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SVAZEK 17 (1972) APLIKACE MATEMATIKY CisLo 1

FIRST AND THIRD BOUNDARY VALUE PROBLEMS
FOR THE EQUATION OF THE SECOND ORDER
WITH NON-CONTINUOUS COEFFICIENTS

ZDENEK MRKVICKA

(Received November 25, 1968)

I. FIRST BOUNDARY VALUE PROBLEM

Consider the boundary value problem
(1) Ly = —=[p(x) y()]" + 4(x) y(x) = f(x), xe(a, b)
(2) wa) =mni, y(b) =mn.
Denote by ¢, (v = 0, 1, ..., jo + 1) such numbers from the interval [a, b] that
a=¢<c <..<¢<..<c=Db.

Let us make the following assumption on the coefficients p(x), g(x), f(x) of equa-
tion (1): The points ¢, (v = 1, 2, ..., jo) let be the points of discontinuities of the first
type of the coefficients p, g, f; of course, the discontinuities need not occur simultane-
ously for all coefficients p, g, f. (We shall see in the sequel that the essential role is
played by the points of discontinuities of the coefficient p.) Denote the corresponding
limits as the points ¢, from the right and from the left: p(c,"), p(c, ), ..., f(c; ). Con-
sidering these functions in the intervals [c¢,_,,¢,], v=1,2,...,j, + 1 we shall
take the corresponding limits as their values at the points ¢, : p(x = ¢,_,) = p(c;_y),
p(x = ¢,) = p(c;) etc. The same approach will be adopted in case of the function
y(x). Further let us assume that the functions p”(x), g'(x), f'(x) fulfil the Lipschitz
condition in the intervals of continuity [c,_y,¢,], v=1,...,j, + 1. Finally let
p(x) > 0and g(x) = Oforxe[c,_y,¢,],v = 1,...,jo + 1. Our task is to find a func-
tion y(x) continuous in the interval [a, b] (hence y(c,’) = y(c,")) and satisfying
equation (1) in the intervals (¢,_y, ¢,), v = 1,...,jo + 1, which at the points, c,,
v=1,2,...,j, fulfils the conditions

(3) pley) y(er) = p(er) (er)



and assumes values (2) at the points ¢, = 4, ¢; ., = b. Under these assumptions
the function y(x) is unique and its third derivative fulfils in [¢,_, ¢,],v = 1, ..., jo +
+ 1 the Lipschitz condition.

In the sequel let us always consider the net S, : The intervals [¢,_;, ¢,], v = 1,2, ...
.- jo + 1are divided to n, partial intervals of the length h, = (¢, — ¢,_)[n,, v =
=1,2,...,jo + 1. The knots are denoted by x; in the whole interval [a, b]. Denote
g+ np+ .o+t n o =Nsothat Xo = a, ..., ¢f = Xy, 000 €2 = Xy hpyr eos
€, = Xy 4. 4np--» Xy = b. Hence we obtain a piecewise equidistant net (S,,,).

Let us introduce a notation for the so called forward and backward quotients
(““discrete derivatives”): Let y; = y(x;) be a net function. Let x;e[c,_q, ¢,], v =
=1,...,jo + 1. Then the ratio (y;+; — y;)/h, is called the forward difference quo-
tient at the point x, and is denoted by y,; = y.(x;) = (yi+1 — yi)/h, Let x;€
elc,-1,¢,], v=1,2,...,jo + 1. The ratio (y; — y;_,)/h, is called the backward
difference quotient and is denoted by ysz; = ys(x;) = (y; — yi-1)/h,

We shall need some relations to construct estimates of error of the approximate
solution and of its difference quotient:

For scalar products and norms of net functions we shall use the following notation
(considering the net S;,):

ny ny+nz n;+..‘+u_,-0
4 (o) =hy Y yw;+ hy Y yivi+ o+ hy, > yiv; +
i=1 i=m+1 i=ngt. g+
N-1

+hjger Y Vi

i=ngtoAng +l

/ ny+nz n|+..4+nj0

ni
(y, U] = hy Zyivi + h, Z yivi+ .+ hy, Z yiv; +
i=1 i=ng+1 i=n1+...+nj0_,+1

N
‘+hj0+1 Z yivi;

i=ng+otnjot+l

ny ny+nz nit..+njg
[v0) = hy Y ywi + hy 3 yivi+ ooty > yivi +
i=0 i=n;+1 l=n1+...+njo_1+1
N-1

