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SVAZEK 23 (1978) A P L I K A C E M A T E M A T I KY ČÍSLO 4 

A THEORETICAL APPROACH TO THE PROBLEM 
OF THE MOST DANGEROUS INITIAL DEFLECTION SHAPE 

IN STABILITY TYPE STRUCTURAL PROBLEMS 

ZOLTAN SADOVSKY 

(Received December 2, 1976) 

1. INTRODUCTION 

The known solutions of nonlinear stability type problems show that the initial 
deflection w0 influences the values of various quantities characterising the state 
of stress and strain of the structure markedly already at small values of load. In 
general the influence of w0 has its maximum near the critical load while for loads 
exceeding several times the critical load it is negligible. The importance of s@lving 
the problem of the most dangerous initial deflection shape is therefore especially 
urgent in the load interval ranging from zero to at about twice the value of the critical 
load. The theory presented in this paper treats the problem in the range of loads 
from zero to the critical load. Since the theory is based on an examination of lineari­
zed equations and their corresponding functionate, the notions such as potential 
energy or differential equation of equilibrium throughout the paper should be under­
stood to be quadratic or linear, respectively, if not stated otherwise. 

The first important starting step of the theoretical analysis is to determine a set 
of functions from which the most dangerous initial deflection should be specified. 
This is done by defining a measure for admissible initial deflection functions w0. 
Unlike the classical local measure — the amplitude, a global measure is introduced 
given by the value of the bending strain energy of structure having the deflection w0. 
Now we can formulate a definition: 

Definition 1.1. For the given value of the load the most dangerous initial deflec­
tion w0 is that w0 from the set of admissible functions having the same global 
measure (the same value of the corresponding bending strain energy functional), 
for which the potential energy of structure attains the minimum value. 

Definition 1.1 is in a certain sense connected with the definition of a buckled state 
which a "real" plate prefers, proposed in [ l ] on the basis of numerical solutions 
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to the nonlinear problem of compressed initially flat thin plate. The authors [ l ] 
assume that the plate always jumps from any state to the state with the smallest 
value of the corresponding potential energy functional. Numerous numerical solu­
tions concerning the nonlinear problem of thin initially deflected plate in shear 
obtained by the author [2] show, that the definition of the prefered state of a plate 
is suitable with regard to the strength of plate. 

The substantial feature of the presented theory is the introduction of global 
measure of initial deflection. This allowed to prove that the use of the minimum 
of potential energy as a criterion for the determination of the most dangerous initial 
deflection is justified from the point of view of bending strain energy of a structure. 
The bending strain energy is being understood as a global stress state measure 
of buckled structure (GSSM). The solvability of the formulated minimization 
problem is established and its critical points are found. The corresponding equilibri­
um configurations are compared from the view-point of potential energy and of 
bending strain energy values. 

For some nonlinear problems, numerical solutions are presented showing the 
influence of the chosen imperfection shapes on the GSSM and on the formulated 
local stress state measure of the buckled structure (LSSM). For the mentioned 
special cases, the initial deflections from the set of eigenvectors with the same ampli­
tude were also investigated. The paper in this part extends the results of I. Hlavacek 
[3]. 

The author publishes in the paper the material essentially contained in Chapter 3 
of the research report [4] but for the section 3.4.4. A talk on the present theory was 
also delivered on the 17th Polish Solid Mechanics Conference in Szczyrk in 1975. 

2. MODEL PROBLEM 

The nonlinear problem of a rectangular thin elastic plate given by the Foppl-
Karman-Marguerre's partial differential equations 

(2.1) DAA(w - w0) - t[(<Pxx + XcP0xx) wyy + (<Pyy + X<P0,yy) wxx -

- 2($xy + X<P0>xy)wxy] = 0 , 

AA<P - t[wxxwyy - w2
xy - w0tXXw0 yy + wlxy] = 0 in Q 

E 

and by the boundary conditions 

(2.2) w = wnn = w0 = w0>wi = 0 | r 

and 

(2.3) <P = <P„ = 0 | r 
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will be used as a model problem. Here AA is the biharmonic operator Q = 
= (0, a) x (0, b) is a rectangular domain, D = Ft3/(12(l — /i2)) the flexural, 
rigidity of the plate, t — thickness, F — modulus of elasticity, ji — Poisson's ratio, 
w0 the initial and w the overall deflection. Parameter X is the measure of the load, 
<P0 a biharmonic function giving the form of the membrane load of the plate, <P + 
+ X<P0 — the Airy stress function, n denotes the independent variable in the direc­
tion to the normal to the boundary F. 

We linearize the given nonlinear problem neglecting the third and higher order 
terms in w, w0 in the potential energy functional. The corresponding equation of 
equilibrium has the form 

(2.4) DAA(w - w0) - At[wxx<P0tyy + wyy<P0tXX - 2wxy<P0fXy] = 0 in Q . 

The potential energy of the linearized problem is up to an additive constant 

co(^o) = f f" j - A2 J~ ( ^ o ) 2 + A2 t&±A (<p0^0n, - < j j dx dy 

equal to the functional 

(2.5) I7L = j j \^[A(w - w 0 ) ] 2 + h(<P0,yyw
2

x + <P0tXXw2
y - 2<P0tXywxwy) -

~ ~K^0,yy^l,x + ^ 0 , ^ 0 , , ~ 2^0,^0,x™0,y) \ <*X d y > 

where A is the Laplace operator. 
According to the definition, we minimize (2.5) while introducing an auxiliary 

condition 

(2.6) C - — J j (Aw0)
2 dx dy = 0 . 

