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SVAZEK 22 (1977) A P L I K A C E M A T E M A T I K Y ČÍSLO 3 

TABLES FOR THE TWO-SAMPLE LOCATION E-TEST BASED 
ON EXCEEDING OBSERVATIONS 

ZBYNEK SIDAK 

(Received December 29, 1975) 

Summary. The rank statistic E, based on the minimum number of exceeding 
observations in two samples, gives rise to a quick and easy E-test, which is suitable 
for the two-sample location problem. This paper contains tables of the one-sided 
significance levels P{E ^ k} for 2 g k _̂  6 (which includes usual significance levels) 
for sizes m, n of the two samples satisfying 3 ^ m :g n ^ 25. 

Description of the test. Let us have two random samples Xu ..., Xm and Yu ..., Yn 

with densities f and f 2 , respectively. Suppose that the notation is chosen so that 
m — n. We wish to test the hypothesis H0 that ft and f2 are identical but otherwise 
arbitrary against the alternatives of shift in location which may be expressed by 
f\(x) = f(x — A), f2(x) = f(x), where A > 0, or A < 0 (one-sided alternatives), 
or A 4= 0 (two-sided alternative). 

The E-test is performed very quickly and simply. First, we find the quantities A, 
and B', being equal to the number of observations among Xu ..., Xm larger than 
max Yj, or smaller than min YJy respectively, and the quantities A', and B, being 

equal to the number of observations among Yu ..., Yn larger than max Xh or smal­
l s i ^ m 

ler than min Xb respectively. (Of course, only one of the numbers A, A' (or B, B') 

is positive, while the other must be zero.) Our test statistic is then 

E = min (A, B) - min (A', B') . 

The test based on E can be used against both two-sided and one-sided alternatives. 
However, let us remark that against the one-sided alternatives A > 0 we might use 
the statistic min (A, B)\ this latter statistic generates the locally most powerful rank 
test for testing H0 against a shift A of a uniform distribution for A close to 0, i.e. 
in some region 0 < A < e. (Cf. Hajek-Sidak [2], Section IIIA.2 and Problem 
IIA3.) 
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Description of the table. In Table 1 we tabulate (in per cents) the upper tails 100 . 
. P{E ^ k} of the distribution of E under H0, i.e. the one-sided significance levels 
of the E-test in per cents, for 2 g k ^ 6 and for the sample sizes m, n satisfying 
3 S m _s n = 25. This range o/ levels includes all commonly used significance 
levels. Let us also remark that it can be easily proved that, for each n fixed and for 
l ^ H / i - 1 , the probabilities P{E ^ k} for m = n — 1 and for m = n coincide. 

For the computation of Table 1 we used the formula 

p{E>fc} = (m + n ; 2 / c ) f m + nY 
L } \ m — k ) \ m J 

valid for k = 1, 2, ..., min (m, n). (Cf. Hajek-Sidak [2], Theorem IV.2.2.b.) 

The distribution of E under H0 is symmetric about 0 so that P{E ^ — k} = 
= P{E ^ k}. 

If we are testing H0 against the one-sided alternative A > 0 (i.e. / , is shifted to the 
right with respect to / 2 ) , we use a critical region {E ^ k}, and its significance level 
may be found in Table 1. If we are testing against A < 0 (i.e. / , is shifted to the left), 
we use a critical region {E ^ — k}, but its significance level is equal to that 
of {E ^ k} so that it again may be found directly in Table 1. If we are testing against 
the two-sided alternative A =t= 0, we use a critical region {|E| ^ k} whose significance 
level is equal to 2P{E = k}. 

Example. Let one sample contain the values 42; 28; 49; 36; 48; the other sample 
the values 34; 22; 14; 24. For the application of Table 1 we must have m ^ n, there­
fore the latter sample with 4 values must be denoted as Xu ..., X4, and the former 
sample with 5 values as Yu ..., Y5. We see that E = — min (4, 3) = —3. If we wish 
to test against A < 0, we may use e.g. the critical region {E ^ —3}, and in Table 1 
for n = 5, m = 4, k = 3 we find its significance level 2-381%. If we wish to test 
against A + 0, we may use the critical region {|E| ^ 3}, and its significance level 
is twice the tabulated number, that is 4-762%. 