+ hjy+1 Z Yivi s

i=ng+otngot1

ny ny+nz ] "‘+'f"fo
iU; o5 y.v, +
vl="h v; + hy yiv; + ...+ hy yiv; +.
[y’ ] 1z':zoyl ' i=uzx:+l i=ngtotnj-1+1
N

+ Byt Y Yivi

i=ngt..tnj o+l



Let E; = E(x;) be a net function on Sy,- We use these norms:

m nyt+ny nit..tnjg
5) |E]Z =mYE+h Y Eito-+h, ¥ E+
i=1 i=my+1 i=mt T

Nt 2 2) .
+hjo+’ Z Ei =(],E)’

|'=n1+...+nj0+1

ni—1 ny+ny—1 ) ny+..tnjo—1 R
”Ex“‘z) =hy ZEf‘i + hy Z E"vi +..oF hjo . Ex,i +
i=0 i=m i=mtng o
N-1 2 2
+ hjo+l Z Ex,i = [1’ Ex) 5
i=n1+...+nj0
2 ny ) ny+nz 2 h n;+..‘+nj0 N
|E<o = hy Y EZi+ ha 3 Exit ...+ by > Ez: +
i=1 i=nia1 R TR e PR

N
+h, Y Eri=(LE;

IEl = {IE + e3>

Consider the interval [cv—l’ Cv]’ y=1,...,jo + 1. Let us present a list of formulae
which are used below: The formula of the discrete differentiation (for arbitrary net
functions y, v):

(6) a) (y . U)x,i = YiUri+ Vui-Viv1 = Vit 1Uxi T Vaii- Vs
b) (v- U)x,i = YUzt Vei-Viet = VioqUsi t Vzi- ;5

The formula of the partial summation:

(y, Ux) = - (U, y;] + yivi|i=n1+..,+n‘, - yivi+1|i=n1+...+n‘,_1

ie.
m+..+n,—-1 ny+...+n,
(7) Z yivx,ihv = - Z viya_c,ihv + yivi|i=n1+...+n‘. -
i=m+..+n,-1+1 i=ni+..+ny-1+1
- yivi+1|i=n1+...+nv-1 5
(y’ l’x) = - [U, .Vx) + Ui—lyili=n1+...+nv - yivi|i=m+...+nv-1
ie. -
ny+..+n,—1 ny+..+n,—1
yiv)“c,ihv = - z Uiyx,ihv + Ui—lyili=n,+...+n\, -
i=ng+..+n,-1+1 i=ng+..+n, -1

- yivi|i=n1+.,.+n‘.-1 5

the first difference Green’s formula (for arbitrary net functions a, y, v):

(8) (y’ (av)'c)x) = - (a, y)‘cv:_c] + aiyivf,i}i=n1+.,.+nv ~ ai+1yivx,ili=n1+...+nv_1 N
(y, (‘wx)?c) = - [a, nyx) + a1 Yivs

i=ni+..+n, aiyivx,i|i=nl+...+nv_1 .




Let us now adjoin to the problem (1), (2) its discrete analogue, i.e. let us formulate
the corresponding boundary value problem (in the sequel this notation is used:

Vi=p(x), o =9(x0), vl o= e(x)
©)  LYi= = H(pY)si + (PYo)ei] + @:Yi = /i
(i=12..,n—Ln +1,..,n+n—1Ln +n+1,...n+n,+
+ .ot n e —1=N=1)
(9" M Yi=4pioy + p0) Yo — Hpi + Pivt) Yo +
+ 4(hy a7 + hgl) Yo = 3hy f T+ BT
(i=ny,n +nycong+ny+ .o+ n,..on + ... +n;;v=1for
i=ny,v=2fori=n; +n,..,v=jofori=n +..+n; )
(10) Yo=mn, Yy=r,.

Note 1. System (9), (10) is not included in the class of homogeneous difference
systems on a non-equidistant net studied in [2] as it does not fulfil necessary condi-
tions for the approximation of the second order of the system mentioned there.

Note 2. In case of an equidistant net S, (hv = h) it holds for the operator M,:
M,Y, = hL,Y..

The net S, let satisfy the requirement of the local characteristic: For all v (v =
=1,2, ...,jo) itis 4 < hw,/hv < B where A, B are positive constants independent
of the net. (Consequently, the following estimates hold: O(h%) = O(h%,,) = O(h?)
where h = max, ., +1h,.)