2 Jo Jo 

Using the method of Lagrange multipliers with a multiplier x we get the functional 

17L = nL + x \c - - f (Aw0)
2 dx dy l . 

The condition that 17L should be stationary implies formally (Eqs. 2.4), (2.6) and 
equation 

(2.7) 

-DAA(w - w0) - x^AAw0 + At[w0tXX<P0tyy + w0tyy&0tXX - 2w0 xyd>0xy~] = 0 . 

Let W2(Q) denote a Sobolev space defined as the closure in the norm of Wl(Q) 
of the set of smooth functions defined in Q and vanishing on the boundary. We 
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introduce in W2(Q) the scalar product 

r, ф) = D 
'Ь ř*a 

Aw 
0 J 0 

Ail/áxáy , w, \j/e W2(Q) 

which generates in W2(Q) a norm ||. || equivalent to the norm of W\(Q). In the usual 
manner we define now the variational solution w, w0 e W2(.Q) to the problem (2.4), 
(2.7), (2.2), (2.6) by the identities 

(28) І {DA(w - w0)A\jj + Xt[(<P0fXXwy - <P0,xywx)il/y + 

+ (tfY^Wv - &0,xyWy) tA*]} d * d y = 0 > 

(2.9) 
'b f*a 

{-DA(w - w0)A\j/0 - iDAw0A\jj0 - Af[(<P0fXJCwOo, - <t>0tJCyw0,») ^ 0 , y + 
o Jo 

+ (^o,^w0,x - ^ 0 ^ w 0 > y ) ivy0?x]} dx dy = 0 

which should be satisfied for all \j/, \j/0 e IF^-^) and (2.6). Adopting the procedure 

used in [5] we form by means of Riesz representation theorem operator equations 

equivalent to the variational identities (2.8), (2.9). The resulting equations are 

(2.10) w - w0 - XAw = 0 , 

(2.11) —w + w0 — xwo + &Aw0 = 0 . 

A is a linear selfadjoint compact operator acting from W^(Q) into itself [6], Now 

(2.5), (2.6) can be written in the form 

1 ) X 
(2A2) UL = - || w - w0 | |2 - - (Aw, w) + - (Aw0, w 0 ) , 

(2.13) C - i | K | | 2 = 0. 

3. GENERALIZED PROBLEM 

Let us assume that the expressions (2.10) — (2.13) are written in a certain real 

separable Hilbert space H, i.e., w, w0eH, (., .) and | | . || denote now the scalar 

product and the corresponding norm in H, A is a linear selfadjoint compact operator 

acting from H into itself. In such a way we extend our investigations to the class 

of problems, whose bending strain energy can be represented by one half of the 

squared norm in H and the potential energy is given by (2.12) but for the constant. 

In the sequel, the notation Ql9 Q2, ... will be used for the sequence of eigenvalues 

and cpu cp2, . .. for the corresponding orthogonalized sequence of eigenvectors 
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of the eigenvalue problem 

(3.1) Aw - QW = 0 . 

It is well known that (3A) has a countable number of real eigenvalues O,-, every 
eigenvalue O; 4= 0 has a finite dimensional eigensubspace and zero is the only limit 
point of the sequence {O,}. We order {O,} so that |Ot| = |O 2 | = . . . and if |O,| = \QJ\ 
and Qi > Qj then i < j . The reciprocal values of O£ are denoted A,. The smallest 
positive il| which is the value of load parameter X corresponding to the critical load 
is denoted by Xcr. 

Theorem 3.1. For every X e (0, Xcr) there exists at least one absolute minimum w, 
w0e H of the functional (2.12) under the constraint (2A3). 

Proof: For 0 < X < Xcr we have (note that \\Xcr = max (Aw, w)) 
|| v, || = 1 

І W І I 2 -
X 

| |w||2 — X(Aw, W) = 
Acr 

and from this further the inequality 

(3.2) 2nL(w, w0, X) = e||w||2 - 2||w|| ||w0|| + const . 

Using the space H x H of couples {w, w0} we can easily show that the functional 
(2.12) is on the set G = {{w, w0} e H x H : ||w|| = R, R > 0, i | |w 0 | | 2 = C} weakly 
lower semicontinuous. This follows from the compactness of A. According to Theo­
rem 9.2 [7] the functional (2.12) attains its minimum value on the weakly closed 
set G. We choose the value of R using (3.2) in such a way that w, w0 with ||w|| > R, 
l | |w 0 | | 2

 = C satisfy HL(w, w0, X) > 0. So the point of minimum of HL on {w, w0} e 
eH x H, i\\w0\\2

 = C is from G. 

Now we show that the minimum is attained for w0 satisfying the condition (2.13). 
As 0 < X < Xcr, Eq. (2.10) with w0 on the right hand side may be solved. It is 

Now we show that the minimum is attained for w0 satisfying the condition (2.13). 
As 0 < X < Xcr. Eq. (2.10) with w0 on the right hand side may be solved. It is 

(3.3) w = (I - XA)-1 w 0 . 

