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1. INTRODUCTION

In this paper we study the stability of a class of iterative schemes which may be
used to obtain numerical solutions of a partial differential equation. The differential
equation is normally replaced by a finite difference approximation at a set of mesh
points. When the boundary conditions have been applied, one obtains a system
of algebraic equations which is solved to give the required numerical solution. Such
a system may be written in the form

(1.1) Au = f,

where A is the coefficient matrix of the algebraic system and u is the discrete solution
vector.
In order to solve (1.1), one frequently employs an iterative procedure of the form

(1.2) Bu™*V = Bu"™ — 1(Au'™ — f),

where B is matrix and t an iteration parameter, both of which are chosen in order
to make the iterative scheme (1.2) stable and convergent. The problem of stability
has attracted the attention of several authors. The well known Von Neumann condi-
tion of stability [6], [7] can be applied to virtually every problem; however, it is
a necessary condition and does not always guarantee stability. Kreiss [4] obtained
a set of equivalent conditions which were shown to be sufficient for stability. These
conditions are rather of theoretical interest and do not yield a practical stability
criterion. One of these conditions proves the existence of a similarity transformation
which puts A4 into a form easily tested for stability. Another one puts a limit on the
growth of the resolvent. Similar shortcomings are associated with other known
results (see [7], [12]).
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In 1968, Samarskii [ 10] obtained several equivalent necessary and sufficient condi-
tions of stability for the case when the matrix A4 is symmetric. These conditions could
be used to ascertain the stability before starting the computations. In the case of
a nonsymmetric matrix 4, Samarskii obtained some sufficient conditions of stability
but they require the knowledge of A~! which is rarely known. We try to overcome
this difficulty and obtain several sufficient conditions of stability that can be applied
a priori. We also obtain some estimates of the rate of convergence of the iterative
schemes and show their superiority to the existing results.

It may be noted at this point that an iterative scheme of the form (1.2) can also
be used to obtain the time dependent solution of the abstract Cauchy problem

(13) ‘2_‘: (x. 1) = Lu(x, 1) + f(x, 1) ;

u(x, 0) = up(x), 0=1t=<1,

where Lis a matrix differential operator in the space variable x = (x,, x,, ... x;) € R%.

In order to consider the stability of (1.2) in a general setting, we introduce a family
of real Hilbert spaces {H,} depending upon a parameter h which is a vector in a
normed space (e.g. h € R%); |h| is the norm of the vector h. We introduce the network

(1.4) o, ={t=mi/m=0,1,..,mg; t, = myt}.

Let y(t) = yu(1), f(t) = fit), etc. be abstract functions of the argument e w,
with values in H,; A(t) = A,(t), B(f) = B,(1), etc., be linear operators mapping
H, into H, for each € w,. An iterative scheme of the type (1.2) can be written in the
following operator form:

(1.5) B () D =3 gy ) = 1),

0=Zt=mr<ty;
th(O) = You € Hy 3

where Yoy, denotes the starting approximation for the iterative scheme (1.2). For the
sake of convenience we shall sometimes drop the subscripts h and z. Note that a multi-
level iteration scheme can be reduced to the form (1.5) by introducing new variables.

Let (.,.), and ||y|, = (y, y)»’* be the scalar product and norm in H,, and let E
be the identity operator. An operator A is selfadjoint (4 = A*)if (4 u, v) = (u, Av)
for all u, ve H; A is positive (4 > 0) if (4u,u) > 0, u + 0, u€ H; A is positive
definite (4 = OE) if (Au, u) = 5(u,u), § >0, ue H; A= B if (Au, u) = (Bu, u)
for allu € H. If B = B* > 0, the square root B!/2 exists [3] and B> = (B'/?)* > 0.
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A positive operator B = B(r), dependent upon t € w,, is said to be Lipschitz conti-
nuous in ¢ [9] if

(1.6) I(B(t) u, u) — (Bt — ) u, u)] < tey(B(t — t)u,u), teo,,

where c, is a positive number independent of ¢, T and h. The operator norm is defined
as HAH = sup HAxI , x € H. If A is a selfadjoint operator, then i|A|| = sup [(Ax, x)|»
fIxll=1 llx|l=1

xe H. If D(t) is a positive linear operator on H, then an energy norm can be defined:

(1.7) [7lay = (D(@) y, )72,

where the lower case letter d(f) relates to the operator D(f).