Denote E; = E(x;) = y(x;) — Y(x;) = y; — Y; the error of discretization (the
error of the approximate solution) where y(x) is a solution of (1), (2), Y(x) (x = x,,
i =0,1,..., N) the net function satisfying (9), (9”), (10). Let us determine the appro-
ximation error of the problem (1), (2). It is well known (cf. e.g. [1]) that L, E; =
= th(yi - Y() =Ly, — L)Yi=L,y, — fi=L,y;— Ly, = R; = O(hf) (V = 1for
i=12..,n —1Lv=2fori=n +1,...n +n,—1,..,v=j,+ lfori=
=ny+...,0,+1,..,N —1); further it is E, =0, Ey = 0. Let us evaluate

M, E;

(1) M,E; = th(yn' -Y)=4pi-, + Pi) ysi— ’IZ(P:r + Pist) Ve +

+ 3(hyng + hal) v = M ST+ RST) =

Hpioi + Pi)ysi— %(P.+ + Piv1) Ve

+ %(hvﬂ‘]? + hygi) yi — %[—(py’)’lxi+ chysy +
+ By 187y — (V) |si- - by + hyai ] = O(h?),
(i=n,n+ny.on + ...+ n;;v=1fori=ny,v=2fori=n, +

+ny ..,y =jofori=n +..+n;).




In fact, it is

- %(pf + P.’+1),Vx,i = -3 (zpi1L + hv+1P;+ + "(2V+1)/2pll:+ + O(heﬂ)) .
. (y:'+ + h(v+1)/2.‘l’i’+ + h(2v+1)/6yliﬂ+ + O(hfﬂ))] =
+ .+

= — %[ZP;J’;'+ + piyiT byt O(h3+1) + hv+,p;~+ .y;-+] =
= — 32pf yii + Bos(PY) |5+ ] + O(h741) -

as well as

Wpicy + p7) yei = 3207 vim — h(py')|x-1 + O(h)),
so that
(*) %(P.'—1 + P;—) Yzi— %(P;P + Pi+ 1) Vx,i =

= - %hv(py’),lx,-“ - %hv+1(PJ"')le,-+ + O(hf) + O(hf+1) .

Theorem 1. Let p(x) > 0, g(x) = 0 in the intervals [c,—1, ¢,] (v = 1,...,jo + 1)
where c, (v = 1,2, ..., jo) are the points of discontinuities of the functions p(x), q(x),
f(x). Further let p"(x), q'(x), f'(x) satisfy the Lipschitz condition in the intervals
of continuity [c,_,,¢,] (v =1,...,jo + 1). Then there exists the unique solution
of system (9'), (9”). (10)") and the following estimate holds for the solution of the

(12) maxog<y|Ei| £ Ky . 12
(13) maXogicn—1|Exi| £ K, . b2
where h = max; ., ;,+1h,, K, K, are positive constants independent of the net.

Proof 2): Let us continue the net S, for all knots: S, = {x,,i =0, +1, +2,...}
where h; = x; — x;_; = ho for i <0, h; = x; — x;_; = hj 4, for i > N. There is

E = E,i=12...,n,...,N—1
"0, i=0,N.

Similarly we generalize the notion of the error of discretization: E; = 0, i < 0 and
i > N. All relations given above for scalar products and for norms of net functions
on the net S, remain valid.

For the sake of simplicity of writing let us consider one point of discontinuity of the
coefficients p, g, f: ¢; = x,,. (It is easy to pass to the case of more points of disconti-
nuity.) It is

(**) L, E;,= — %[(PEx)s,i + (pEJ?)x,i] + q;E; = R;;
i#n,v=12@W=1fori=1,..,n—1, v=2fori=n, +1,..,N~1).

1y Matrix of the system is positive definite.
2) Method used in the proof is a generalization of that in [1].



Using in the intervals [a, ¢,], [¢,, b] the first discrete Green’s formula (8) we obtain

ni—1 N-1
hlZEthE + hy, Y EL,E; = hlZpEx,—i-
i= i=n;+1
N ny—1 n—1
+ %h, Z P.‘E;zf,i + hy Z ‘IiE? + h, Z PiEi,i +
i=m+1 i=1 i=o
N-1
+3h, Y pEL; + hy Z 1q + 3(ps + p1) EoEx —
i=ny i=n+

2(pn1 + pnl 1) Eru X,ny %(p:—l + pnl+1) Eanx n %(pN—l + p[;) .

ny n;—1
.Ey.E;y=1h, ZpE2 + 1h, Z pE,,+hquE2
i=1 i=ng+1
ng—1 -1 N-—-1
+ 3hy ZP x,i T I122PEXI+I12 Y q.Ef —

i=ny i=n;+1

- %(pr; + pn,—l) EnlEa‘c,m + %(p:: + pn1+1) EnlEx,nl .