Let us denote by w(w0) the dependence of w on w0 according to (3.3). Clearly, for 
a fixed w0, w(w0) minimizes the potential energy functional. We can easily find 
such w0 that HL(w, w0, X) < 0 (see the following explanation), which excludes 
w0 = 0 as a possible point of minimum of I7L. From the equality 

HL(w(kw0), kw0, X) = k2 I7L(w(w0), w0, X) 

we then deduce the validity of (2.13) for the point of minimum of HL on G, which 
completes the proof of the theorem. 
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We have seen that the method of Lagrange multipliers leads in our case to Eqs. 

(2A0), (2.11) and (2.13). Correctness of the procedure used is ensured by the known 

Ljusternik theorem. Inserting (3.3) into (2.11) we get the eigenvalue problem 

(3.4) [ - ( I - XA)"1 + I + XA] w0 - xw0 = 0 

with a selfadjoint and bounded operator —(I — XA)"1 + I + XA ((I — XA)~l is 

bounded according to Banach theorem). Moreover, with respect to an obvious 

equality 

I = (I - XA)"1 - XA(I - XA)'1 

the operator of the eigenvalue problem (3.4) may be written in the form 

-XA(I - ^ A ) " 1 + XA, 

which proves its compactness. 

The solution of (2.10), (2.11), (2.13) or of its equivalent eigenvalue problem (3.4), 

(2A3) with Eq. (3.3) can be sought in the form w0 = cphw = Kt(Pi (Kt is a real 

number). In what follows we assume that the dimension of the subspace of the 

elements w e H, Aw = 0 is zero. This simplifies the argument and does not alter the 

statements of the following theorems. Substituting for w and w0 into (2.10) we get 

Kt(pi = (pi - XKiAxpi == 0 , 

which yields 

(3.5) W = I7lV''-

From (2.11) we have, when writing Xi instead of x, 

( -
+ 1 + ~ - XІ ) <PІ = o 

X{ - X x 

and further 

X 
Xt = -

Xi(Xt - X) 

(evidently Xi < 0 for 0 < X < Xcr). Thus the eigenvectors of the linear stability 

problem (3A) satisfying (2A3) are for every X e (0, Xcr) solutions of the eigenvalue 

problem (3.4), (2A3) and together with (3.5) solutions of the conditions of stationari-

ness (2A0), (2.11), (2.13). Since the system of eigenvectors {<pj is complete in H, 

Xi(Xt, X) are all the eigenvalues of (3.4). Consequently, further solutions (different 

from eigenvectors of (3.1)) can be found only in the eigensubspaces of multiple Xi 
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when Xi(^h fy = Xj(Xjy X), XtXj < 0. The correponding eigenvectors of (3.4) are then 

the combinations of <pi9 cpj which represent an arbitrary eigenvector from the eigen-

subspaces of gi9 QS, respectively. Clearly this occurs when Xt(Xt — X) = Xj(Xj — X) for 

X e (0, Xcr) which is possible only if (3.1) possesses both positive and negative eigen­

values. The set of such points X has zero Lebesgue measure. 

Let us evaluate the functional (2.12) at the stationary points w0 = \j/i9 i | | $ i | | 2 = C 

(generally \j/t = ct(Pi + c$j). Using (2.10) we have 

nL(w($i)9 $h X) = - ± ( w - $t$ $} + ^ (A$i9 $;) 

and then 

п >(И,í„д ).ì[-(JA_-1) + i.]|MI 

- [- OтЬ - 0 + -3 '^* - - ",лг + 

The result shows that the same values of I7L correspond to the equilibrium configura­

tions corresponding to w0 in the shapes of eigenvectors from the eigensubspace of Xi 

satisfying (2A3). Comparing the positive expressions Xt(Xi — X) we easily show 

that from the set of Xi corresponding to positive Xh denoted Xip, the lowest value 

of I7L is attained for Xlp = min Xip = Xcr. From the set of Xi corresponding to 
i 

negative Xh denoted Xin, the lowest value of TIL is attained for Xln = max Xin. Thus 
i 

the most dangerous initial deflection is in the shape of eigenvectors from the eigen­

subspace of #(A lp, X) or x(Aln, ^) o r t r i e i r combinations. 

Theorem 3.2. There exists a real number Ct > 0 such that for X, 0 < X < Cx =" 

= Xcr the couple (~-s) w0 = (pi9 w(w0), i | |<Pi| |2 = C ((pi representing an arbitrary 

element of the eigensubspace of QX = l/Aj), is a point of absolute minimum of the 

functional (2A2) under the constraint (2A3). For Xx > 0 we have Ct = Xx = Xcr, 

for Xt < 0 we have Cx = Xcr + Xx. 

N o t e 3.L If Xt < 0 and X e (Xx + Xcr, Xcr), the point of absolute minimum of 

(2A2), (2A3) is the couple (-5) w0 = (pcr, w(w0), i||<J5cr||
2 = C. If Xx < 0 and X = 

== Xx + /lcr, the absolute minimum of the problem is attained for w0 in the shape 

of any combination of (pu <pcr satisfying (2.13). 

Theorem 3.3. There exists a real number C2, 0 < C2 = Cx = Xcr such that for 

X e (0, C2) the inequality 

\\w(w0) - w01| < ||w(cpi) - ^ H 
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is true for every w0 =1= <pl9 ||w0|| = ||<pi|| ((px represents an arbitrary element of the 

eigensubspace of Qi). For Xt > 0 we have C2 = Xt =. Acr and for Xx < 0 we have 

C2 = i (^ 1 + 2cr). Further, if for w0,i- w 0 2 with | |w0 J | | = ||w0>2|| fhere exists an 

interval of values X, 0 < X < C3 S Kr on which 

(3.6) 0 < HL(w(w0>2), w0>2, A) - I7L(w(w0?1), w0,i, A) = o(X2) , 

then there exists such C4 ^ /Lcr that for X90 < X < C4 

||w(w0?1) - w0sl | | > ||w(w0>2) - w0j2|| . 

