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1. Introduction

The purpose of the present paper is to solve a boundary value problem for a system
of nonlinear partial differential equations governing the equilibrium state of a thin
elastic plate, subject to a perpendicular load and to prescribed displacements ug, v,
along the boundary. Using the variational character of the boundary value problem
considered, a solution will be obtained as a critical point of the associated potential
when proving the existence of its absolute minimum.

Let Q be a bounded domain in the x, y-plane (representing the shape of the p]ate)
with boundary I'. We then consider in Q the system

D
(]]) ; Azw = 011 Wxx + JZZWyy + 20'12ny +f’
1+ 2
Au+ —F O, = — ——(WeWey + PWW,,) — WW,, — Wow,,
1 —u I —p
1 +pu 2
4v + @y = - (way.v + ”waxy) — W Wy — WWers
1 —u 1 —u
where
O =u,+uv,
— E 1,2 I,,,2
Oyy = 1 2’[“;: + 3wl + ulo, + 4wy)],
- u
— E 142 2
G,y = T [v, + 3wy + u(u, + Iw3)],
—u
Gi = 0y (u, + v, + wow,).

B - 2(1 + p)

*) The paper was written while the second author was staying at the Department of Mathe-
matics, Charles University, Prague.




Here f = f(x, y) denotes the given perpendicular load, while the constants have
the following meaning:

h

E — compression modulus of elasticity ,

plate thickness ,

u — Poisson number ,
D — plate stiffness .

To formulate boundary conditions for the system (1.1), in the whole paper we
assume that I' is decomposed into two parts I'; and I', such that

(* I'=Tyurl, where mes(I'))>0.
Then the boundary conditions imposed on w are

(1.2) w:?:O on I,
n

w=0, pdw+ (1 — p)(n2we, + 2n,nw,, + niw,) =g, on I,

where n = (n,, n,) is the outer normal with respect to Q. From the mechanical point
of view, these conditions mean that the plate is clamped along I'; and is simply
supported along I', with prescribed bending moment.

We complete the boundary conditions for (1.1) by
(1.3) u=u,, v=uv, on I.

The system (1.1) together with boundary conditions (1.2), (1.3) constitute the
problem investigated below.

In [6], Necas, Poracka, Kodnar have proved by the variational approach the
existence of a solution of (1.1) under sufficiently small traction conditions on I
Vorovich ([8], [9], [10]) has proved the existence of a solution for the corresponding
shell problem (under somewhat simpler boundary conditions on w). After reducing
the problem to a single equation, in the papers [8], [9] the solution is alsc obtained
as the minimizing point of the associated energy functional; however, in the plate
case, this functional differs somewhat from that used in [6].

Various existence theorems for the v. Karméan equations of a thin elastic plate have
been established in [1], [2], [4] and [7]. In particular, using a-priori-estimates,
Knightly [1] was able to prove an existence theorem for a clamped plate subject
to combined normal and edge loading.

In section 2 we introduce the terminology used which is necessary for putting
(1.1)—(1.3) into the framework of elliptic boundary value problems. The following
section contains the precise definition of the notion of solution of (1.1)—(1.3) as well
as the statement of our main result. Section 4 presents its proof whose crucial point
consists in deriving the coerciveness of the associated functional.
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2. Terminology

Let Q be a bounded domain in the x, y-plane whose boundary I' is Lipschitzian
(see [5] for details). I7(Q2) will denote the space of real functions which are integrable
on Q with power | < p < oo (with respect to the Lebesgue measure dx dy).

Using the usual notation

olel
ooy

&

’a] =0; + %,
we define for an integer m = 1
() = Ju

L

(the derivatives are to be understood in the sense of distributions). The scalar product

u e I*(Q), D*u € 1X(Q) for |o| < m}

(u, )2 = Y, f D*uD*v dx dy
2

la| sm
turns W™%(Q) into a Hilbert space.
For the treatment of boundary value problem (1.1)—(1.3) we introduce the space

V={u

which is a closed subspace of W?'2(Q) with respect to the norm || [z = (. )y/7a
Taking into account condition (*), it is readily seen that

on

12
(2.1) [ullw2.2 < ¢ {f [uZe + 201 — p)ul, + uy, + 2uu ] dx dy} /
Q

for all u € V where ¢ = const > 0and 0 < u < 1 (in our considerations in sections 3
and 4, p is in fact the Poisson number which satisfies 0 < p < ).

Furthermore, let Q(Q) be the space of all real infinitely continuously differentiable
functions with support in Q, and let W, *(Q) be the closure of %(Q) with respect
to the norm || [[yia=( . )/ia

We denote by Cy(Q) the space of all real functions which are continuous on Q
and vanish on I, and by C(Q) the space of all real functions which are continuous
on Q and vanish outside some compact subset of Q, both spaces being furnished
with the usual maximum-norm. By Sobolev’s embedding theorem (cf. [5]) we have
Ve Cy).