The left-hand side of this relation is equal (with regard to ()

ni—1 N-1
h S ER + 0 ¥ ER,.
i=n;+1
Hence we get according to (9'), (9”) and (**)
ny N ny—1 N-1
(14) th, ZP;'E;,.' + th, Z PiE?: + 1hy Z Pi Ex; + 1h, Z Pi Ex; +
i=1 i=n;+1 i= i=ny .
n—1 -1 ny—1
+ hl Z qiEz Z(qm h + hlqn;) En, + ’72 Z qut - hl Z E,R, +
i=1 i=n +1
N-1
+ E,ME, + h, ¥ ER,.
i=np+1

Consider the net function

R,=0(h}), v=1fori=1,...,n —1
v=2fori=n +1,...N —1

i 1

o MhlEm = O(hl)

1y

In the sequel we denote by K; positive constants independent of the net.
ni—1 N-1

For R, wehave |R|; = h, Y R} + Rih, + Y R}h, S K3hi + Kohi + Ksh; <
i=1 i=n+1

< K¢(hi + h3) < K, . h* where h = max h,;

v=1,2

(13) [R]lo = O(r*'2)

6



Using Schwarz-Buniakovskii inequality and the assumption ¢(x) = 0 and denoting
min p(x) = m > 0 we obtain with respect to (14)

xeley-1,6y],v=1,2

ny—1 N-1
(16) h, z E:L, E; + EnthlEnl + h, Z E.L,E; 2
i=1

i=n +1
2 D0 B + DL ED) = m B3
and hence

(17) m|Es = [Ro- [Elo = [Rllo |E]: -

Inequality (16) implies: For L,E; =0, i=1,...,n =1, ng+ 1L ..,N—1,
M,,E,, = 0and E, = Ey = O there is |E[o = 0, i.e. E,; = 0 which means E;, , =
=E,=..=Ey,=E,=0hence E; = y; — Y; = 0. Thus the unicity of the solution
of the system (9'), (9”), (10) is proved.

Lemma. There are positive constants Kg, Ko independent of h, (v = 1,2) and
E;(j=0, +1,...) such that
(18) IE<o = Ks[E]o

(19) IE<o = Ko| E: -
i-1
In fact, itis E; = h, ) E,  (Eq =0),v=1forj=0,...,n — 1, v=2for j=
i=o

=ny,...,N —1,i=1,..., N. Let us estimate:

IEJG = ZEZhl + h, Z E} =h, Z{h ZEX-J}Z

i=ng+1

ng N—-1

Z {h ZEX]}2<h Z{Zh h ZEXJI+

1n1+1 i=0
N-1 N-1

b % (Thon TR =0 - el (Eh T k) <
<(b-af |E]:. ’

Hence [} = [E[3 + [EJ3 < [1 + (b - o] |E.J3
Let us apply now inequalities (19), (18) to the relation (17): mK3||E|5 £ IR0 |Elo

“E“O s mKé

(20) | IE[o = O(n*)
mKS|E[T < |Rlo |E].

(21) | ] = o(r).



In the sequel we want to construct an estimate for E; or E, ;. Relation (6) applied
to L, E;, i # n, yields

2
(22)  Exj=Eqj=——"—{=4pcEx; — tPsjEx; + 9;E; — R;}

XX,J Xx,j
Pj—1 + Pj+1

G=1...ny—Lnmy+ 1, ., N=—lLv=1forj=1,..,n — 1,v=2

for=n; +1,..,N — 1)

Let the index i € [n,, N) (for i € (0, n,) we obtain the estimate E , = EZ; + O(h?)
uniformly with respect to i by the method introduced in [1]). There is

np—=1

Z(Exj_*-Ex})Exth\ _hl Z(EXJ+EX])EXXJ

+ (Ei,nx + Ex,ru) (Ex.nl E; "1) + hy Z (Er it E, 1) E,; N

. Jj=ni+1
i E.,+E,
"'E.fm xn1+2z'—l[-— zp-"JExl_
Jj= lpj 1+pj+1
_—ZPXJEXJ_,_qj i j]h "E:,i—E:,Oa

so that
, \ E;;+E
(23) Ei;-El,—El, +El,=2) XL [_dp E . —
j’*, Pj- 1+ Pj+1

'IpijxJ+qj i J]h
(v=1forj=1,...n — L;v=2forj=n, +1,..,N — 1)