Proof. Let us have an element w0 e H9 w0 # <pl9 ||w0 | = H^J and let |^2 | | = 

= ||w0||, i = 1, 2, We can write 

00 

(3.7) w0 = ^ e^£ 
» - i 

with 

00 

(3.8) £c? = l 
i = l 

and 

OO 1 

(3.9) w ( w o ) = Z ^ C i < P l . . 

It may be easily shown that there exists a number C2, C2 = Xx = /lcr if Xt > 0 and 

C2 = i ( ^ r + ^i) i f ^i < 0, such that 

(3.10) (X, - A)2 < (Xj - A)2 for Xx * ^ , 0 < A < C2 . 

Without a loss of generality we assume ||w0|| = 1 ' t h e n u s i n S (3-7)> (3-9)> (3-10) and 
(3.8) we have for 0 < X < C2 

|w(w0) - w0||2 = f I f т - Ц г - - W ' 
І=I || yЯi — Я / 

= Z 

< ( I T ^ - ^ ~ 01 

.=1 (Åt - X)2 

2 

which proves the first part of the theorem. 
00 00 v 

Let w0)1 = £ - . , , ? , , w0>2 = £ c2)i<p; ( |^, | | •» *) b e t h e elements of H satisfying 

(3.6) on 0 < X< C3 ^ Acr and'fw0>1|| = |w0>2||- T h e orthogonality of <p, in H and 

(A<p„ <pj) = 0 , * * J 
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imply that 
oo 

n>Ki).wo..,A)-*i£x.-l.-
i = i 

With a similar arrangement of HL(w(w0j2), w0j2, A) we rewrite (3.6) as 

i °° 1 

o<^-2l w r - - ( c i , . - c y = o(A2). 
I i = l / ^ A j - A.) 

Using the tools of the classical analysis of function series we get that the series 
OO ;; 

Z( c i , f ~" c2,i)l(^i(^i ~~ fy) converges uniformly to a continuous function St(X) 
1 = 1 00 

on every interval [0, K], K < kcr and 5,(0) = £ (c2
ui - c\^\X\. (3.6) yields 5X(0) > 

> 0. Now I = 1 

oo i 

||w(w0>1) - Wo.iH2 - ||w(vv0>2) - w0,2||2 = X2 X rrr(c2 , ; - c2^-) . 
i = i ( ^ - A)2 

Again we can easily deduce that the series £ (c2^- — c 2 ^ ) / ^ — A)2 converges 
/ = ! 

uniformly to a continuous function S2(A) on every interval [0, K], K < Xcr and 
S2(0) = Si(0) which proves the existence of the constant C4 from the second part 
of the theorem. 

N o t e 3.2. In the case of a positive operator A the inequality Xt — Xj yields 

nL(w(cp), Wi, x) < nL(w(cpj), <pj, x) 

and 

IK<r\) - <Pi\ > \A$j) - <M 

on the whole interval (0, Xx — Xcr). 

N o t e 3.3. If Xx < 0 and X e (\(XX + Xcr), Xcr) the inequality 

||w(w0) - w0|| < ||w(<pcr) - Cpcr\ 

is true for every w0 4= ^c r , ||w0|| = | |$c r | | . For Ax < 0 and X = ^(Ax + Acr), the 
inequality 

||w(w0) - w0|| < \\w(c1cp1 + c2<pcr) - c1cp1 - c2cpcr\ 

holds for every w0 e { c ^ j + c2cpcr}, ||w0|| = | |c 1^ 1 + c2<pcr||, where c l5 c2 are real 
constants. The statements can be easily proved following the proof of the first part 
of Theorem 3.3 with simple inequalities 

(Xcr - X)2 < (Xj - X)2 , Xj + Xcr, i(A, + Acr) < X < Xcr, 
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or 
\2 (A, - A)2 = (A„ - A)2 < (A; - A)2 , A, #= A, u A„, 

A = i ( A + *«•), 

respectively, used instead of (3.10). 

It can be shown that the extremization of the values of bending strain energy 

in the equilibrium configurations w(w0), w0 e H leads under the condition (2.13) 

to the eigenvalue problem 

(I - XA)~" [(I - XA)~l - I - XA\ w0 - &w0 = 0 

with a selfadjoint and compact operator (compare (3.4)). The eigenvectors of (3.1) 

satisfying (2.13) are the stationary points of this problem on the whole interval 

(0, Xcr) and 9i(Xi9 X) = X2\(Xi — X)2 represent all of its eigenvalues. Similarly as in the 

case of (3.4), (2.13) further solutions can be found only in the eigensubspaces of 

multiple Si when Si(Xt, X) = &j(Xj, X), XtXj < 0 and X e (0, Xcr), as combinations 

of (ph cpj satisfying (2.13). This occurs now if (/,- — A)2 = (Xj — X)2, X e (0, Xcr) 

(only possible if (3.1) possesses both positive and negative eigenvalues) and the 

set of such points X has zero Lebesgue measure. Note that these new solutions are 

no more solutions of the problem (3.4), (2.13). 

