]|? ds <
0

t
é %IMOm - uOnIZ - J‘ (B(uma um) - B(M”, un)7 Uy, — un) ds +
0

3 T
+ J‘ (f]m - flns Uy — un) ds é %luOm o uleIZ + j (.flm - flns Upy — un) ds +
0 0

+ [Hunm) e — ]| |t — ] ds

t
+ const J‘ (||l
0

forall te[0, T] and m, n = 1,2, .... Thus, by (2.3) and Gronwall’s lemma,

) = (0 + j "y — 1] ds < const (l g + j i il as)

0 0
for all 1€ [0, T] and m,n = 1,2, ..., i.e. {u,} is a Cauchy sequence both in
C([o, T]; H) and L*(0, T; V).
From (2.3) and the latter estimate we may conclude (by passing to a subsequence
if necessary) that

(2.4) u, —>u strongly in C([0, T]; H),

(2.5) u, —u strongly in I}0,T; V),
(2.6) U, - 1 weakly in  I2(0, T; W),
(2.7) u, — y weakly in  I7(0, T, W¥) 3)

3) Recall that (v) (t)= Aov(r) fora.a. t € [0, T] and any v € L0, T; W) (cf. [4]).
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as m — oo. Taking into account the estimates

[IA

jT(B(”m, u,) — B(u, u), v)dt

0
= "4(”“ - ”m”cao,n;m ”“m“u(o,r;m + “””cqo,n;m "” - “m”LZw.T:m) ”””LZ(O.T:W)

and

< const [lu — tco,rimy [#mlZzo. o)

T
j (B, ), u — u,,)dt
0

where v e I7(0, T; W), one obtains by virtue of (2.3) and (2.4), (2.5) that

(2.8) Jq(B(um, Up), v — u,)dt > JT(B(u, u), v — u)dt

as m — oo.
Combining (2.2) and (2.4) we find u(0) = u,. Further, (2.1,) implies

T
j(v’ + Au,, + B(u,, u,), v — u,)dt + &(v) — d(u,) =

T
gj (fim + f2, v — u,)dt — %|v(0) — Ugp|®
0

or equivalently,
T T T
J‘ (Aup, u,) dt < J (', v — u,)dt + f (Au,,, v) dt +
0 0 0

+ j :(B(u,,,, i) 0 — ) dt + B(0) — Buy) +

T
+ f (Fim + fos ttm — 0)dt -+ 3[o(0) — tign?
0

for all ve I7(0, T; W) with v’ € IZ'(0, T; W*) (m = 1,2, ...). By (2.6)—(2.8),

T T T
(2.9) lim supj (Aup, u,) dt < J. (v, v — u)dt + j (x,v)dt +
0

0o 0

+ f:(s(u, W), v — u)dt + o(v) — Bu) +

+fT(f, u — v)dt + 3v(0) — uo|?

0

for the v’s having the above properiies (obviously ®(u) < + o).
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Let x e D(¢) be arbitrary. Set

t
u(t) = e Mx + lcj e u(s)ds, te[0, T]

0

(k = 1,2,...). In other words, v, is the solution to the initial value problem
v(1) + iv,"(t) =u(t) foraa. tel0,T]
v(0) = x.

Then it holds
nel(0, ;W) (k=1,2,...),

v —u strongly in IP(0, T, W) as k- oo,
.
B(o,) < Ou) + -11;[<p(x) © (M x) 4 o] + j (%, u — v) dr
[!]
for k = 1,2, ... where z* € W*and ¢, € R depend only on ¢ itself but neither onu, x
nor on k (cf. [1; Lemme I1.2] and its proof).

Inserting v = v, in (2.9) and letting k — oo we get

T T
lim supf (A, u,) dt < j (> u) dt + 3|x — ug|?.
0 0

Hence

T
lim supj (Aup, u, — u)dt £ 0.
]
The operator ./ being monotone and hemi-continuous, we finally obtain

T T
f(Au, u — v)dt < lim infj (At u,, — v)dt <
0

[

T
< f (o' + B(u,u), v — u)di + B(v) — B(u) +
0
T
+ j (f, u — v)dt + {v(0) — uo|?
0
for all ve I2(0, T; W) with v" € IP(0, T; W*).

3. PROOF OF THEOREM 2

The existence of a function u € L*(0, T; W) n C([0, T]; H) which satisfies (1.10),
(1.12), (1.13) follows from our basic existence result in [4]. If uy, u, € L*(0, T; W) A
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A C([0, T); H) are two functions satisfying (1.10), (1.12), (1.13) we have

(uit) + Aut) + Blui(1), ult)), x = ui1) +
+ o(x) = o(u?) = (/1) x — ui(0))

forallxe Wand a.a. te [0, T] (i = 1,2) (cf. [1; App. 1]). Observing that |||u(1)[|| <
< const fora.a. t€ [0, T] (i = 1, 2) one readily obtains

t
[uy(1) — uy (D> < constf luy — u,y|? ds
0

forall te [0, T], hence u; = u,.
Thus, it remains to prove the second regularity property in (1.11) and (1.14),
respectively.