Let us estimate the right-hand side of this relation. We shall show that

L E;;+ E,;
(24) > —=L—=l[—4p, iE, ;- 3P jEx; + 4;E; — Ri]h, = 0(113)
;:,.1, Pj-1 + Pj+1

uniformly with respect to i. By means of the inequality for the arithmetical and geo-
metrical mean values we estimate the sums:

d p\jExJEJ:] h
J ‘P, 1+ Pj+y

<Kle s < K“’ z< SHEL)h <

S Ki|Eds £ Koz - B2,
d 1
ji:rll] Pi-1t Pj+1

E, ;R;h,

X070

i N-1
S K3 ) |Ec R hy £ Koo ) |Ec R by <
j=1 Jj=1

Jj#ny

N-1
< T Y (B + B b < Kis(EJE + [RE) < Koo,

N-1
| Z 9EEx ] S Kio X (Exy + Ej) hy < Kis([|Ed[s + [EJQ) < Koo b2
=

J#m



Analogously we estimate the other sums. These estimates immediately imply (24).
Hence we have with respect to (23)

(25) El;+ Ei, — El,— El, = O(h?)

uniformly with respect to i.
Hence it easily folllows

(26) El; — . EZ, =O(h?)

Xx,ny

uniformly with respect to i. (In fact: if

2 2 2
|Ex,i - Ex. Ex oy \'n.

| > |EZ, — Elo, — EZ, + EZ

X nll

held, then the following inequalities would hold as well:

- ( E.\Z' My E:zc,O - x m) < E + Ei Nt EJZt,O Ei ny
<Eg;— E;,, - Ex. — Ez,,

which is not possible. Thus it really is

|EZ: — Exo — Exn — Ein| S |EZ; — Eio — Ef,, + Ei,)|
and it is sufficient to estimate one of the quotients E, , , E; ,, and the quotient E_ .
Thus
E§,0=E2 +0(’13), i=01,..,n, — 1
Eio+ El, +Ei, =E.,+Ok), i=n,...,N—1.

Since itis EZ o < EZ; + 0(113) for all i < N, we obtain

(b —a)Elo < hy }: Ex, + h, Z EZ, + O(h®) = |E]|§ + O(h?),

i=ny

ie. E. o = O(h’?). Denote by  the maximum of the lengths of intervals [c,_, c,]
v =1,2:5 = max (c — ¢,_1)- AsEZ, < E.,+ O(h®), we obtain by summing up

[(b - a) — 0] E, < [(b = a) = (e — )] EX,, < |[EL[5 + O(n),

ie. E,,, = O(h*?), Es, = O(h*?). Hence with respect to (26) we proved relation

(13):

x,nq

E..,=0(h?), i=01.,N~-1.

The relation already mentioned above:
E; _ZEx,, , for i=1.,N,(E=0)

implies immediately relation (12):

E;=0(h*?), i=0,1,..,N.



II. THIRD BOUNDARY VALUE PROBLEM
When investigating the boundary value problem
(1) Ly = = [p() Y()T' + 4(x) ¥(x) = /(x) . xe(a.b)

(27) yi(a) = ay(a) + u;
y'(b) £ —By(b) + n,

under the same assumptions on the functions p(x), g(x), f(x) as in the preceding part
of the paper and assuming o > 0, f# > 0 we shall proceed analogously to the case
of the problem (1), (2).

Thus our task is to find the function y(x) continuous in the interval [a, b] and
satisfying equation (1) in the intervals (c,_y, ¢,), v = 1,2, ..., j, + 1 where ¢,, v <
=1, ..., j, are the points of discontinuities (of the first type) of the functions p(x),
q(x), f(x), which fulfils the condition p(c,—) y'(¢,—) = p(c,+) ¥'(c,+) at the points
¢, and conditions (27) at the points x = a, x = b.