For pointing out the possibility of defining inverse variational problem the author 

is indebted to Dr. V. Horak*). In this case the functional of bending strain energy 

corresponding to w0(UB = i | |w 0 | | 2 ) is extremized under the condition of constant 

potential energy. 

4. SPECIAL CASES 

4.1. Compressed column simply supported 

The differential equation of the compressed column is 

EIwxxxx + XPwxx = EIw0fXXXX , x e (0, a) , 

where I is the moment of inertia, *P = n2EIja2 and a denotes the length of the 

column. Let us have 

™ = wxx = w0 = w0tXX = 0| x = 0>fl . 

The functional FJL of the problem is 

nL = \El 
*a r*a r*a 

(wxx - Щ,xxf dx - J-AP w2 àx + ЏP < л dí 
0 J 0 J 0 

*) Stavební ústav ČVUT, Praha 
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and the subsidiary condition on w0 has the form 

C - W J w2
0fXXdx = 0 , 

Using the energy space H with the norm 

=N>H"2 

we easily obtain the desired operator expressions (2.12), (2.13) with a strictly positive 
operator A ((Aw, w) > 0, w =f= 0). According to Section 3 the most dangerous 
initial deflection from the set w0 e H, \\w0\\ = const has the shape of the critical 
eigenvector <px for every load parameter 0 < X < Xx = Xcr = 1. For the same X — s 
the bending strain energy corresponding to w0 = (px attains the largest value. 

Let us now investigate the initial deflections in the form of eigenvectors <pt of a per­
fect column having equal amplitudes. In order to find the most unfavourable initial 
deflection we shall try to use the criterion of the minimum of potential energy. 
Since <pt « sin in(x\a) (<pt has the shape of sin in(x\a)) we get using a suitable 
nondimensional form 1TL of HL that 

n>(< ,̂̂ ) = - ^ V — -A2 

/, — i 

is an increasing function of i with the minimum X2\(X — l) at i = 1. Further, 
Xi2 

(4.1) ||w(<Pi) ~~ ^il = const "r;—> const X x •-
is a decreasing function with the maximum const X\(l — X) at i = 1. The absolute 
value of the maximum moment used as the LSSM but for the multiplication by 
a constant is equal to the norm of the resulting deflection — the formula (4.1). We 
see that the used criterion showed in this case correctly the most dangerous shape 
of the initial deflection, both from the points of view of GSSM and LSSM. 

Note that from the set of eigenvectors {(pt} having the same value of global mea­
sure we get for w0 = (pt the largest value of the maximum moment, too. 

4.2. Simply supported rectangular plate in compression 

Starting from the equation of equilibrium (2.4) we express the case of compression 
choosing <P0 = —aEy2\2, aE = n2Et2\(ll(l — /i2) b2). Deflections w and w0 satisfy 
the conditions (2.2). It can be shown that the operator A of the corresponding 
operator form of functional HL (Eq. (2.12)) is strictly positive. Thus, the initial 
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deflection in the shape of the critical eigenvector ( — s) <p1 is the most dangerous 
initial deflection among all w0 e H, || w0|| = const on the whole interval 0 < X < Xx = 
= Xcr giving here the largest value of GSSM of the corresponding equilibrium state. 

As in the Subsection 4.1 we investigate now the set of eigenvectors of a perfect 
compressed plate which have the same amplitudes. Let us denote in this case the 
eigenvector functions and their corresponding reciprocal eigenvalues by cpmn and 
K» ™,n, = 1,2, . . . . 

It is well known that 

x . y 
cpmn « sin tnn - sin nn - . 

a b 

Having chosen a suitable nondimensional form IJL of UL we have (a = ajb) 

nL(w((pmn), cpmm x) = - — — , 
7m n2V , 
— + a — - I 

and further 

K<r\m») - <Pmn\ = COnst 

a m 

A - + a — 
\ a m 

- + a — ) 
a m2j m2 

For w fixed it follows: 

limI7L - - A 2 a 2 , 
m-* oo 

lim \\w((pmn) - ojmn|| = const Aa . 
m-»oo 

Comparison of the limits with the m, n-terms yields 

inf IlL = lim I7L = - / l 2 a 2 , 0 < X ^ 2 

sup ||w((Bmfl) - </>„.„ || - lim || w(<pmn) - <pmn|| = const /la , 0 < A g 1 . 
m,« m-*co 

I7L is for 0 < A < 2 (min Acr = 4) a decreasing function of m and the bending strain 
a 

energy is for 0 < A rg 1 an increasing function of m. 

We see that for small A (0 < A ^ 1) there is a good correlation between T1L and the 
bending strain energy (GSSM) values. Despite of this for 0 < A g 1 it is not possible 
to determine from the given set the initial deflection for which GSSM and potential 
energy attain their maximum and minimum values, respectively. 