Remark on the asymptotic distribution. Let m, n -> co, and mjn -> r, 0 < r < GO. 
Then it is easy to prove that 

lim P{E = k] = [(1 + r " 1 ) ( l + r)Yk 

m,n-+co 

for k = 1,2, ...,. In particular, if m = n -> oo, we have 

lim P{F ^ k} = l/4fc 

m — n-^ oo 

for A; = 1, 2 , . . . ; these numbers for 2 ^ k g 6 are given at the end of Table 1. 
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Table 1 

One-sided significance levels 100P{E^ k} (i.e. in percents) 

k 

2 3 4 5 6 

3 3 10000 5000 - - -

4 3 8-571 2-857 
4 8-571 2-857 1-429 - __ 

5 3 7-143 1-786 
4 7-937 2-381 0-794 — __ 
5 7-937 2-381 0-794 0-397 — 

6 3 5-952 1-190 __ 
4 7-143 1-905 0-476 __ __ 
5 7-576 2-164 0-649 0-216 — 
6 7-576 2-164 0-649 0-216 0-108 

7 3 5-000 0-833 
4 6-364 1-515 o-зoз — __ 
5 7-071 1-894 0-505 0126 — 

6 o r 7 7-343 2040 0-583 0-175 0-058 

8 3 4-242 0-606 __ 
4 5-657 1-212 0-202 — — 
5 6-527 1-632 0-388 0-078 — 
6 6-993 1-865 0-500 0133 0033 

7 o r 8 7-179 1-958 0-544 0155 0-047 

9 3 3-636 0-455 __ 
4 5-035 0-979 0-140 — — 
5 5-994 1-399 0-300 0050 — 
6 6-593 1-678 0-420 0100 0020 
7 6-923 1-836 0-490 0131 0035 

8 o r 9 7-059 1-900 0-518 0-144 0041 

10 3 3-147 0-350 __ __ 
4 4-496 0-799 0100 — — 
5 5-494 1-199 0-233 0033 — 
6 6181 1-498 0-350 0075 0012 
7 6-618 1-697 0-432 0-108 0026 
8 6-863 1-810 0-480 0128 0034 

9or 10 6-966 1-858 0-500 0136 0038 

11 3 2-747 0-275 __ __ — 
4 4-029 0-659 0073 — — 
5 5-037 1-030 0-183 0023 -

168 



Table 1 — continued 

n 
k 

n 
2 3 4 5 6 

11 6 5-777 1-333 0-291 0057 0-008 
7 6-291 1-555 0-377 0-088 0-019 
8 6-622 1-703 0-437 0111 0028 
9 6-811 1-788 0-472 0-125 0033 

Юor 11 6-892 1-824 0-487 0-131 0036 

12 3 2-418 0-220 _ _ 
4 3-626 0-549 0-055 _ — 
5 4-622 0-889 0-145 0016 — 
6 5-392 1-185 0-242 0-043 0005 
7 5-960 1-419 0-327 0071 0014 
8 6-357 1-589 0-393 0095 0022 
9 6-617 1-703 0-438 0-112 0029 

10 6-767 1-769 0-464 0122 0032 
11 or 12 6-832 1-798 0-476 0-127 0034 

13 3 2-143 0179 _ 
4 3-277 0-462 0-042 _ „ 

5 4-248 0-770 0-117 0012 — 
6 5-031 1-054 0-203 0033 0004 
7 5-635 1-291 0-284 0058 0010 
8 6-082 1-476 0-351 0-081 0-018 
9 6-398 1-610 0-402 0-100 0-024 

10 6-606 1-700 0-437 0-112 0029 
11 6-729 1-753 0-458 0-120 0032 

12or lЗ 6-783 1-776 0-467 0124 0033 

14 3 1-912 0-147 _ _ _ 
4 2-974 0-392 0033 _ — 
5 3-913 0-671 0095 0009 — 
6 4-696 0-939 0170 0-026 0003 
7 5-322 1-174 0-246 0-047 0-008 
8 5-805 1-366 0-313 0-069 0014 
9 6-166 1-514 0-367 0-087 0020 

10 6-423 1-623 0-408 0-102 0025 
11 6-594 1-696 0-436 0-112 0029 
12 6-696 1-739 0-453 0-118 0031 