We want again to approximate the operation Ly by the difference operator L, Y(x)
for x = x;, i =0,1,..., N, this being done on the piecewise equidistant net S, :

Sy, =4x,i=0,+1,..., i =X;— x;oy = hyfori <0,
' h;y=hj; . fori >N

the same requirements being made as in the preceding part.
For this purpose we define

2

p-1 = p(x-1) = pla = hy) = po = hipo + 3hip;
where p, = p(a), po = p'(a), py = p’(a),

Wigs1

PN+ = P(xN+1) = P(xN + hjo+l) = py + hjpe 1Py + 5 Px

(px = p(xy), P = P'(xn), P& = P"(xy)) -

Moreover, let us generalize the definition of the solution y(x) of (1) (by means of
Taylor series where y'(a) is determined from (27) and y“(a) from (1), as well as y'(b),

y'(b)):

yor = y(x_ 1)~Av0---;11<h + =2 h) Jo hi + O(hy),
2po 2po

where 4 =1 — ah, + [(q0 — @pb)/2po] hi (denoting o = ¥(x) = Y(a), Wh =
= ¥'(xo) = ¥'(a));

10



y(xN+1) = JVn+1 = y(xN + hjo+1) = Byy + 1, (h.io+1 - ;TN h12'0+1> -
N

_Ir W2+ O(h ) s
2py

where B =1 — Bh; .\ + [(Bpy + qn)[2px] hios1-
(U = lxy) = W(b), ¥ = ¥'(xy) = ¥/(b))-

Thus, consider this difference approximation of equation (1) and conditions (27):
(28) LY = — 3[(pY.)s. + (PYo)x,i] + ai¥i = fi,

(i =12,..,n—1Ln+1,..,N—1;v=1fori=1,..,n —1;...

cwVv=jo+ I1fori=n, +..+n,+1,..,N—1)

MY, = %(pi—l + Pi—) Yei— %(Pf + Pi+1) Yo+

+ %(hv—qui-'- + thl—) Yi = %(hv+lfi+ + hvf:) >

(i=ny,n +ny.ong + ...+ ny,

v=1fori=n,v=2fori=n +ny...,v=jofori=n, +..+n,)

(29) Y, =Y(x.,) =AY, —n, (h1 + Po h%) - Lo hi
2po 2po

Yyi = Y(xzv+1) = BYy + 1, (hjo+1 - zp_N hf’u“) - 'éfl h?oﬂ ’

Pn N
where
A=1-— oh, +wlzf,
2p,
pxt g
B=1- ﬁhjo*'l + ﬁ—N—IX h.?o*'l .
2py

Denote by E; = E(x;) = y; — Y, the error of discret'zation, i = —1,0,..., N, N + 1.
Recall that
(v=1 fori=1,2,...,n, — 1, n,

2 fori =n;, +1,...,n,

1

VvV =
L,E; =R;=0(h2), .
M, E; = O(hl) :

v =j, fori=mn +...+njy+1L..,n + ... +n

v=jo+ lfori=n +...+n,+1,..,N—1)

11



By a direct computation we obtain that L, E, = R, = O(h,), L, +1Ey =Ry =
= O(hj, ;). In the sequel we use these norms for net functions defined on the net S,

ny ni+ny N
”ll’”g = hyz yi+ hz'_z Yi4 o+ hiost _ z yi = ['ﬁa lﬁ] ,
i=0 i=n;+1 l—n1+...+n,o+1

the norms for |¥]lo, |¥x]lo and |y, being introduced in the same way as above.

Theorem 2. Let p(x) > 0, g(x) = 0 in the intervals [c,_y,¢,] (v =1,...,jo + 1)
where ¢, (v =1, ..., jo) are the points of discontinuity of the functions p(x), q(x),
f(x). Let p"(x), 4'(x), f'(x) satisfy the Lipschitz condition in the intervals of conti-
[ev-1.¢,] (v =1,...,jo + 1). Then there exists the unique solution of the system
(28), (29) and the following estimates hold for the solution of the boundary value
problem (1), (27):

(30) max |E| £ K, h?,
0<isN
(31) max |E, | £ K;,h*?%,
iSisN—1
K,,, K,, being positive constants not depending on h,, h = max h,.

15vEjo+1

Proof will be given again for the case of one point of discontinuity: ¢; = x,,.
We generalized the definition of the solution y(x): Y_1> Yn+1- Thereis E; = y;, — Y,
i=—1,0,..,N,N + 1, E_, = AE,, Ey,, = BE,. Denote by E; the net function
onS, :

i

E = E,i=0,1,..,N
0,i<0,i>N.