Let us now illustrate the usefulness of theoretical predictions of the most unfavour­
able imperfection shape on numerical solutions to the nonlinear problem (2.1), (2.2) 
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with static boundary conditions assumed to give the zero membrane shear stress 

along the boundary and to maintain the edges straight, and having the aspect ratio 

ajb = 2. The solution of the boundary value problem is carried out by the method 

of Papkovich. Representing the deflections w and w0 by linear combinations 

(4.2) 

(4.3) 

w = _>_. wm„ sin mn — sin nn — , 
m,n a b 

v • x . y 
W 0 = Z J W 0 , W » S 1 П m n — S 1 П П 7 Г " 

m,n a b 

T a b . 4.1 

G S S M 

LSSM \cЛ \ (Лw0)
2ûxáy 

- | l / 2 

-= 0-4 

Q L 2 Jc ) J o J 
w0 ^ w0 ^ w0 ^ И ' 0 Я» w0 ^ 

X 
x . У 

S Ш 7Г ~ SIП 7Г -

a b 
SШ 2 я - SШ 7Г -

a b 

X V 
sin Зя - sin n -

a b 

. . x , y 
sin 4тr - sin я -

a b 

. - x . y 
S Ш 57Г - SIП 7Г ~ 

a b 

K|//=0-32 KI//=0-2 K | / / = 0-123 K|// = 0-08 | w 0 | / t = 0-055 

0 0 0 5 9 3 0-00997 0-00860 0 0 0 6 4 6 0 0 0 4 8 0 

0 1 1-0310 1-0416 10247 1-0128 1-0068 

- 0 0 0 0 0 0 8 - 0 0 0 0 0 2 0 -0-000015 - 0 0 0 0 0 0 8 - 0 0 0 0 0 0 5 

0 0 6 6 9 4 0-12634 010599 0 0 7 5 5 0 0-05375 

10 10371 10604 1-0342 1-0162 1-0080 

- 0 0 0 0 8 7 - 0 0 0 2 5 8 -000183 - 0 0 0 0 9 8 -0-00052 

015485 0-34894 0-28339 0 1 8 5 3 3 0 1 2 4 0 3 

2-0 1-0455 11039 10547 1-0224 1-0100 

- 0 0 0 4 1 0 - 0 0 1 4 5 6 -000988 - 0 0 0 4 8 2 - 0 0 0 2 3 9 

0-45851 1-3163 1-2548 0-65908 0-35694 

4 0 1-0560 1-3656 1*2315 10591 10181 

- 0 0 2 4 2 6 - 0 1 4 7 0 9 -0-10145 - 0 0 3 4 9 6 - 0 0 1 3 8 1 

4-6467*) 3-4240 4-5516 4-4274 2-6310 

8-0 2 0 2 7 0 1-8833 2-1037 1-7202 1 1 9 9 2 

- 1 - 4 1 2 2 -1-7755 -2-1647 -1-1258 -0-25928 

w i v w13, w21, w23 w31, w33 
w41, w43, w5J, w53 

w15, w31, w25, w61, ^ 3 5 ' W 4 5 ' W 5 5 ' 
W 3 3 ' w5ľ 

wьv ћ c i 

*( Another branch of solutions. 
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GSSM 
LSSM 

Q 

0 1 

10 

2 0 

4-0 

8 0 

Tab. 4.2 

max |W 0 | / t = 
x,y 

0-2 

w0 ^ w0 ** w0 % w0 ^ w0я^ 

X y 
n ҡ - sin ҡ ~~ 

a h 

. . x . y 
sm 2ҡ - sin ҡ -

a h 

x 
sin Зҡ ~ sin ҡ 

a 

_ 
ь 

x y 
sin 4ľг - sin n~ 

a h 

x . y 
sin 5ҡ ~ sin ҡ -

a b 

000392 0-00997 0-01370 0 0 1 5 6 6 0 0 1 6 7 4 

10129 1-0416 1-0641 1-0777 1-0858 

- 0 0 0 0 0 0 3 - 0 0 0 0 0 2 0 - 0 0 0 0 0 3 8 - 0 0 0 0 0 5 1 0000059 

004509 0-12634 016658 018033 0 1 8 5 3 6 

10160 10604 1-0872 1-0968 11005 

000037 - 0 0 0 2 5 8 - 0 0 0 4 7 0 - 0 0 0 5 8 7 0 0 0 6 4 9 

0-10771 0-34894 0-43082 0-43040 0-41943 

10209 1-1039 1-1333 11289 11224 

- 0 0 0 1 7 7 0 0 1 4 5 6 - 0 0 2 4 6 9 002826 0 0 2 9 5 3 

0-34132 1-3163 1-5123 1-2945 1-1101 

1-0345 1-3656 1-3836 1-2637 1-1916 

- 0 0 1 1 4 7 0 1 4 7 0 9 -0-20428 - 0 1 8 0 2 1 - 0 1 6 0 0 4 

4-6405*) 3-4240 4-4929 4-6250 3-9507 

2 0 0 8 7 1-8833 2-1772 1-9502 1-5987 

-1-4403 -1-7755 -2-5692 - 2-0703 L4056 

*) Another branch of solutions. 

the equation of compatibility is solved exactly and the first of Eqs. (2.1) is then 
treated by the Bubnov-Galerkin's method. The nondimensional values of GSSM 
chosen as ||w — w^l^/C^, CN — 24ab(l — /i2)/(F7r4t5) and of the nondimensional 
energy Q = 2CNQ\n2 are given in Tabs. 4.1 and 4.2. It is Q = H — C0(A#0), where 
fl is the nonlinear potential energy of the plate. C0(k<P0) is a constant given in Section 

2. The initial deflections having the shapes of eigenvectors <pn, <p2 ę5l are 
assumed to have the same global measures ( |w0 | | 
amplitudes (max |w0(x, y)| = const.) — Tab. 4.2. 

const) — Tab. 4.1 or the same 

The values of LSSM defined as the rate of increase of the maximum membrane 
stress intensity of a buckled plate in comparison to its ideal flat equilibrium con­
figuration are presented, too. 