We remark here that we consider a real Hilbert space in order to study the non-
selfadjoint positive operators.

2. STABILITY

The initial value problem under consideration is
t + -yt
@) 8() 770 )50 = 500,

O0t=mr<ty;
y(0) = yo e H,.

This problem is properly posed [8] if there exists 7, = to(h) such that for v < 1,
a solution of (2.1) exists for arbitrary y, € H, and f(t) € H,, t € w,. The scheme (2.1)
is stable if there are positive constants M, amd M,, independent of ¢, = and h, such
that the following inequality is satisfied for 7 < 14:

(22) YO0 = My (©)] 1.0y + Mzo‘;‘f;‘r”f(‘)lla.x'»

where ” . ||(1,,) and || . ”(2,,) are certain norms defined on H,. Examples of these norms,
which are functions of ¢, are the energy norms related to the operators of the scheme

(2.1):
@3 e+ D = 13+ Daw = (A0 ¥t + 2), 2t + )"
[+ Dl = [+ Do -

First of all we discuss the stability of (2.1) with respect to the initial data. The corres-
ponding definition of stability is obtained by putting f(r) = 0 in (2.2). We assume
that B() is a selfadjoint and positive operator that satisfies a Lipschitz condition
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in t and A(t) is a positive operator. Since B(t) = B*(t) > 0, the square root B'/%(r)
exists for each t € w, and the equation (2.1) can be written in the following form
[2, 10]:

(2.4) x(t + 1) = S(t)x(r), S(t) =E — = (1)

where
X+ 1) = B0yt + 1), 5(1) = BY(1) (1)
and
C(t) = B~ V(1) A(1) B~"*(1),  %(0) = x(0) ;

[+ ] = [B4) (e -+ 9] = [ote + Do

The following lemma from [2] provides a stability criterion:

Lemma 2.1. The initial value problem (2.1) is stable if
(2.35) HS,,{!)” e =9, teow,,
where cq is a real number independent of t, T and h.

The bound (2.5) also gives a necessary condition of stability when the operator
Syc is independent of r. In this case the condition (2.5) is similar to the stability
condition given by Lax and Wendroff [5]. We are interested in obtaining stability
conditions in terms of the original operators A4 and B.

The rest of this section deals with the stability of (2.1) with respect to the initial
data when A and B are independent of ¢. In the following section we consider the
stability when 4 and B are time-dependent operators. Section 4 deals with the stabi-
lity with respect to the right hand side f(t) (which includes the boundary conditions
associated with the original partial differential equation) according to the definition
(2.2).

When A and B are independent of t and B = B* > 0, A > 0, the equation (2.4)
becomes

(2.6) x(t+1) =S, x(t), 0=t=mt<t,, x(0)=x,€H,,

where
S=E—1C, C=B124B""2 x =BY%y;

and
2.7) x| = (BY2y, BY2y)172 = (By, y)'* = |y, -

The necessary and sufficient condition of stability becomes

< 0 = "

< 5

(2-8) She

¢, independent of ¢, T and h .
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Samarskii [ 10] obtained the following equivalent necessary and sufficient conditions
when A = A*:

(2.9) (1l—-0)B<tA<(L+0)B, 0=¢"
with any constant ¢,. The following conditions were obtained when A + A*:
(2.10) Clz(E=A""2(2)B ' >[s| =1,

where E is the identity operator. This condition involves the inverse operators A1,
B~ ! and C™' which are rarely known a priori. Consequently, the condition (2.10)
is not suitable for testing.

If the iterative scheme (2.6) is stable, then

(2.11) Is]

which gives a necessary condition of stability. A sufficient condition is obtained as
follows:
Since

Il/\
I
s
S
Il
o
o)
o
a

Isf = £ - «cl £ 1 + <lc].
(2.12) 'E”C” <o—1= ]SH <o, 0="",

This condition, however, is restrictive but can be improved if more information
about the operator C is available. If C is a selfadjoint positive semidefinite operator
(C = C* = 0), then the condition (2.11) is also sufficient for stability. If C is a non-
selfadjoint positive definite operator (C # C*. C = 0E, 5 > 0), then

Isx]? < (1 = 2t + <2 c|?) ]2,

and
(2.13) S| e if 0<c=ti= o+ (0% +] l![‘Cchj‘“’(‘\_ e
i il

Frequently the operator 4, and consequently the operator C, is the sum of a self-
adjoint and a nonselfadjoint operator. In such a case further improvements can be
carried out and a better stability range obtained:

Theorem 2.1. Let C be a positive semidefinite operator such that
(214) C=Co+C;, Co=Ce=20; C,+C}{, C,=230E, 6§20.

