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1. INTRODUCTION

Let us consider a r X ¢ contingency table (n,.j), which is a sample of the size
n =YY n,;; from the multinomial distribution with the probabilities (r;;). Suppose
n;; > 0 for all i, j. Let @ = (;;) be a matrix with real elements such that

(i) all the row totals are zeros,
(i1) all the column totals are zeros,
(iii) « * 0.
The set of such matrices will be denoted by M.

We shall suppose that n;; > 0 for all i, j. (If some n;; = 0 then it has been proposed
to insert £ instead of 0. See [3].) Goodman [4] defined the interaction

(1) 5 =% Y uyin,

i=1 j=1

and showed that
(2) ' d(a) = Z > o Inny;

is the maximum likelihood estimate for §(a) and that

3 S@) = (3, ¥ aing)"

i=1 j=1
is a consistent estimate for the standard deviation of d(a).

In the case of independence
(4) m;; = pq; foralli,j, where Spi=24q;=1
i=1 j=1
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and thus 6(a) = 0 for any a € M. Formula (44) in [4] implies that the random
variable

(5) W2 = sup [@2(0)5°(2)]

has for n — oo asymptotically x*-distribution with (r — 1) (¢ — 1) degrees of freedom.
Obviously, W? is the same as that given in [4], formula (32). We shall find that
@ € M which actually gives the supremum in (5).

2. THE MOST SIGNIFICANT INTERACTION

Lemma 1. Denote E,, the m-dimensional Euclidean space. Let u€ E,, be a given
vector, u % 0. Let A be a given positive definite matrix of the type m x m. Then

(6) sup [(u'x)?/(x'Ax)] = wA™'u
xeE,,
and the supremum is reached for

(7) x=A"u.

Proof. See [5], § 1 f. 1.
Note, that kx, k = 0, gives the same value of (6) as x.

Lemma 2. Let

/

B, ..B,, (Ve Y,
B = , U= ) V=1|...

B B u |

ml *+* 2mm/ m m

where B;;, U; and V; are blocks of the type h x h. Denote I the unit matrix. Let the
matrices B and Q =1+ V'B™'U be regular. Then the matrix A= B + UV’
is regular and

(8) A"'=B"' - B 'UQ VB!,
Proof follows from the fact that the product
(B + UV))(B~' — B"'UQ 'V'B™Y)
gives the unit matrix.
Formula (8) is well-known for h = 1.
Let C be a matrix of the type s x t, C = (c¢;;)i=y §=y. If
€ = (Cpgsvenr Cpas Cafs wvvs Cogy vy Cps oves Csr) s

then we write

(ci)i=tj=1+c.
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Put v;; = Inny;, u;; = In(n;n,[n;.n,;) and introduce vectors a, x, v, u by

r—1 c—1

(o‘ij)Ll G-y a, (aij)izl j=11 X,

(0i)i=1 G=1 PV, (lli,-)?;} 5;} +u.

Denote
. -1 -1 -1 -1 -1 -1
D =diag {ny ..., n s Moty Rags o A ooy A by
~1 —1 -1 -1
[ g+ g, My, Ay,
-1 -1 -1 |
My Ny 4+ My .. Ny,
Bk = ¢ ¢ ¢ s k = ]72 s Fy
-1 -1 -1 -1
Ny Mye Ry e-t t My
B, + B, B, B,
A = B, B, + B, B,
Br Br Brﬁ + Br

Theorem 3. We have
(9) W? = uA .

W?2 corresponds to the matrix a the elements of which are given by

(10) x =A"tu
and
c—1 r—1
(11) %ie = “ZI“U (i+r), O = _‘_1‘1:'1' (#*0),
r—1c—1
Ao = .
i=1j=1

The matrix A~ is given by the formula

B;to .0 B!
0 B;'...0 B;' | & i - -
(12) A™! = 2 -2 (ZIBk Nt(B;', By, ....B),
............... e
0 0 ..B7Y, B,
where
ng O 0 Ry
_ 0 ..0 _
(13) B, ' = 2 - "k.l ez (nku Moy eeny nk,c—l) s
0 0 Ny c—1 Ry c—1
o=y ng, k=12..r
j=1
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Proof. We see that d*(«)/S*(«) = (a'v)?/(a’Da). Inserting for o, o,; according
to (11) we get d*(a)/S*(x) = (u'x)?/(x'Ax). Formulas (9) and (10) follow from
Lemma 1, formulas (12) and (13) from Lemma 2.

Our method for expressing the inverse of A is identical with the methods presented
in [ 1] and [2]. The main reason of our previous analysis is that, when the statistic W?
is significant, we can refer to the related value of @ which contributed most to the
significance.

In view of numerical evaluation it is appropriate to construct the contingency
table in such a way that ¢ < r, because the matrix B, ' is of the type (e=1) x(c—1)
and its inverse is then easier to compute.

3. EQUIVALENCE WITH THE z2-TEST

Let us have two sequences of random variables {X,} and {Y,}. The symbol 2, will
denote the convergence in distribution, and 2, the convergence in probability.
We say that sequences {X,} and {Y,} are asymptotically equivalent, if X, — Y, Zo.
This equivalence will be denoted by X, ~ Y,.