Noting that 0 < 2 2 1 < A2l < XXi = A41 < X5X we see from Tab. 4.1 that GSSM 
values behave in a fairly good accord with the predictions of the theory in the whole 
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undercritical range of load (Xcr = X21 = 4), At the same time, the comparison of 
energy gives us also a useful information about the maximum value of LSSM. When 
the chosen w0 have the same amplitudes (Tab. 4.2), the predictions of the linear 
analysis were confirmed, too. Note that for 0 < X S 1 the values of LSSM behave 
with the increasing number of sine waves of w0 like the values of GSSM. In the last 
row of Tab. 4.1 the coefficients wmn are listed indicating the coordinate functions 
used in (4.2). The values presented in Tab. 4.2 were computed with the same appro­
ximation of deflection w. 

4.3. Simply supported rectangular plate in shear 

A special case of the problem (2.4), (2.2) is being investigated when <P0 = —<jExy. 
As can be shown, the coefficients Xt of the corresponding eigenvalue problem of 
a perfect plate occur in couples having the same value except for the signs. This 
implies that Xt — Xcr and then according to Section 3, the critical eigenvector ( —s) 
<p{ represents the most dangerous initial deflection shape from all w0 e W2(iQ), 
||w0|| = const on 0 < X < Xcr maximizing here the bending strain energy value. 

Unfortunately, we have no explicit forms of eigenvectors for an analysis of the 
equiamplitude set of initial deflections having the shapes of eigenvectors of the perfect 
plate problem. Thus using the Bubnov-Galerkin's method with w in the form (4.2), 
approximate solutions to the eigenvalue problems were computed. The eigenvectors 
<Pi of a square plate in each of the four classes of symmetry were approximated by 
72 coordinate functions. Then the values of IJL(w(<Pi), <ph X) were computed for 
various values of X. The case of a rectangular plate with the aspect ratio ajb = 2 

Tab. 4.3 

ajb = - 1 xx 
-= Xcr = 9-325, max \ę 

x,y 
J/Г— 1 

Number of eq. CNПLЫ<PІ), 
^íumber of coor. ;-í Type of <PІ <PІ, X) 

func. 

9-325 wnm 

A== 0 1 

-0-23731 1 0 - 3 42/72 9-325 mĄ-n -= even n., wmn == wnm 

A== 0 1 

-0-23731 1 0 - 3 

42/72 24-81 m -f- n •= evenn., wmn = wum -0-18838 ] 0 _ 3 

36/72 32-27 mJ

rn~ = evenn., wmn = ~wnm -0-38521 1 0-з 

36/72 60-95 m -f- n -= even n., wnn = ~ wnm -0-223311 0..з 

36/72 11-55 m -f- n = = oddn., wmn:= ~ wmн -0-60434 J 0 - 3 

36/72 26-7 m -f n = -- oddn., wm | | = ~ Wnm -0-280191 0_з 

36/72 44І9 m i n = = oddn., wmя = — w rvnm -0-20900, 0 - 3 

36/72 30-66 m -f n -= oddn., wmn = wirn 
- 0 1 9 7 2 3 1 0 _ з 

1 0 

-0-26297 1 0 -
-0-19550 1 0 -
-0-3963O l o_ 
-0-22666 I 0 -
-0-65591 1 0 -
-0-28997 1 0 -
-0-21336 1 0 -
-0-20322, 0 . 
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Number of eq. 

Number of coor. 
func. 

33/33 
33/33 
33/33 
33/33 
33/33 
33/33 
33/33 
35/35 
35/35 
35/35 
35/35 
35/35 
35/35 

a/b = 2, Я, 

Tab. 4.4 
: Я C Г =£-- 6-547, m a x |<pf-|/t = 1 

x,y 

6-547 
9-941 

1718 
25-17 
27-84 
29-68 
40-36 

6-575 
11-325 
18-790 
25-560 
28-460 
30-205 

Type of <?• 

m + n = even n. 
An -f n — even n. 
m f n = even n. 
m + n = even n. 
m -f n = even n. 
m -f n == even n. 
m -f /* = even n. 
m -f n == odd. n. 
m -f « = ocjd. n. 
m + n = odd n. 
m -f n =- odd n. 
m -f n = odd n. 
/n + n = odd n. 

CNHL(vK <?>,), 

A = 0 1 

-0-76803, 
-0-83088 ; 

-0-789891 0-3 
-1-08219, 
-0-53580, 
- l -28383 1 0 -3 
-0-709111 0-3 
- l -86487 J O-3 
- l - 5 6 3 8 7 1 0 - 3 

-1-18368, 
-1-01131, 
-0-975491 0-3 
-0-85410 1 0 - 3 

i;0-

7 1 0 " 

3i.o-
l ю -

A = 10 

-0-892641 0-! 
-0-9145210-i 
-0-8338410-i 
-1-12248,0-1 
-0-55377 
-1-32412, 

í o - 1 

- 1 0 - 1 

-0-72533,0-i 
-2-16594,o-i 
-1-70018,0--
-1-24356, З ю~* 

1 0 ~ i 
-1-04836 
-100746, o-1 
-0-88042 o-i 

was treated while using 33 a n d 35 coordinate functions . The most impor tant of the 

results are presented in Tabs . 4.3, 4.4. We see that in both cases the smallest value 

of IIL is at tained for w 0 in the shape of the eigenvector <p3. 