13 or 14 6-741 1-758 0-461 0121 0032 

15 3 1-716 0-123 
4 2-709 0-335 0026 — — 
5 3-612 0-587 0-077 0006 — 
6 4-386 0-838 0-144 0020 0002 
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Table 1 — continued 

k 
ľt m 2 3 4 5 6 

15 1 7 5-024 1-067 0-213 0039 0006 
8 5-534 1-262 0-278 0-058 0011 
9 5-929 1-420 0-334 0-077 0017 

10 6-225 1-542 0-379 0092 0-022 
11 6-438 1-630 0-412 0-104 0-026 
12 6-581 1-691 0-435 0112 0-029 
13 6-667 1-727 0-449 0-117 0-031 

14 or 15 6-705 1-743 0-455 0119 0031 

16 3 1-548 0103 ___ _ I 

4 2-477 0-289 0-021 — __ 
5 3-342 0-516 0-064 0005 — 
6 4101 0-751 0-122 0016 0001 
7 4-743 0-971 0-186 0032 0-004 
8 5-270 1-165 0-247 0-049 0-009 
9 5-692 1-328 0-303 0-067 0014 | 

10 6020 1-459 0-349 0-082 0019 
11 1 6-268 1-561 0-386 0095 0023 
12 6-447 1-635 0-414 0105 0-026 
13 6-568 1-686 0-433 0111 0-029 
14 6-641 1-716 0-445 0-116 0030 

15or 16 6-674 1-730 0-450 0117 0-031 

17 3 1-404 0-088 — _ —-
4 2-272 0-251 0017 — — 
5 3-099 0-456 0053 0004 — 
6 3-840 0-674 0-104 0013 0001 | 
7 4-480 0-884 0-162 0026 0003 
8 5-017 1-075 0-220 0042 0007 
9 5-458 1-240 0-274 0058 0-012 

10 5-812 1-378 0-322 0-073 0016 
11 6-089 1-489 0-361 0-086 0020 
12 6-299 1-575 0-392 0097 0-024 
13 6-451 1-638 0-415 0105 0-027 
14 6-555 1-681 0-431 0111 0028 
15 6-618 1-707 0-441 0-114 0030 

16 or 17 6-647 1-719 0-446 0116 0030 

18 3 1-278 0075 __ _ — 
4 2092 0-219 0014 — — 
5 2-880 0-404 0045 0-003 1 
6 3-600 0-606 0-089 0-010 0001 
7 4-233 0-806 0-141 0022 0003 
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Table : continued 

k 
11 m 2 3 4 5 6 

18 8 4-776 0-992 0196 0036 0006 
9 5-231 1-158 0-248 0051 0010 

10 5-604 1-300 0-295 0065 0014 
11 5-905 1-417 0-336 0-078 0018 
12 6-141 1-512 0-370 0090 0021 
13 6-321 1-585 0-396 0099 0024 
14 6-453 1-639 0-416 0106 0027 
15 6-543 1-676 0-430 0-110 0028 
16 6-598 1-699 0-438 0113 0029 

17 or 18 6-623 1-709 0-442 0115 0030 

19 3 1-169 0065 _ _ _ 
4 1-931 0-192 0011 — — 
5 2-682 0-360 0-038 0002 „ 

6 3-379 0-547 0077 0008 0-001 
7 4-003 0-737 0-124 0018 0002 
8 4-547 0-917 0175 0031 0005 
9 5011 1-080 0-224 0-044 0-008 

10 5-400 1-224 0-271 0-058 0012 
M 5-720 1-346 0-312 0071 0016 
12 5-978 1-448 0-347 0082 0019 
13 6-182 1-529 0-376 0092 0022 
14 6-338 1-592 0-399 0100 0025 
15 6-453 1-639 0-416 0106 0-027 
16 6-532 1-672 0-428 0110 0-028 
17 6-580 1-691 0-436 0112 0029 

18 or 19 6-602 1-701 0-439 0-114 0029 

20 3 1-073 0-056 _ _ _ 
4 1-788 0-169 0009 — _ 
5 2-503 0-322 0-032 0002 — 
6 3-177 0-495 0-066 0007 — 
7 3-789 0-674 0109 0015 0002 
8 4-330 0-847 0-156 0026 0004 
9 4-800 1-008 0-203 0039 0007 