Part (i). Let ue L*(0, T; W) n C([0, T]; H) be the function which satisfies
(1.10), (1.12), (1.13).
Let he(0, T). From the inequality
(W) + Au() + Bu(o), u), x — u(0) +
+ o(x) = o(u(1) = (/1) x = u(1))
which holds for all x e Wand fora.a.t e [0, T} we conclude that

S+ ) = w0 e ule + ) = u()]* <
< const Ju(t + h) — u(t)] Ju(t + h) — u(t)] +
+ 7+ ) = f(O)]« [ult + 1) — u()]

for a.a. 1e [0, T — h]. We now multiply each term of the inequality by ¢*%, add the
term ot®*~ Yu(t + h) — u(t)]2 on both sides and integrate over the interval [0, 7]
(where t€ [0, T — h]). Then

%Wﬁ+@~WW+m£WMHw%w®W®§

< constjt52“||u(s + h) = u(s)|| [u(s + h) — u(s)| ds +

0

ﬁﬁwm+m—ﬂwwm+m—W%®+

T—h
+ ocTZ“_lf [u(s + h) — u(s)|* ds,
0
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and therefore

(1) (o + 1) = wto])* = [ (s + 1) = o)) o =

0

< const [ f :_h|u(s B = u(s) ds + J T+ ) = ) ds:|

0

forall te[0, T — h].
Let us now note the following criterion:
Let X be a real reflexive Banach space with norm ” H, o a real number = 0.
Then the following conditions are equivalent: if 1 < r < +0:
a) ue (0, T; X), ru’ e L(0, T; X);
b) there exists a positive constant C such that
T—h
j (|u(t(t + B) — u(t)|]y dt < Ch" Vhe(0,T),
0
and if r = 4 o0:
a) ue L0, T; X), ru’ e L*(0, T; X);
b) there exists a positive constant C such that

sup ess *|u(t + h) — u(t)| < Ch Vhe(0,T)

te[0,T—h]

(¢f- [2; App.] for « = 0, [3] for a > 0).
Since f, *f" e I}(0, T; V*) and u,u’ € I*(0, T; H), the criterion just presented
implies the existence of positive constants C; (i = 1, 2) such that

n

T—h
J u(t + h) — u(t)? dt < C,h* Vhe(0,T),
0

T—h
f (S + ) — £ ) di = Coh* Vhe(0,T).
0
Inserting these estimates into (3.1) yields
t
(|u(t + h) — u(1)])* + j (s*lu(s + h) — u(s)])* ds < C;h?
0]

for all te [0, T — h] and any he (0, T) (C; = const > 0).

The second regularity property in (1.11) is now easily seen when combining the
above criterion with the latter estimate.

Part (ii). Let us consider the initial value problem

(3-2) (up(1), wi) + (A u,(1), w) + (B(uy(1), un(1)), w) +
+ (Cyu,(1), w) = (f(t), w) (i=1,...,n),
(3'3) “n(O) = Ug
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where {w;, w,, ...} denotes the system of elements introduced in [4], where u,(1) =
n

=Y g,i(t) w; and ug € span {wy, ..., w,} for a certain natural number n, (n = n,);
i=1

the mapping C, (¢ > 0) has the same meaning as in [4].

Observing that f is continuous (from [0, T] into ¥*) we obtain by an analogous
argument as in [4] the existence of functions g,; € C'([0, T]) (i = 1, ..., n) which
satisfy (3.2) for all te [0, T], and the initial condition (3.3). Further, as in [4] we
get the estimates

|

u,,(r)m <const Vte[0,T], Vn=n,, Ve>0;

lunl| 20,751y < const Vn = ny, Ve>0.

Thus, in order to complete the proof of part (ii) it suffices to establish appropriate
additional a-priori-estimates for {u,} that yield the second regularity property in
(1.14) when n — o (¢ > 0 fixed) and then ¢ > 0.

To this end, let t€ [0, T) be arbitrary, and let h > 0 such that 1 + he [0, T].
From (3.2) we conclude that

hw+w—MW+£i

u,(s + h) — u,(s)|* ds =

< const (Iun(h) ~ u,(O) + JT—h”f G+ 1) = SOl ds) .

0
t
+ constj [us + B) — u,(s)|* ds
)

where the constants depend neither on ¢ nor on n and ¢. Dividing each term of the
inequality by h* and applying the above criterion, one gets after letting h — 0

04) (0 + [ [l s = const (14 i@ + [ o) )

forall 1e[0, T].
Next, it is readily verified that our hypothesis 0 € dp(u,) implies C,(u,) = 0 for
all ¢ > 0. We then infer from (3.2) that

|u(0)] = |£(0) — Auo — B(uo, uo)|
for all n = ny and all ¢ > 0. Inserting the estimate into (3.4) we finally obtain
[uy(t)] < const Vie[0,T], Vn=n,, ¥e>0;
”“:’.”Lz(o,r;m <const VYn=n,, Ve>0.

This completes the proof of Theorem 2.
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Souhrn

O EVOLUCNICH NEROVNOSTECH MODIFIKOVANEHO
NAVIEROVA-STOKESOVA TYPU, II

MANFRED MULLER, JOACHIM NAUMANN
V této &dsti prace pokraduji autofi ve studiu abstraktni evoluéni nerovnosti,
zapocatém v &dsti 1. Véta 1 se tykd existence o jednoznacénosti slabého feSeni vySetio-
vané evoluéni nerovnosti. Dikaz je zaloZen na metod& aproximace slabého feSeni

posloupnosti silnych feSeni. Véta 2 poddvd dva vysledky o regularité silného feSeni.
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