F o r a square plate with w0 « </>,, w 0 « <p3 a n d 

(4.4) x . y 
W 0 = W o и , SШ 7Г - SIП 7C — 

a b 

the non l inear problem (2.1), (2.2), (2.3) was approximately solved. Assuming the 

deflections w, w 0 in the forms (4.2), (4.3) and the function $ according t o [2] 

(4.5) 

Ф = I Фrs 
r,s^2 

cos rn - — cos ( l — (— l) r ) — 
a 2a 

cos sn - - cos (1 - ( - l ) s ) — 
b 2b 

the u n k n o w n coefficients wmn, <Prs were determined from the condit ions of or tho­

gona l ity of the coordinate functions used in (4.2), (4.5) t o the first and the second 

equat ion (2.1), respectively. In the case of w 0 given by (4.4) and w 0 « <px, 25 + 28 

and in the case w 0 « <p3, 19 -I- 25 coordinate functions were used. The eigenvectors 

<pu <p3 were approximated by the same functions as w. The results are shown in 

Tabs. 4.5, 4.6. L S S M and Q are defined like in Section 4.2. F u r t h e r solutions to the 
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Tab. 4.5 

GSSM 
LSSM 

Q I" Hí b ŕa -

(zJw0)
2dд:dy 

0 J 0 

1/2 

- 0-7 

w0 ^ w0 «* ęx w0 яtí ę  

X 
x . y 

SIП 7Г ~ Sln 71 -

a b 1 
| w 0 | / t = 0 - 7 | w 0 | / t - 0 - 4 9 

007292 

| w 0 | A = 0-248 

í 
005967 0-06072 

| w 0 | / t - 0 - 4 9 

007292 

| w 0 | A = 0-248 

í 
005967 

0-932 1-0178 10417 1-0226 
-000074 000103 -000068 

0-39986 0-56538 0-43649 
4-66 10404 10825 1-0411 

-0-02288 004140 -002534 

1-6675 2-0926 1-6363 ! 
9-32 1-1555 1-2281 1-1201 

-0-20223 0-37629 -0-21296 

4-4746 4-8481 4-1813 
13-98 1-4132 1-4848 1-3161 

-1-3175 -1-9251 -1-1911 

8-1737 8-3762 7-7651 
18-64 1-7370 1-7996 1-5944 

- 5 1 2 2 1 -6-3454 -4-4466 

nonlinear problem of a rectangular plate in shear are given in [2] (a\b — 1, 2, 3). 
The results underline the role of the minimum potential energy criterium. 

5. CONCLUSION 

The above presented theoretical results show that the set of eigenvectors of the 
linear stability problem is characteristic set of initial deflection shapes of the corres­
ponding imperfect problem. The initial deflections having these shapes and the 
given value of global measure (the given value of energy norm) represent the common 
stationary points of potential energy and of bending strain energy functional extre-
mized on the set of admissible initial deflections w0 e H, |w0 | | = const in the corres­
ponding equilibrium configurations for X e (0, Xcr). The most dangerous initial deflec-
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Tab. 4.6 

| GSSM 

LSSM 

Q 

max |w 0 |/t — 0-7 
x„y 

0-932 

4-66 

9-32 

13-98 

18-64 

x . y 
S Ш Tí - S Ш 71 ~ 

a b 

006072 

10178 

-000074 

0-39986 
10404 

-002288 

1-6675 
11555 

-0-20223 

4-4746 
1-4132 

-1-3175 

8-1737 
1-7370 
51221 

009894 014392 
10771 1-1448 

-000200 -000464 

0-71648 0-91294 

1-1357 1-2080 

-007518 -015134 

2-3159 2-4701 
1-2912 1-3327 

0-56902 -0-88310 

4-9967 4-8790 

1-5375 1-5173 
-2-4201 -2-9570 

8-4397 8-1824 
1-8421 1-7674 

-7-2108 -7-6941 

tion defined from the standpoint of stability of structure in the sense of minimum 

of the potential energy contains also the standpoint of strength in the sense of maxi­

mum of the bending strain energy. The theory was applied to the column and plate 

problems and illustrated by numerical results. The case of compressed cylindrical 

panel was treated in Section 3.4.4 of the research report [4]. 

In special cases, the investigation of the equiamplitude set of initial deflections 

having the shapes of eigenvectors of the perfect problem was carried out. The results 

confirmed that the critical eigenvector is often not the most unfavourable initial 

deflection from this set (Hlavacek [3]). However, some cases were shown in which 

for a sufficiently small value of the load it may be even impossible to determine from 

the given set the most unfavourable initial deflection from the view-point of mini­

mum of the potential energy value or of maximum of the bending strain energy 

value. 
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S ú h r n 

TEORETICKÉ RIEŠENIE PROBLÉMU 
NAJNEBEZPEČNEJŠIEHO TVARU ZAČIATOČNÉHO PR1EHYBU 

PRI ÚLOHÁCH STABILITNÉHO TYPU 

ZOLTÁN SADOVSKÝ 

Zavádza sa globálna miera začiatočného priehybu w0 daná energetickou normou. 
Na stanovenie najnebezpečnejšieho tvaru w0 sa formuluje minimalizačný problém 
s vedlajšou podmienkou. Teoretické výsledky zahrňujú široký okruh stabilitných 
úloh stavebnej mechaniky. 
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ská cesta, 885 46 Bratislava. 
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