Since C(Q) is dense in Co(Q2), each element in (Co(€2))" can be identified by trans-
position with an element in (C(®)). Thus, in our discussion below, the Dirac
measure & = 5(xo‘yo)((x0, yo) EQ) is included as the perpendicular load in (I.1).
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Moreover, by a standard argument, L!(Q) = (Co(Q))’ where, denoting by <{f, ¢>
the value of f e (Co(2)) in ¢ € Cy(Q), it holds that

<f7 (p> = J\ f(xa y) (p(xa y) dx dy .
Q2

3. Statement of the theorem

Before passing to the definition of the notion of a variational solution of(l.l) —(1.3),
we specify the assumptions on the boundary data in (1.2), (1.3). Since I is assumed
to be Lipschitzian, one imposes

3.1 eI”(Ir,) for 1 <p< o,
(3.1) go€ L(I') p
(3.2) ug € WY2AI), vye WY3X(Ir). 1Y)

The condition (3.2) implies the existence of elements u*, v* € W' *(Q) such that

(3.3) u* =u,, v¥*=v, on I
in the trace sense.
We then state

Definition. The triple (w, u, v) €V x W"*(Q) x W"(Q) is called a variational
solution of the boundary value problem (1.1)—(1.3) if

(i) u — u*e Wy 3(R), v — v* e Wy (Q),
(ii) the identity

D
(3’4) ;J. [wxx(pxx +2(1 = 1) WayPsy + Wy 0y + /“‘(Wxx(pyy + Wyy‘Pxx)] dxdy +
Q

+ (61 WP + 012WxP)y + 021 W, Px + O'ZZWy(ay) dx dy +
JQ

+ (olllllx + UIZ‘/’y + aZle + aZsz) dx dy =
JQ

~

= | gopnds + {f, 0> ?)

JI

is satisfied for all (¢, y, () eV x W, 3(Q) x Wy (Q).
1) For details concerning the definition and investigation of the spaces LP(I"), wliz.2(ry
we refer the reader to [5].
2) Hence forth we shall denote ¢, = 9¢/on.
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Remarks. — 1. The integral identity (3.4) can be obtained in a formal way by
multiplying equations (1.1) by test functions @ €V, ¥, (e W, *(Q), respectively,
and integrating by parts, using boundary conditions (1.2).

2. Besides their belonging to W, *(2) and satisfying boundary conditions (3.3),
the functions u*, v* are not subjected to additional conditions (cf. [8], [9]).

If the pair u*, v* is the solution of the two-dimensional equilibrium problem
of linear elasticity, identity (3.4) as well as the associated potential get simplified.
Proceeding in this way, it seems that instead of (1.3) more general boundary conditions
can be handled. However, our approach does not depend on this argument.

We now formulate the main result.

Theorem. For arbitrary boundary data satisfying (3.1), (3.2), and arbitrary
1 €(Co(R)), boundary value problem (1.1)—(1.3) possesses at least one variational
solution; in the case of zero boundary data on u, v, the variational solution coincides
with the absolute minimum of the corresponding potential.

4. Proof of the theorem
Introducing the notations
(4.1) u=1i+u*, v=70+v*

where i, 5 € Wy *(Q) and u*, v* is the fixed pair satisfying (3.3) and setting

_ E _ _
Gii=—— " i, + 4wl + u(d, + tw))],
_ E _ _
62 = T = [3, + 3w + u(a, + 3wd)],
Gy =0y = —(l, + T, + ww,),
201 +p) g
and
E E

L R N

1 —pn l—p
E
ot = ot = s+ ),
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identity (3.4) may be written in the form
D
(42) ;IJ‘ [wxx(pxx + 2(1 - ﬂ) wxy(pxy + Wiy @yy + ﬂ(wqu)yy + Wyy(p.xx)] dx dy +
Q
+ J‘ (611Wx(»0x + &IZqu)y + EZIWy(px + 622qu0y) dX dy +
Q
+ J‘ (6lll//x + 612‘/’y + 6218 + 622Cy) dxdy +
Q
+ J‘ [U’Ikl(l//x + Wx(px) + UTZ(‘//y + Cx + wx(py + wy(px) + U;Z(Cy + Wy(py)] dx dy =
2

=I do, ds + <f, 0.
r;

Thus, if (w, @, B) € V x Wy'3(Q) x W, °*(Q) satisfies identity (4.2) for all (¢, ¥, {) €
eV x Wy3(Q) x Wy*(Q), the triple (w, u, v) with u, v according to (4.1) presents
a variational solution of (1.1)—(1.3).

1° The associated potential. We set
H=Vx Wy Q) x WyQ)

and denote the elements of H by h = (w, i, 1';), .... H is a Hilbert space with respect
to the scalar product

((h], hz)) = (Wl, Wz)Wz,z + (ﬁl, il_z)Wx,z + (131, l—JZ)Wx,z .

It is obvious that the left hand side of (4.2) defines a (nonlinear) operator T of H
into itself. A simple calculation shows that T is weakly differentiable where T'(h),
for any h e H, is symmetric and satisfies the continuity property guaranteeing the
applicability of Theorem 2 in [3].") Thus, T'is the gradient of the functional

F(h) = J (T(sh), b)) ds

and the potential associated to boundary value problem (1.1)—(1.3) is then given by
@(h) = F(h) — J‘ gow, ds — {f, w.
I,
Clearly, under zero boundary conditions on u, v, each critical point of @ (with

respect to H) is a variational solution of (1.1)—(1.3).