By means of the first discrete Green's formula (8) we obtain

n—1 —

N
hy S LyEi E;+ Ey .MyEy +hy, Y E; LE;=
i=0

i=nt1
ny—1 N ny N+1

=1h, Y pE; + 1h, Y piE2i + 3h Y piEZi + %hZ. Y pEsi+
=71 fl=r i=o =M1
n—1 N

+ h, AZO a;E} + Mg, + g - hy) Er + 112i~§+1qiEiz =

N-—

1 —
= %Pqu,—xhx + {Z pi -Ei,ihv + ‘%PNEf,th + %pOEi,Ohl +
i=0



ny—1

N
+ %ZP: . E;,ihv + Ipysy - E;,N+l ~hy + hy Z qiEiZ +
i=o

N ny—1
+ 3(hiq,, + hag ) EX + hy, Y qE} > m( Z EX:h, + hzzE )+
i=n;+1 i=n,
E} E2
+4(p-1 + po) = + Hpw + Pyi1)-Y, kde 0<m = min  p(x).
hl h2 xelcy-1,00],v=1,2
Hence
n,-'l__ _ _ N
(32) hy Y, EL,E; + E, ME, + h, Y E; LyE, >
i=0 i=n +1
ny—1 N—-1 EZ EZ
z m [" T Ei+h Y E ] FAHP-s+ po) 2+ Uy + o) P
i=ny 1 2
O<m= min p(x) .
xelcy-1,001,v=1,2
Obviously it holds at the same time
nyi—1
h, Z E;.LE; +E, .M,E, + h, Z E,.L,E;, =
i= i=n; +1
1~ N-1
= hEy.Ly,Eo + h, Z E;.L,E; + E, .M,E, + h, > E..L.E, +

i= i=n;+1
+ hyEy. L,Ey.
Since it is
E. = 1 E—l
LyEo = Ly,Eo + ¥(p-; + po) W

1

E
Ly, =Ly, , En + 3(pn + pNH)T’:}‘ ., E_, = AE,, Ey,, = BE,,

2

+1

we obtain according to (32)

ny—1 N-1 AEZ
z E;.L,Eh  +E, . .M,E, + h, Y E;. L.E; + 4p_, + Po) —2 +
i= i=n;+1 h1

BE} m -1 2
+ How + I’NH)TLv 2z m [: ZE“ + hZZExz:l + Hp-, +Po)? +

1=ny 1

. ) E,f,
+ 2(PN + PN+1) F >

2
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so that it holds:

ny—1

(33) h ¥ B LB+ By - MyE, o+ s Z E,.L,E; >

i=ng+1
n—1 N-1
>m|:h]ZEx,+h Y EZ ]
i=ny

Es |, E}
+7"(1 —A).(p-, + Po)“h— + 7(] - B)?(”N + Pn+1) -
1 2

For h, and h, sufficiently small there is 4 < 1 — Jah;, B < 1 — }ah, (using the
assumption o > 0, B > 0). Denoting min (ma, tmp) = K,; > 0 we obtain from
(33)

ny—1

(34) Z E;.L,E,+ E, .M,E, + h, }: E,.L,E; = K,5(E} + E}) +

i=n;+1

ny—1

+[hz l-I-hZZEX,]m
This inequality implies for L, E; = 0,i = 0,1, ...,n;, — I,n, + 1,..,N,v = 1, 2;
M,,l wm =0, E_; = AEy = 0, Ey,; = BEy = 0 that E, ; = 0, where i = 1,2, ...
— 1. Hence E;,y =E;=...=Ey=E,=01ie. E;=y,— Y, =0. This
proves the unicity of the solution of the system (29), (28).
Making use of the inequality for the arithmetical and geometrical mean values
ab < }(a® + b?) with succesive choice

\/ E,, b=l/‘th1Eo;

\/hl Ve

N \/ Ey, b=\/—ththN;

\/2 Ve

a=(JO)EiJhy, i =1,.p —1 b=YMp E,
. Je

a= (O Eihas 1= my+ 1N~ 1 J’“Lhz E,
€

= (/&) E,, /h1, b = My,E, [\/(¢h,), we estimate
n—1

N
hy Y E;.L,E;, + E, .M,E, +h, Y E; LE <
i=0

i=n;+1

h ny—1 nyg—1
[h E}+ - (thEo)] % X Eih, +2i Z (LnE) by +

14



2 N—-1
+ S EXh, + 1 (MyE,)’ +5 Z Elh, + L Y (LnE) hy +
2 2e hy 2 i=m+1 € i=n;+1
hy,[¢ o, hy 2 1 3
+ 2= Ef + “2(L,Ey)* | == (Eo + ER) + - ||E||0 + —O(h?) <
2 | h, € 2¢

E(Eo + Ey) + - ||E”2 + 0(h3)
¢ > 0 being an arbitrary constant. For 4¢ < K, 3 it follows by considering relation
(34) (Kp4 = K33 — 1)

ng—1

(35) mlhy ¥ EZ, + h, Z E2.] + Kyu(E} + Ef) <

i=0 i=ny

<S1ER + Lom®) < B +L o).
< 2 JE[} + 5. O) = % [E[} +5- 08

Lemma. For K,5 < 1/[1 + 2(b — a)?] it holds

(36) h "'ZIE,, + hzl ZE > Kos[|E||} — (b — a) (E3 + ER)].

