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INTRODUCTION

Let C denote the set of all complex numbers.
Let a self-adjoint equation of the 2nd order in the complex domain

(0.1) [6(r) y(1)] — B(r) y(1) = 0
be given.

Put z(1) = y(kit), where k € C. Then z(f) satisfies the self-adjoint equation
(0.2) [O(kt) z'(1)] — k*B(kt) z(t) = 0.

Let ,Ly(f) be an arbitrary linear homogeneous differential operator of the 2nd
order with the property (for some m € C)

(0.3) Ly(k) = k" , Ly(kf) .

Let f(f) + 0 be an arbitrary factor. Put

(0.4) Ly(1) = j(1) Ly(1) -
Then it holds
(0.5) Ly(kt) = }% k™ o Ly(kt) .

Hence it follows that the operator ,Ly(t) fulfils for some r € C
(0.6) Ly(kt) = k", Ly(kt)
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iff (= if and only if) the factor f(f) is a homogeneous function of degree m — r, i.e.
if
(07) Jlki) = K7 5).

holds.

Let the self-adjoint operator of the 2nd order ,Ly(r) = [0(t) y'(t)] — B(f) ¥(1)
fulfil (0.3). Let A(f) be a homogeneous function of degree r, i.e. A(kt) = k" A(¢).
If y(t) is a solution of the equation

(0.8) Ly(t) = —A(t) (1),
then z(r) = y(kt) is a solution of the equation
(09) [6() (O] + [2 4() - B () = 0,

where 4 = k™*".

1. Let us have a real self-adjoint equation in a suitable interval (which will be deter-
mined later)

(L) [0() y()] — B(®) y(1) = —4(1) ¥(9)

where for suitable real numbers m, r it is

(i) O(kt) = k*"™0O(t), @eC', O(f)*0,
(ii) B(kt)y = k™™ B(f) ot B=0, BeC°,
(iii) A(kt) = k" A(1), A(f)>0, AeC®.

For an arbitrary fixed non-trivial solution y of the equation (1.1) let us put z(t) =
= y(kt) where k is a real parameter. Then for = k™*" the function z(¢) satisfies the
differential equation

(1.2) [6() (0] + [+ A(t) — Bt)] () = 0.

If m +r +0, k>0, then 2 > 0 and by the relation 1 = k™*" a one-to-one cor-
respondence is given between the values k, 4. Then A 1 oo iff either m + r > 0 and
k1 oo, or m+r<0and k|O0. (The symbols 1, | include the monotony of the
convergence).

Suppose the equation (1.1), in case of m + r > 0, to be oscillatoric (with infinitely
many roots) in an annular neighborhood 0¥ of the point oo, while in case of m +
+ r < 0 it is supposed to be oscillatoric {with infinitely many roots) in an annular
neighborhood 0%, of the point 0 from the right side.

Let ky, k,, k5, ... range monotonically over all positive toots of the solution y of
the equation (1.1) in such a way that the corresponding values 4,, 4,, 43, ... are
increasing to . Put z,(t) = y(k;t),i =1,2,3,...
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I. The case m + r > 0. Let the equation (1.1) be defined in some interval ]a, oo
where 0 < a < ky so that k, is still an inner point of the domain of the equation
(1.1). Then for k Z ky, z(t) = y(kt) is defined in the interval ]b, 1] where (0 <) b =
= (1/k,) a(<1), since for k = k, the transformation t — kt maps the interval
b, 1] onto the interval kb, k] = Ja, oo[.

II. The case m + r < 0. Let the equation (1.1) be defined in some interval 0, a[
where 0 < k; < a < o0 so that k, is still an inner point of the domain of the equation
(1.1). Put (0 2)b = (1/k,) a(>1). For 0 < k < k, the transformation ¢ — kt
maps the interval [1, b[ onto the interval [k, kb[ = ]0, a[ and thus the function
z(t) = y(kt) is defined in the interval [1, b[.

In the case I the function z,(t), i = 1, 2, 3, ... satisfies the differential equation (1.2)
with the parameter 1 = J; in the interval ]b, 1], and thus for g € ]b, 1] it holds

1
1.3 O(ziz; — zz))]y + (A, — 4)) | Aziz;dt =0, §,j=1,2,3,...
J Jj)18 f) j
B

Hence it follows that the sequence of functions zy, z,, z3, ... is in the interval b, 1]
orthogonal with the weight A(r) iff for any i # j

(14) I}m@(ﬂ) [2i() z/(B) — =P) z{(B)] = 0.