10 5-200 1152 0-248 0052 0010 
11 5-535 1-277 0-290 0064 0014 
12 5-812 1-384 0-326 0076 0017 
13 6036 1-472 0-356 0086 0020 
14 6-214 1-543 0-382 0094 0023 
15 6-350 1-598 0-401 0101 0025 
16 6-451 1-639 0-416 0106 0-027 
17 6-521 1-667 0-427 0109 0028 
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Table 1 — continued 

k 

n m 2 3 4 5 6 

20 18 6-564 1-685 0-433 0112 0029 
19or20 6-584 1-693 0-436 0113 0029 

21 3 0-988 0049 . 
4 1-660 0150 0008 — __ 
5 2-341 0-289 0-027 0002 — 
6 2-991 0-449 0058 0006 — 
7 3-590 0-618 0096 0013 0001 
8 4-126 0-784 0139 0023 0003 
9 4-598 0-941 0-184 0034 0006 

10 5-006 1-084 0-228 0-046 0009 
11 5-353 1-211 0-268 0058 0012 
12 5-645 1-321 0-305 0-069 0015 
13 5-887 1-414 0-337 0-079 0018 
14 6-083 1-491 0-364 0-088 0021 
15 6-239 1-553 0-386 0095 0023 
16 6-359 1-602 0-403 0101 0025 
17 6-449 1-638 0-416 0106 0027 
18 6-511 1-663 0-425 0-109 0028 
19 6-549 1-679 0-431 0111 0029 

20 or 21 6-567 1-686 0-434 0112 0029 

22 3 0-913 0-043 
4 1-545 0134 0007 __ __ 
5 2-194 0-260 0-024 0001 — 
6 2-821 0-409 0-050 0005 __ 
7 3-404 0-567 0-085 0011 0001 
8 3-934 0-726 0-125 0019 0003 
9 4-405 0-878 0-167 0030 0005 

10 4-818 1020 0-209 0041 0008 
11 5-175 1-147 0-248 0052 0011 
12 5-479 1-260 0-285 0063 0014 
13 5-735 1-357 0-317 0-073 0017 
14 5-948 1-439 0-346 0-082 0019 
15 6-121 1-507 0-369 0090 0022 
16 6-259 1-562 0-389 0097 0024 
17 6-366 1-605 0-404 0-102 0026 
18 6-445 1-637 0-416 0106 0-027 
19 6-501 1-659 0-424 0-108 0-028 
20 6-535 1-673 0-429 0110 0-028 

21 or 22 6-551 1-680 0-431 0111 0029 

23 3 0-846 0-038 - - -
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Table 1 — continued 

23 4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 

22 or 23 

3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 

23 or 24 

25 

1-442 
2059 
2-663 
3-231 
3-752 
4-221 
4-637 
5001 
5-315 
5-584 
5-810 
5-998 
6-152 
6-275 
6-371 
6-442 
6-492 
6-523 
6-537 

0120 
0-235 
0-373 
0-522 
0-673 
0-821 
0-959 
1-086 
1-200 
1-300 
1-386 
1-459 
1-520 
1-569 
1-607 
1-636 
1-656 
1-668 
1-674 

0-786 0034 
1-348 0-107 
1-937 0-213 
2-518 0-341 
3-070 0-481 
3-582 0-625 
4-047 0-768 
4-464 0-903 
4-832 1029 
5-154 1-143 
5-433 1-245 
5-671 1-334 
5-872 1-411 
6040 1-476 
6-178 1-530 
6-288 1-574 
6-374 1-609 
6-438 1-634 
6-483 1-652 
6-512 1-664 
6-525 1-669 

0-733 0-031 

0006 
0-020 
0-044 
0-076 
0-112 
0-152 
0-191 
0-230 
0-266 
0-299 
0-328 
0-353 
0-374 
0-391 
0-405 
0-415 
0-423 
0-427 
0-429 

0005 
0-018 
0039 
0-067 
0101 
0-138 
0-176 
0-213 
0-248 
0-281 
0-311 
0-337 
0-359 
0-378 
0-394 
0-406 
0-415 
0-421 
0-426 
0-427 