Lemma 4. (a) If X, L X, then X, 2 x.
(b) If X, N X, Y, 2,0, then XY, o
(¢) If g is a continuous function and X, I X, then g(X”)‘-Ii» g(Xx).

The assertions (a) and (c) hold for random vectors, too.

Proof. See [5], § 2c.4.

Denote
r c 2
n;,n n; n;
w2 _ it it
=2 ) (- -
i=1j=1 n n

c r
n; = Z ni, n; :.Zlnif'
i=

j=1

. where

Both of the variables W? and y? depend on n, but this dependence will not be
denoted explicitly. In the papers [1] and [2] it was noted that W? and y* are asym-
ptotically equivalent under the hypothesis of independence. We give a direct proof
of this assertion.

Theorem 5. The variables W? and y* are asymptotically equivalent under the
hypothesis of independence.



Proof. Define
yig=n""n,; —npg;), i=1,2,..,rj=12..c¢,
where p; and g, are mentioned in (4). Obviously

(14) z

It is well-known that y;; have an asymptotically simultaneous normal distribution

HM'\

(so that each y,; converges in distribution) and that n™*/?y,. 2% 0. Using Lemma 4
we obtain

SRDNN TR Z Yim = P 2. Vi) [Pid; =
= 5
r c 1 ; 2 r c c
I T LAY (R P
i=1j=1 piqj i=1 1:1;1:1 i
Jj¥m

It follows from the Taylor formula that
(15) n'2u; = n"2In(ngn,fnn,;) ~
~ ."'ic/PiCIc + .Vrj/Pr‘Ij - }'rc/Pqu - Yij/Pin = Wi -

Further we get

q, 0 ...0 q:
TS LS L Sl [CRE
00 ...qo, ey
and using (8)
g;' 0 ...0 1
a0 e .
0 0 ..qY 1

In view of (9), (12), (15), (16) and (17) we obtain after some computation

r—=1c—1 r—1 c—1
Zl ZP‘L ij Z pi(_Z awi;)’
l J— 1= =
r—1c—-1
_qu(zpwu) +(Z quj u)z_
i=1j=1
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Inserting for w;; from (16) we obtain after an elementary but rather long computation
that

=1 Pid;

c ] - R . r IS c I
R :.Z Z <l + »~-_«——p.,’,,,_ EJ) J'?j + Z gl gl <] — p) ViiYim +

r r c 7/ 1 r r c c

1Y Y% (1 - ) P Y Y Y S v
i=1k=1j=1 (jj i=1k=1j=1m=1

iFk iFk JjE*m

We see that the difference between S and R is

(X Ywu)
i=1 j=1
which is 0 in view of (14). Thus we have > ~ S = R ~ W?, which implies > ~ W?.
It is known that x> has asymptotically chi-square distribution with (r — 1) (¢ — 1)
degrees of freedom. From 3> ~ W? it follows immediately that W? has the same
asymptotic distribution as y?. Thus we obtained another proof of this fact.
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Souhrn

NEJVYZNAMNEJS] INTERAKCE V KONTIGENCN{ TABULCE
JIRi ANDEL

Budiz (n;;) kontingen¢ni tabulka typu r x ¢, kterou lze pokladat za vybér o rozsahu
n =3YYn;; z multinomického rozdéleni s kladnymi pravdépodobnostmi (m,).
Necht a = («;;) je nenulova matice typu r X c, jejiz viechny fadkové i sloupcové
soulty jsou rovny nule. Mnozinu takovych matic ozna¢ime M. Interakci, ktera
odpovida matici a, se nazyva veli¢ina

S(a) = Yy o Inm;.



Jejim maximalné vérohodnym odhadem je

d(a) =YY, Inn,;.

Konsistentnim odhadem pro var d(«) je

S*a) = XY oimi;"
V piipadé& nezavislosti v kontingenéni tabulce (n;;) plati 6(a) = 0 pro kazdou matici
ae M. Goodman [4] dokazal, Ze pak pro kaZdou ae M ma nahodna veli¢ina
d*(«)/S*(2) asymptoticky x>-rozdéleni s jednim stupném volnosti. Z jeho vysledkt
dale vyplyva, Ze pfi zminéné nezavislosti ma nahodna veli¢ina

W2 = sup [d7(0)/S7()]

asymptoticky y*-rozd&leni s (r — 1) (¢ — 1) stupni volnosti.

V ¢&lanku je vypodtena matice @ € M, pro kterou podil d*(«)/S*(a) dosahuje své
maximalni hodnoty W2. Vysledek je uveden ve vété 3. Znalost této matice a, ktera
odpovida nejvyznamnéjsi interakci v kontingencni tabulce (n;j), maZe pomoci pfi
hledani zdroje pfipadné zavislosti a pfi interpretaci vysledku.

V zavéru ¢lanku je pak pfimou metodou dokazano, Ze v pfipad€ nezavislosti
je veliina W? asymptoticky ekvivalentni veli¢iné 32, kterd se b&Zné uZiva pfi vy-
hodnocovani kontingenénich tabulek. Této ekvivalence si v§iml jiz Goodman v pra-
cich [1] a [2]. Naznagil tam dikaz opirajici se o dosti sloZitou Waldovu teorii.
Duikaz uvedeny v ¢lanku ma tu vyhodu, Ze je proveden pouze pomoci elementarnich
prostiedk teorie pravdépodobnosti.
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