In the case II the function z(¢), i = 1, 2,3, ... satisfies the differential equation
(1.2) with the parameter 2 = J; in the interval [1, b[, and thus for g € [1, b[ it holds

B
(1.5) [0(ziz; — zz) ]l + (A — lj)j Aziz;dt =0, i=1,23, ...
1

Hence it follows that the sequence of functions zy, z,, 23, ... is in the interval [1, b[
orthogonal with the weight A(f) iff for any i + j

(1.6) ;ijg_@(ﬂ) [zi(B) z/(p) — =) z{(B)] = 0.

Example. For the Bessel equation

2

(1.7) (ty') — ft-y = —ty, n20 fixed

in the interval ]0, o[ we have @(f) = t, B(t) = n’[t, A(t) = t, m = 1, r = 1. In the
interval ]0, oo[ the solution J,(¢) has infinitely many roots k;, i = 1,2, 3, ... increasing
to oo so that the case I occurs. The functions J,(ki), i = 1,2,3,... form in the
interval ]0, 1] an orthogonal sequence with the weight ¢ iff for i # Jj

(1.8) lim {1 [k; Jy(kit) Jo(kjt) — k; Jo(kit) Jy(k;t)]} = O -
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According to the formula Jy(x) = —J,,,(x) + (n/x) J,(x), the expression p(t)
following the limit symbol in (1.8) is reduced to p(t) = pi(f) — p,(f) where p,(t) =
= th; Jyia(k;t) Ju(kit), pa(t) = th; J, i1 (kit) J,(k;t).

Consider that the following two rules hold for the asymptotic equality ~:

1°a;~b, i =1,2=a,a, ~ byb,,

2a ~b, b>0 =a-0.

From the formula J,(x) ~ x"/(2" I'(1 + n)) for x - 0 we have then

k' 2(nt+1)
1) ~ . t
P~ TR % W T T )
k.
pz(t) ~ i t2(n+1)

227U (2 + m) I(1 + n)

so that p(r) - 0, i = 1, 2 holds and thus p(t)y > 0fort > 0iffn + 1 > 0.
2. Let the linear differential operator of the n-th order in the complex domain

2.1) Ly(0) = ¥ af) ()

have the following property: After the linear substitution t — kt, k e C, it fulfils for
a suitable m € C the relation

(2.2) [Ly(kt) = k™ Ly(kt) .

Let the differential equation

(2.3) Ly(t) = 2 y(1)

have a solution y(f) for a constant A € C. Then the function y(kt) satisfies the equation
(2.9) L y(kt) = k™ y(kt) .

Form an equation of the 2n-th order with the operator ,I* = ,L,Land constants
p.qeC

(2.5) L2 (1) + 2p Ly(t) + g ¥(f) = 0.

Look for its solution in the form y(kt) where y(t) is a solution of (2.3) and k is
a suitable constant. We get ,,a charakteristic”” equation for the unknown k

(2.6) (Ak™? + 2p(Ak™) + g = 0.

For any k fulfilling (2.6) and for any y(t) fulfilling (2.3) the function y(kf) then
fulfils (2.5).
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In case of p?> = g the equation (2.6) has a double root k™ = — p[A. The correspon-
ding differential equation

(2.7) (L+ p)lyr)=0
has a solution ¥(1) iff y(7) satisfies the equation

(28) (L + p) y(1) = (1)
where z(1) is a suitable solution of the equation

(2.9) ((L+ p)z(r)=0.

The last mentioned assertions hold generally for any operator 4 : M — M on any
set M: for be M the equation A%y = b is equivalent to the equations Ay = z,
Az = b.

3. For arbitrary n € C put, in the complex domain,
n ” l ’ n2
(3.1) TE () = )+ () = 5 (0.

Then the Bessel equation of the index n may be written in the form
(3.2) "E (1) = ~ (1)

or

(33) GE+ 1) ¥ =0.

For an arbitrary k € C and for an arbitrary solution )(r) of the equation (3.3) the
function z(t) = y(kt) is a solution of the equation

(349 (GE + kK*)z(t) =0

as the operator E y(r) has the property (2.2) for m = 2. From this property it also
follows that, if y(1) is a solution of the equation

(3.5) (iE + 1) y(1) = f(1)

where f is an arbitrary continuous function, then for arbitrary k € C the function
z(t) = y(kt) is a solution of the equation

(3.6) (FE + K*) z(t) = k* f(kt) .
Consider the iterated equation ( p,qE€ C)

(3.7) (iE* + 2ptE + q) ¥(1) = 0.
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In case of y(t) being a solution of the Bessel equation (3.3), y(kt) is a solution of the
equation (3.7) iff

(38) Ka=pt 0" - ).

Combinations of the four values +k,, +k, € C and of the two linearly independent
solutions J,(1), Y,(t) of the equation (3.3) yield eight solutions of the equation (3.7).
Since it holds for m € Z, n € C (Z is the set of all integers)

(3.9) J(tei™) = ™™ J (1),
. Y,(tei™) = e~ im™ Y (1) + 2i cos nr J.(1),
3.10 ; 5 su.n mnn :
sin nn

we can cancel the four solutions containing the arguments —k,t, —k,t, because
they are linear combinations of the others. The remaining solutions J,(k,t), J,(k,t),
Y,(ki1), Y,(k,t) are linearly independent iff k, + k,.