0001 
0-004 
0009 
0017 
0026 
0-036 
0-047 
0-058 
0068 
0-077 
0-085 
0092 
0097 
0-102 
0-106 
0-108 
0-110 
0-110 

0001 
0-003 
0008 
0-015 
0023 
0-032 
0-042 
0053 
0-062 
0-071 
0080 
0-087 
0-093 
0-098 
0-102 
0105 
0-108 
0-109 
0110 

0001 
0-002 
0004 
0006 
0-009 
0012 
0-015 
0-018 
0-020 
0022 
0-024 
0026 
0-027 
0-028 
0-028 
0-028 

0-001 
0002 
0003 
0006 
0-008 
0011 
0-013 
0016 
0019 
0021 
0-023 
0024 
0-026 
0027 
0027 
0028 
0028 
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Table 1 — continued 

k 
fî m 2 3 4 5 6 

25 4 1-263 0097 0004 
5 1-824 0194 0015 0001 — 
6 2-384 0-312 0-034 0003 — 
7 2-920 0-444 0060 0007 0-001 
8 3-421 0-581 0091 0013 0002 
9 3-881 0-718 0125 0020 0003 

10 4-297 0-850 0161 0029 0005 
11 4-669 0-974 0197 0-038 0007 
12 4-997 1-088 0-232 0-048 0010 
13 5-283 1191 0-264 0-057 0012 
14 5-532 1-283 0-294 0066 0015 
15 5-745 1-363 0-321 0075 0017 
16 5-925 i-432 0-344 0-082 0019 
17 6-075 1-491 0-364 0089 0021 
18 6-199 1-539 0-381 0094 0023 
19 6-298 1-579 0-395 0099 0-025 
20 6-376 1-610 0-406 0-102 0-026 
21 6-434 1-633 0-414 0-105 0-027 
22 6-475 1-649 0-420 0-107 0-027 
23 6-501 1-660 0-424 0-108 0-028 

24 or 25 6-513 1-664 0-426 0-109 0-028 

n — m 6-250 1-562 0-391 0-098 0-024 
n, m~> c X) 

Remark on ties. The preceding discussion and Table 1 concern the cases where 
the underlying distributions have some densities, so that all observations are distinct 
with probability 1. For other cases in practice in which some equal observations 
occur we can add the following two remarks. First, we may randomize the ordering 
of equal observations in these latter cases, and Table 1 then gives again precise 
significance levels. Second, if we follow strictly the above recipe for the E-test also 
in these latter cases, the procedure becomes a conservative one (because it uses, 
in fact, the "least favourable" configuration of equal observations, cf. Hajek-Sidak [2], 
Section III.8.2); in other words, the nominal levels in Table 1 become now upper 
bounds for the actual significance levels. 

Bibliographical remarks. The E-test described above was introduced for the first 
time by Hajek-Sidak [2], Section III. 1.2. Other closely related location tests based 
on the numbers of exceeding observations are as follows: the simplest test based 
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only on A was suggested by Rosenbaum [3], the test based on A + B by Šidák-Von­
dráček [6] and by Tukey [7], the best based on A. + B — A' — B' by Haga [1]. 
F ôr some more information cf. Hájek-Šidák [2], Section III. 1.2, and a survey 
paper by Rosenbaum [4]. 

Finally, it might be mentioned that the power functions of the present E-test, 
the Haga test, and the Wilcoxon test have been compared for the uniform distri­
bution in [5]. 
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S o u h r n 

TABULKY PRO E-TEST POLOHY DVOU VÝBĚRŮ, 

ZALOŽENÝ NA PŘEKRAČUJÍCÍCH POZOROVÁNÍCH 

ZBYNĚK ŠIDÁK 

Pořadová statistika E, založená na minimu počtů překračujících pozorování 

ve dvou výběrech, dává vznik rychlému a snadnému E-testu, který je vhodný pro 

problém polohy dvou výběrů. Článek obsahuje tabulky jednostranných hladin 

významnosti P{F ^ k} pro 2 :g k ^ 6 (což zahrnuje obvykle používané hladiny) 

pro rozsahy výběrů m, n splňující 3 ^ m ^ n š* 25. 
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