The operator scheme (2.6) is stable (||S,|
such that

< 1) if the iteration parameter t is chosen

2(L+ b — 00)
1+2b—00+a

(2.15) 0<t=<170, 0=
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where

a= TOHCI » b=14, 0o = ”E - TOCOH 5
and 14 is any real number satisfying
(2.16) 0 =1+b, (1 -0 <a>.

Proof.
S=E—-1C=E—1Cy—1C, = (0E —1Co) + (1 = 0)E —1Cy), 001,
By the triangle inequality
IS] = 0] - <jocy] + (1 = 0)E = <,
We rescale 7 in terms of 14 and @ by writting 7 = 1,0, 0 < 0 < 1. Moreover,
A7) (1= 0)F = €} x| = (1 = 07 [x]? = 21(1 — 0) (€, 3) +
s o] 5 (1 - 07 — 26301 — 0) + 2,7} o]
This is true for all x € H, so that
(=0 E = <C,| = {(1 = 0 = 2e5(1 — 0) + [ Cy[?}'72,
and [S| < f(0) where
(2.18) f(0) = 0]E — 1,Co|| + {(1 — 0)* — 27,08(1 — 0) + 130*|C,|*}'/* =
= 0o + {(1 — 0)> — 2b0(1 — 0) + a?0*}"/*,
where a = 70| C,||, b = 106 and ¢y = ||E — 1,C, .
The value of f(0) is less than unity if

2(1 + b — o)
1+2b—Q§+a2'

)

0

IIA

00,

The value of 0 lies in the interval [0, 1]if g < 1 + band (1 — g,)* < a?. It follows
that

S| =/0) <1 if 0<7=140< 1,0

where 7, is a real number satisfying (2.16).

Sometimes the operator A and hence the operator C is the sum of a positive
selfadjoint operator and a skew operator:

(2.19) C=Cyo+C,, Co=Cs>0, C,=—C*t.
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In this case (C,x, x) = 0 for all x € H and the corresponding stability condition is
obtained by putting 6 = 0 in Theorem 2.1. It may be noted that the stability range
given in (2.15) is an increasing function of §.

The next theorem [2] obtains the value of 7, that maximizes the stability range
(2.15). The proof is elementary and is omitted.

Theorem 2.2. Let the operators C, and C, satisfy the following conditions:
(2.20) ME S Co=Ch £0,E, C,z8E, |[C =953
0

0=y 272,

IA

0 § VER

The stability range (2.15) is the largest when to = 2/(y, + y,). The computations
defined by the iterative scheme (2.6) are stable if T is chosen such that

2+ 9)

(2.21) 0<1 T e
(e +72) (01 + ) + (33 — 1)

A

If we ignore the positive definiteness of Cy in (2.14) and assume & to be zero, then
a smaller stability range is obtained in (2.21).

Corollary 1. If C = C, + C,, then HCH < vy, + y; and a necessary condition
of stability is obtained from (2.11)as 0 < © < 2/(y, + y;). This becomes a necessary
and sufficient condition when y; < v,. When C is a selfadjoint operator, then y; = 0
and this condition becomes 0 < 1 < 2y, which is equivalent to (2.9) with o = 1.

Corollary 2. The function f(()) of (2.18) assunies a minimum in the interval (0, (7).
This minimum is achieved for 0 = 0 given by

a2 2 p2\1/2
(22) 0= (LD =)™ —oofa® =By oy

d(d — 03)'?

The iteration parameter % for the optimum rate of convergence of the iterative
scheme (2.6) is given by © = 700, 19 = 2/(y, + y,). The norm of the transition
operator S, satisfies

_ ool +0) +(a? = b%)'7 (d = 05)'"”

(2.23) IS.] <0, o T <1.
[¢

When 6 = 0, then b = 0 and we obtain the values of £ and ¢ for the optimum
convergence as obtained by Samarskii [11].

