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SVAZEK 16 (1971) A P L I K A C E M A T E M A T I K Y ČÍSLO 4 

WEIERSTRASS p-FUNCTION 

JAN CHRAPAN 

(Received May 5, 1969) 

The solution of a motion of the rigid body with one fixed point leads to higher 
transcendental functions. We are publishing two papers on this problem by the 
late Prof. J. Chrapan. 

According to the definition [1, p. 153, line 2] 

(0 rf.j.p.M-^S _£„,,(£) 

and with respect to the relation 

Q'" Q" Q" Q" 

(2) ^L = h + h + ^> 
$1 $2 $3 ^0 

[1, p. 142, line 4 from below] let us introduce the functions 

-L*-*LI*B0(IL 
4CD2 $0 du2 \2co 

(3) p0(u) = -f2^-fыэ/ 

r \ - 9'í d2 , 0 / u \ 
pJu) = ln 92 I — 1 

2K ' 4co2 S2 du2 \2co) 

, \ i s ; d2 / u' 

4co2 93 du2 \2co 

Differentiating the relations [2, p. 243, (l) and (2)] we obtain 

(4) 1 ZJLv; k) = Zfr k) = f In Sa ( - L ; i £ ) - %&$ - Z
2(v; k), 

dv dv \2K K / Oa[v; k) 

where the index a = 0, 1, 2, 3; K, K' are complete elliptic integrals of the first type 
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[1, p. 142, § 3] and k is the modulus of Jacobi elliptic functions. With regard to the 

relations 

, v v u . K' __ co' 

2K ~~ 2cO ' ' K " cO ' 

where cO, cO' are the half-periods of the Weierstrass ^-function (1) [1, p. 151, § 5], 
formula (4) yields 

(6) f2ln9j^) = ^Z'a(v;k) 
dwz \2cO/ <*> 

and, for <9-functions of zero arguments 

(7) 

oi_j_^_1_£. ^1 = _ L ^ = _ £ . _9_ = __L ^ _ fc'
2 - -

0 O 4X2 90 /C ' <92 4/_2 92 7_ ' 6)3 4/_2 3 3 iC 

hence with regard to (2) 

(8) S.,_.[i(1 + 0 _ | ] , 

where k' is the complementary modulus od Jacobi elliptic functions and E is the 
complete elliptic integral of the second type. 

Substituting expressions (6), (7) and (8) into (1) and (2) we obtain 

(9) p0(«) = g[ l - | -Z 0 ( , ; fc) l ; 

pi(«)-5[J(i+ *'a)-|-zi(f;fc)]; 

«̂) = S[-|-^(^)]: 

3̂(«) = ^r/c'2-|-Z3(,;fe)j, 

or, with respect to [2, p. 245, (5)] 

K2 

(10) PoO) = - T &2 s/t2(v; k) ; 
0)2 

*>_(«) = - ^ m + k>)-ns\v;k)-]; 
ař 
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K 
Pг(") = ~т ^'2 sc2(v; k); 

co 

K 
p 3 ( u ) = - ^ k2k'2 scl2(v; k). 

co 

Formulae (10) yield the following values: 

14 PoM Pltø Pi(u) Pз(«) 

0 0 0 0 0 0 

\co 
K2 

— (1 - k') 
co 

K2 

— [k' + І d + k'2)] 
coŁ 

x 2 

- — * ' ( 1 - A : ' ) 
co 

co к2

 2 
— k2 

co2 

1K 2 , 
- - - ( l + k'2) 
3 co2 

0 0 
K2 , 

Á:2 

W
2 

\co 
K2 

— ( 1 - * ' ) 
oГ 

K2 

— [ k ' + | ( 1 + k'2)] 
řo2 

* - * 
co2 

X 2 

- — *'(1 - *о 

2co 0 co 0 0 

¥>' 
к2 

— k 
w2 

K2 

- — [k + i ( l + k2)] 
or 

K2 

- — (1 - *) 
oj 

X 2 

— Ңl - *) 
oj 

co' 0 0 
1K 2

 2 

- - - ( 1 + k2) 
3 or ш 2 

K2 2 
— *' 2 

Ю

2 

\co' 
K2 

-k 
co2 

K2 

- — lk + ł d + k2)] 
co 

JC2 

- — (1 - *) 
e r 

X 2 

— Ңl - k) 
w 

2cof 0 оо 0 0 

co + co' 
K2 

co2 

1 K2 , 
(1 - 2k 2) 

3 co2 

X 2 

о,2 
cо 

pj(cO) = e, ; PÍ(CO + co') = e2 ; y^ď) = e3 

are zero points of the cubic polynomial of the function (1) [1, p. 152, line 12]. 
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The results given in this table enable us to establish, with regard to (10), the 
following relations: 

U Potø Pl(u) Pгtø Pзtø 

W + CO Pзtø + Po(<°) = 
= Pзtø - Pз(<°) 

Pгtø+ Pi(<o) Pitø- Pitø Potø+ Pз(<°) = 
= Potø~ Po^)] 

w + 2ш Potø Pitø Pгtø Pзtø 

w + co' Pitø- Pi(<o') Potø+ Pi(<°') Pзtø+ Pг(ы') = 
= Pзtø- Pз(ю') 

Pгtø+ Pз(°>') = 
= P 2(w)- ^2(^0 

w + 2co' Potø Pitø Pгtø Pз(н0 

w + co + 
+ co' 

Pгtø + 
+ Po(æ + æ') = 

= Pгtø -
- Pг(æ + co') 

Pзtø + 
+ pi(ш+ co') 

Potø + 
+ Pг^ + <°') = 

= Potø ~ 
— Po(co+ ш') 

^ Pltø-
— pi(cо + co.) 

According to the identity p a(w + 2co) = p a(w + 2a/) = pa(w) expressions (1) 
and (3) are double periodic functions (of the first type) and with respect to (1) 
they define the Weierstrass transcendental functions (p-functions). It follows from 
(10) that these functions are even: pa( — u) = pa(u). 
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S ú h r n 

WEIERSTRASSOVE p-FUNKCIE 

JÁN CHRÁPÁN 

Uvádzajú se Weierstrassove péfunkcie a v dvoch tabulkách sa formulujú ich 
význačné hodnoty a vztahy medzi nimi. 

Authof address: f Prof. RNDr. Ján Chrápán, Přírodovědecká fakulta University Komenského, 
Bratislava. 

259. 


		webmaster@dml.cz
	2020-07-02T01:07:30+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