This relation will be established later.

Let us use (36) to the preceding inequality (35):
€ 1
(mK25 _ 5) B3] + [Kas — mKas(b = a)] (85 + ED) = - O();

choose first K, and then ¢ sufficiently small and we obtain
(37) Eo = O(k*?), Ey = O(k*?), [E]; = O(1*?)
In the same way as in the preceding part of the paper we shall prove
EZ, = E.; + O(h®) uniformly with respect to i (i = 0,1, ..., n; — 1) .

EZ, + EX;,— EX, — E., = O(h®) uniformly with respect to i (i = ny, ..., N — 1)

xn1 x,nq

E., = O(h*?), E,,, = O(h*?), E;, = O(h%?), so that (31) holds:

max |E, ;| £ K,,h¥?.
0<isEN-1

i—1

The relation E; = Eq + h,Y E,; (v=1forj=0,1,..,n, — 1, v=2 for j =
=0
=n,...N—1,i=1.,N)
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obviously implies (30):

max |E;| < K,, . h*?.
0<igN

Hence we still have to prove the inequality (36):

Itis
i—-1
E;=Eo+hYE., i=12.,N;v=12
j=0

J
and also

N—-1
E;=Ey—hYE. ;, i=01.,N—1v=12.
j=1

Hence it follows (by means of the Schwarz-Buniakovskii inequality and by the in-
equality for the arithmetical and geometrical mean values)

i1 i-1 i-

1
El=(Ey + h,Y E,,)* = E} + 2Eoh, Y E,; + (h,Y E,;)* < 2E§ +
Jj=0 j=0 Jj=0

i—-1 N—-1 N—-1 N—-1
+2(h, Y E.)» S2EG+2Y h, . h,Y E}; <2EJ +2(b—a).h, Y EL;,
=0 i=0 i=o =0

(i=12,..,Nyv=1fori=1,..,n — l;v=2forj=n,,..,N —1)
Analogously we estimate
N-1
E} <2Ey +2(b—a)h, Y EZ,, i=01,..,N -1
ji=0
(v=1forj=0,...,n —1,..,v=2forj=ng,...,N—1)
We obtain by summing up
N-1
E} <ES+Ey+2b—-a)h,YEl;: i=1.,N-1,
ji=0

so that we obtain easily the estimate

ny Ni N-1
IE]IS =i;0th, +...hy ¥ EF<(b—a)(Eg + ER) + 2(b — a) ;,V;OEiJ

i=ni+1

and hence

el = 1813 + b, . 2, = |13 + |3 =

<(b—a)(E5+ ER)+ [l +2(b- a)z]h,N_gE,fJ, (v=12)
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ie.

ni—1

N-1 ]
hWYE. +h,YE, 2 — {E
‘,-;o o 2,-;.., YT+ 2(b - a)? i

2

1= (b—a)(ES + EQ)} 2

2 Kos A{||E[} = (b — a) (E§ + ER)} -
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Souhrn

PRVNI A TRETI OKRAJOVA ULOHA PRO ROVNICI 2. RADU
VE TRIDE NESPOJITYCH KOEFICIENTU

ZDENEK MRKVICKA

Metodou siti se feSi prvni a tieti okrajova uloha pro obycejnou diferencialni
rovnici druhého fadu za ptredpokladu, Ze koeficienty i prava strana mohou mit
kone¢ny pocet bodil nespojitosti. V intervalech spojitosti se pozaduje splnéni jistych
pfedpokladii hladkosti. Na siti, kterd obsahuje body nespojitosti a v kazdém inter-
valu spojitosti je rovnomérna (v raznych intervalech mize byt raizny krok) se kon-
struuje diferencni analog okrajové ulohy. Dokazuje se, Ze feSeni diskretizovaného
problému existuje, je jediné a Ze pro rozdil E; mezi pfibliZnym a pfesnym feSenim
plati asymptoticky odhad max |E;| = O(h*'?), kde h je maximalni krok sité. Stejny
odhad se dokazuje i pro délenou diferenci chyby.
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