The value of § given in (2.23) with b # 0 is smaller than that obtained by Samar-
skii [11] with b = 0. Thus, the iterative scheme (2.6) has a faster rate of convergence
if the optimum value 7 = 7,0 is used. These rates of convergence (with b = 0 or
b = 0) are faster than that obtained by Gunn [1] who studied a class of semi-explicit
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iterative schemes used for solving an elliptic differential equation of the second order.
The value of % for the optimal rate of convergence is also larger than that given by
Gunn. This would result in smaller rounding errors. Gunn proved his results in
a complex finite dimensional inner product space and could not deal with the non-
selfadjoint operators which also may be positive. Moreover, the results obtained
by Gunn for selfadjoint operators can be reproduced from Corollary 2 by putting
a = b = 0 and without the assumption of finite dimensionality of the space H,.

The conditions of Theorem 2.2 may be verified in terms of the norms of A and B
by using the following lemma [2].

The proof is trivial.

Lemma 2.2. Let A = Ay + A;, Ay = Ag >0, A, > 0 and B = B* > 0 such that
(224)  yB<Ay<y,B, w,ESB<mE, |4 =B, A, ZaE;

then y,E < Co < 7,E, C, 2 0E and |C,| <y,
where § = afoy, y3 = Blx,.

Lemma 2.1 implies that the sufficient condition of stability is “S,” < e x
~ | + 0(z) for small 7. In the results obtained above, we have used the criterion
HSH < | which may give a conservative stability range. The above results, however,
ensure the convergence of the iterative procedure. A wider stability range is obtained

if the condition “SH < 1 + Kr is satisfied, where K is constant.

Theorem 2.3. Let the operators Cy and Cq satisfy the conditions of Theorem 2.2
and let y3 = y,. Let © be chosen such that

2L+ b+ c— go)
l+2b+az—(c—go)2’

(2.25) 0<t<1,0,0= ¢ =Krg,

where 1, = 2/())1 + 7,) and K is a real number, independent of t, T and h such that
(2.26) 0<K=y— 7.

Such a value of K always exists. The iterative scheme (2.6) is stable and satisfies
the condition

(2.27) ISi]| = 1+ Kx = .

The proof is similar to those of Theorems 2.1 and 2.2. This result is useful if we
can find a nonzero value of K which satisfies (2.26) and is independent of the mesh
parameters. The stability range given in (2.25) increases with K and its maximum
is attained when K has its maximum value, subject to the condition (2.26),
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3. TIME-DEPENDENT OPERATORS

In the case when the operators A(r) and B(t) are time-dependent, we assume that
A(f) > 0, B(1) = B*(1) > 0, t € w,; and that B(r) satisfies a Lipschitz condition in 1.
The equation (2.1) with f(¢) = 0 reduces to (2.4) and a sufficient condition of stability
is given by Lemma 2.1:

(3.1) S| = e =0, tew,,

where ¢, is a real number independent of ¢, T and h.

When A(t) = A*(t), t€w, Samarskii [10] obtained the following sufficient
condition of stability:

(3.2) (1-0)B(t)=tA() = (1 +0)B(1), ¢=¢€"", teow,.

When A(¢) is nonselfadjoint, the analysis of Samarskii produces a condition of the
form (2.10) which involves inverses of A(r) and B(r) and is not suitable for testing.
However, our analysis of Theorems 2.1—2.3 is valid in this case and the stability
results (2.11)—(2.27) hold. We rewrite Theorems 2.1 and 2.2 for the present case while
the other results can be extended to the case of time-dependent operator in a similar
manner [2].

Theorem 3.1. Let Co(t) and C (1) be linear operators on H, such that

(3.3) C(1) = Co(t) + C(1), Co(r) = CH(1)
C(t)Z3dE, >0, teo,.

Then, the corresponding initial value problem is stable (HS(I)” < 1, te w,) provided

(3.4) 0<t<od, = ALTb—0)
1+ 2b— o) + a?
a= TOHCl(t) b =10, 0o =|E—-1Co(t)|, tew,

and 1 is a real number satisfying the conditions
Q=1+b, (1 =g <a’.
Theorem 3.2. Let the operators Co(t) and C,(t) satisfy the conditions

(3.5) 1E £ Co(t) = C¥(1) £ 1,E 5 Cy(1)

v

JE,
6Ol =9, teos

0=y, =<7y,, 06 <y,.
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In this case HS(t)H < 1, tew, and the stability range is largest when tq = 2/(y,+ 7,)
and the parameter t satisfies the condition (2.21).