Proof. Take a J(kit) + b J,(kyt) + c Y,(kit) + d Y,(k,t) = 0. Put y(r) =
= a J (k) + cY,(kyt) = —b J(kyt) — dY,(kyt). Then y() is a solution of the
equation (3.4) for k = k, and k = k, so that ki y(f) = k3 y(t). Hence in case of
ky # k, we have y(f) = Oand thena = ¢ =0, b =d = 0, QE.D.

In case of k, = k, = k,i.e. by p?> = g, we get only two linearly independent solu-
tions J,(kt), Y,(kt) of the equation (3.7), which is now of the form

(3.11) ((E + p)*y(1) = 0.
Since k? = pit s
(3.12) ((E + k*)? y(t) = 0.

Let a, be C be arbitrary fixed constants. Then the function Z,(f) = a J,(t) +
+ bY,(t) is called a ,,general” cylindrical function of the index n. Since it is a fixed
linear combination of the functions J,(r), Y,(f) with coefficients independent of the
index n, the same recurrent relations hold for Z,(t) as for J,(f) and Y,(1), e.g.

(3.13) tZt) = nZ,(t) = =t Z,.,(1).

The Bessel equation of the index n in the self-adjoint form is

2

(3.14) (ty') + <z - f't—> y=0.
Put y(t) = t Z,. (), [2]- From the relation (3.13) we get
(3.15) () =nZ(t) -t Z,(1).
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Differentiating, multiplying by ¢ and differentiating once more we get
(3.16) (ty)y = n(tz)y + (* — n?) Z, + 22,
and once more by (3.13) we find

2

(3.17) (ty') + (t - "T> y =22,

(3-18) (FE + 1) y(t) = 2Z,(1) .

From the considerations concerning (2.8) it appears that y(t) = t Z,,,(f) is a solu-
tion of the equation

(3.19) ("E + 1)* y(t) = 0.

According to (3.5), (3.6) it follows from (3.18) that the function z(t) = y(kt) =
= kt Z,,,(kt) is a solution of the equation

(3.20) (CE + K?) 2(t) = 2k Z,(kt)

so that z(t) = y(kt) = kt Z, . ,(kt) satisfies the equation (3.12). So we find that the
functions t J,+(kt), t Y., (kt) are again solutions of the equation (3.12). At the
same time the solutions J,(kt), Y,(kt), t Jo.(kt), t Y, i(kt) of the equation (3.12)
are linearly independent.

Proof. Consider a linear relation a J,(kt) + b Y,(kt) + ct J,,,(kt) + dt Y, ,(kt) =
=0. Put Z(t) = —(c[k) J,(t) — (d[k) Y,(t). Then the function ktZ,,(kt) =
= —ct Jyus(kt) — dt Y, ,(kt) = a J(t) + bY,(t) is a solution of both equations
(3-20) and (3.12). Hence it follows that Z, = 0 so that ¢ = d = 0 as well as a =
= b = 0; Q.E.D.
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Souhrn

NEKTERE VLASTNOSTI LINEARNI HOMOGENNI TRANSFORMACE
NEZAVISLE PROMENNE V OBYCEJNYCH DIFERENCIALNICH
LINEARNICH ROVNICICH

ERICH BARVINEK

Odst. 1 obsahuje obecnou linedrni diferencialni rovnici 2. fadu (1.1), jejiz feSeni
y(1) vytvafi orthogonalni posloupnost y(k;t), kde k; je vhodn& uspofadana posloup-
nost kladnych kofent feSeni y(t). Jde v podstaté o ,,Eulerovské‘‘ rovnice.

Odst. 3 obsahuje jisté zobecn&ni tvah [1] str. 105 a [2] o nalezeni obecného Felenf

rovnice
2 2 2
gm+lg, W__2b0 g‘_*_li w4+ w=
de®  tdt de? ¢ dt

v tom smyslu, Ze je nalezeno obecné feSeni rovnice (3.7).

Pozoruhodna véta: je-li Z,(t) = a J,(t) + bY,(t) libovolné FeSeni (3.3), ke C
libovolné, pak

1° Z,(kt) je Feseni (3.4),
2° kt Z,(kt) je Feseni (3.20) a tudif (3.12),

je rozsifenim tivah [2] o nalezeni feSeni t Z, . 4(1) rovnice (3.12) a skyta dikaz linearn{
nezavislosti jejich feSeni J,(kt), Y,(kt), t J, . 1(kt), t Y, 4(k1).
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