!y For the corresponding result slightly stronger differentiability and continuity properties
are required in: Vaijnberg, M. M.: Variational methods for the investigation of nonlinear opera-
tors (Russian). — Moscow, GITTL 1956.
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It is easy to see that F may be written in the form F _ F, + F, in which

(4.3) F,(h) =

D
= EITIJ\ [wio + 201 — gy wi, + wl, + 2puwew,,] dx dy +
o]

+ a, [ [, + 5, + (1 = w) (a2 + ) + 30 — W) (@ + 8)*]dxdy +

JQo

+a, | (@w? + ow] + pitw; + powi) dxdy +
Jo

JQ

.
+ % (w2 + w2)?dxdy + azj (@, + 00 ww, dxdy,
Q

or equivalently, rearranging the formula,
(44) Fy(B) =

= 3‘[‘ [w2, +2(1 — p) wiy + wl, + Z“WxxWYY] dxdy +
1Ja

+ aluj (if, + B, + 3wl + Iwj)* dx dy +
Q2

+ alj (@, + o, + wow,)>dxdy +
2 9]
+ aZJ. [(@, + wd)* + (8, + 3w))*]dx dy.,
Q2
while F, is given by
(4.5) F,(h) =
= 2, f [ + o) (7 + 4w2) + (6 + ) (5, + bw)] dx dy +
Q
+ aZJ.(u;" + v}) (i, + b, + wow,)dxdy ;
(2]
here we have set

E E

agGZ=—, a _—.
T2 —-d)" T 21+ )

2° Estimation of @ from below. We now derive two inequalities implying the
coerciveness of @.
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Let us turn to (4.3). First of all, by Schwarz’s inequality and Sobolev’s embedding
theorem, we have')

j (1 + 0 wow, dx dy | < const (Jullyes + [o]wr) ]2
0

for any (w,u,v)eV x Wy3(Q) x Wy*(Q). Proceeding similarly with the third
integral in (4.3), integrating by parts the second one (which presents a special case
of Korn’s inequality, see [5]), and using (2.1), one obtains

(4.6) Fi(h) = eillw] Gt ulfirs + Jolira) + clf (w3 + w})? dxdy —

= calfJullwrz + ollws.a) Jolse.e

for all he H where ¢; = const > 0, i =1, 2.
With respect to this, F, will be estimated as follows:

(47 10 Sl + el + [ 02 0 axard 4

J

+ 5‘--7 const (Ju 31 + 0|30 YV heH;
&1

here ¢, denotes an arbitrary positive constant. Using the continuity of the trace
operator on W?'%(Q) (see [5]) and Sobolev’s embedding theorem, we get

(4.8)

J gow, ds + {f, w)
I

<& 1
= ||W”wz 2 + % “const ([l go | Zocray + [1f]|coy?)
2

which is valid for all we Vand any ¢, > 0.
Setting ¢, = &, = ¢, in (4.7), (4.8), respectively, it follows by (4.6) that

(4.9) )2 (Il + Julfns + olis) -

- Cz(H“me + [ollwra) [wlivee = s
for all (w, u, v) = he H where
¢3 = const (Ju* [z + [o*[[Rre + [golZrars + [flico@n)

which yields the first estimate we are interested in.

1) Since there is no danger of confusion, throughout the remainder of the paper we drop the
bar in u, v.
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In order to obtain the second one, we start with (4.4). Obviously, F, can be esti-
mated in the following way:

L O e O S L R R

2
+ wew,)?dxdy + const(”u*“fy;,z + |o*|h12) VheH.

Arguing as above, we finally get

(4.10) @

’

- 3

forall(w, u, v) = he Hwhere ¢; = const > 0,i = 1, 3, and c} has the same structure
as ¢y above.

3° Proof of the theorem completed. Set
L= (wlliee + ulie + o) =

We suppose r > 2¢y'. Using (4.9) if |w[|f22 < (¢;.2"%) 7" (Jeyr — 1), and
using (4.10) in the other case, one easily gets the coerciveness

(h)

v

Il = & foranl ] > 27"
where k; = const > 0, i = 1, 2.

The weak lower semicontinuity of @ follows immediately by Korn’s inequality
and Sobolev’s embedding theorem.

Thus, there exists (W, i, 17) —h € H in which @ attains its absolute minimum on H;
the triple (W, i + u*, & + v*) then presents a variational solution of (1.1)—(1.3).
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Souhrn

O JEDNOM OKRAJOVEM PROBLEMU Z NELINEARNI TEORIE
TENKYCH PRUZNYCH DESEK

JINDRICH NECAS, JOACHIM NAUMANN

V této praci jsou feSeny okrajové ulohy pro systém nelinearnich parcidlnich
diferencidlnich rovnic pro posunuti, popisujicich prithyb tenkych desek. UZiva se
abstraktniho variaéniho poctu.
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