The proofs of these theorems follow their counterparts in the case of time-inde-
pendent operators. These thecorems ensure the uniform boundedness of “S,,((t)” for
each 1 € o, which, from (3.1), proves the stability of the problem (2.1) with f(¢) = 0.

4. STABILITY WITH RESPECT TO THE RIGHT HAND SIDE

We now discuss the stability of (2.1) with respect to the right hand side f(t) which
includes the boundary data for the originai boundary value problem. The following
result from [2] shows that the iterative scheme (2.1) is stable with respect to the right
hand side if the sufficient conditions of stability with respect to the initial data are
satisfied. The estimate (4.2) proves the stability of the iterative scheme according
to the definition (2.2). Tt also provides an a priori error estimate.

Theorem 4.1. Let B(t) be a positive selfadjoint operator satisfving a Lipschitz
condition in t. Let A(t) be a positive nonselfadjoint operator and let
(4.1) !’S,,t(t)ij <o=¢, tew,.

Then the solution of the problem (2.1) satisfies the estimate

IIA

(42) 1{‘0 + r)ﬂ,,(,) 5"'+1H}’(0)||b(0) + gof é"“""léf(t’)t{b-mm

where § = exp (3o1), o =co + ¢,[2, ' =m'T.

=

Proof. Since B(1) = B*(1) > 0, B'/*(t) exists and from (2.1) we get
5200 B2 Y D =0 ) ) = 1)
T

Writing .‘(([ + 1’) = 31/2(1) }r‘(l + ‘C) and f(t) — Bl,'Z(t) y(t) we get
(4.3) x(t + 7) = S(1) x(t) + = B~V2(1) £(2)
where S(t) = E — = C(1), C(1) = B~*(1) A(t) B~12(1).

Since B(t) is Lipschitz continuous in ¢, it satisfies the condition (1.6) with a constant
¢;. We substitute B'/*(t — 1) u = z in (1.6) and obtain

l(B_I/Z(t — ‘c) B(t) B'I/Z(t — ‘L') z, z) — (z, z)l < cl‘t(z, z) , zeH,

A

|(B~12(t — o) B(t) B~ V2(t — 1)z, 2)| £ (1 + ¢,7) (2, 2) £ ¢'(z, 2)
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which yields

(4.4) HBI/Z(t) B—l/?.(t . T)H < oC17/2 . tew

Now,

T .

0 = B2(0) ()
= B'*(t) B~'*(t — 1) x(1) .
Using (4.4) we get

(43) Is0)] = e x(0)]

It follows that
[x(e+ A = SO 5O + <[220 /)] =
= e e x()] + 1 f(O)]p-10 =
= ox@] + O > 1> 05
%@UéonWﬂW4*W@L«mé
exp (co7) [7(0) 0y + T[S(O) - 10y =
= 2 9(0)] b0y + | O)]s-1c0) -
Using the above inequalities for ¢' = 1, 21, ... we get

”X(t b+ H < th (T “ Z ém m \‘I(t ))‘b l(z) <

mr=1

m

SO oy + 7y
m'=0

V(O] T
' =m't, t=mr.

This yields the estimate (4.2) since

[+ )] = ot + Do
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Souhrn

STABILITA ITERACNIHO SCHEMATU PRO NESAMOADJUNGOVANE
ROVNICE

MurLt M. GuprTtAa

Necht A je nesamoadjungovany kladny operator v realném Hilbertové prostoru.
V ¢lanku se zkouma stabilita tfidy iteracnich schemat, uzivanych pfi feSeni operato-
rové rovnice Au = f. S pouzitim tychz iteranich schemat je mozno fesit také odpo-
vidajici tfidu parabolickych rovnic. Dokazuje se nékolik postacujicich podminek
stability, které jsou vyjadfeny pomoci znamych operdtordi a mohou byt pouzity
a priori. Vysledky Ize aplikovat na problémy s proménnymi koeficienty a na smisené
ulohy.
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