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THE BAYES APPROACH IN MULTIPLE AUTOREGRESSIVE SERIES

JIRI ANDEL

(Received September 11, 1970)

The Bayes approach is applied to the problem of estimating of autoregressive
parameters in multiple autoregressive series. The point estimates coincide with the
least squares estimates; the posterior distribution of these parameters is given in
a simple form.

1. INTRODUCTION

The problem of estimating of autoregressive parameters is a very important one.
The autoregressive models are often used in the theory and applications of time
series, but the values of their parameters seldom are exactly known. If the length of
the series is sufficient, then the least squares method may be used. This method was
considered in the well-known paper [4] The least squares method may be inter-
preted as a special Bayesian method in this case. Thus Bayesian look at these estimates
makes possible an easy derivation of their statistical properties.

The p-dimensional autoregressive series {X,}}_, (with zero mean values) may be
defined by the formula

AX, +AX,_, +...+AX,_,=E,, for n<t<N,

where ]AOI + 0 and {§,})_, . are uncorrelated random vectors with unit covariance
matrix, uncorrelated with given random vectors Xj, ..., X,. The elements of all the
matrices A; should be estimated. These matrices are of the order p x p. The present
paper deals with this problem under the assumption that vectors X, ..., Xy have
simultaneous normal distribution with vanishing mean values and that matrix A, is
diagonal. Then the Bayes approach suggested in [2] for a one-dimensional autoregres-
sive series may be generalized. This method is valid without the assumption of sta-
tionarity. The Bayes approach concerning stationary autoregressive series (see [l],
[2]) is not generalized here because of a rather complicated structure of the inverse
covariance matrix of multiple autoregressive series.
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TWO-DIMENSIONAL AUTOREGRESSIVE SERIES

Let X,,Y,, ..., X,,Y, be random variables with vanishing expectations and finite
variances. Let {,, 7, (n < t £ N) be orthonormal random variables uncorrelated

with X,, Y;, ...,VX Y,. Define X,, Y, forn <t < N by

(1) ZaX,,-!—ZcY,,:C,,
Jj=0

ijY,_,- +Zde,-j=n,, n<t<N,
j=0 i=1

where a;, b;, c;, d; are real numbers, a, > 0, b, > 0.
Put ¢y = d, = 0 and define vectors

a=(ap...,a,), b=(by...b), €=(c...c,), d=(dy....d,) .
Lemma 1. If X,,Y,, ..., Xy, Yy have simultaneous normal distribution, then the
conditional density of X, 41 Yys1s--0s Xno Y, given X; = x,, Yy =y, .., X, = X,
Y, = y, equals to

XNs VN l X1s Vi ooos Xps Vi» @, b; c, d) =

(2) p(xn+1’ Yut1s 005
N n n
= ("Zn)_N+"(aObO)N—'I €xp {—% (2 ax;-j + y CiVi- J)
J

Proof. It follows from the assumption of normality that the simultaneous density

of random variables {415 ---s Cns Mt 15 - +» HIn 1S

N N
FUnstsooos Uns Vys1s - 0y) = (20) M exp (=1 Y ul =1 Y o7}.
1=n+1 t=n+1

By means of the substitution according to (1) we get the density (2)

Further we introduce following vectors and matrices
! ’
A= (_a]/a07“-'> —(1,,/(10, _61/001 LRt _Cn/ao) s

o = bylbes —dy[bo, ..., —dy|boY

B = (-—bl/bo
n * iin — | n
P* = |Pij\i.j:0, Q* = Hqijlli,jz()’ R* = {ir|[i j=0>
where
N N N
Dij = Xe—iXe—j> Yqij = Z VimiVi—j> Tij = Z Xi—i¥e—j
1=n+1 t=n+1 1=n+1

-

for 0Zi,j<n
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P = “T’u‘

7,1:1 , Q= Hqin';,j:l , R= Hrij

In
lij=10

Po = (Pm» cees Po::)ﬂ s qo = (‘Ion FER ‘IOI.)’ .

L= P R 1_§‘\‘P0"x‘ Mlzfil’oo”oo
LR Q! E’o 9o || l;"oo oo
:'QR,] . ;g% "o.i M Zg%o oo
'R P | hrl Po || ) ! Foo Poo
Cox !
w=! PR (o)

}‘ R*’ Q*;i

Theorem 2. Let the prior probability density of ay, by, A, B be proportional to
(apbo)™" for ay >0, by > 0 and to zero in the other cases independently on
X1 Vis+-os Xps Vo Let matrix W be positive definite. If the density p is given by
formula (2) then the posterior density of ag, by, A, B is

(3)  m(ag, bo, A, B| x,y) = c(aoho)" """ exp {—1ag[(A — °A) N,(A — °A) +
+ poo — “A'N°A]} exp {—1b5[(B — °B) Ny(B — °B) + qoo — °B'N,°B]}
for ay, >0, by>0,

where
A= —-N;'K,v, °B= —N;'Kyv,
X,y is written instead of x, y,...., Xy, ¥y and ¢ may depend on x,y, but not on

ag, by, A, B. If N > n + 1, then the modus of posterior density m is dy, bo, °A, °B,
where

1 ~2 1
5—2 - __oArN oA , b~4 - _oB’N oB .
o N_n_](!’oo i"A) 0 N_n_l(%o 2°B)

The estimates °A, °B coincide with the least squares estimates of autoregressive
parameters.

Proof. We have

n

N n
Y (Taxi-;+ Y cy-;)’ =aPra+ cQ*c + 2a'R*c =

t=n+t1 =0 i=1
It p* *
= (a’, c)!, P* R 9 = (a', )W 9.
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Put o = (—afag, ..., —a,lae), ¥ = (—c[cgs -, —Cufco)

i; Poo Po Too To -1

2 il P r R | o
a,c)W(a, ) =ay(—1o,0,y)TT 70 1 ITT -

( ) ( ) O( v) i Too i doo 9 i 0

ro, R q, Q H Y

= ag(v, A')

‘Ml K| <v> _

K, N, \A

= aj[(A+ N{'K,v) Ny(A+ N7'K\v) + vMyv — vKINT 'K v] =
— G2[(A — °A) Ny(A — *A) + poo — “A'N°A] .

The sum
N n n
Y (X by + Y dix, )
t=n+1 j=0 j=1

is analogous. Now, applying the Bayes theorem we get density n. Its modus may be
easily derived and we get the values dj, bo, °A, °B. Matrix W is positive definite and
therefore N, and N, are positive definite, too. Obviously °A and °B are the least
squares estimates. Further we see that p,, — “A’'N,"A > 0, ¢y, — °B'N,°B > 0.

Theorem 3. Let W be positive definite. If N > 3n and if density n is given by (3),
then the following assertions hold for the posterior distributions:

(I) The marginal posterior density of A and B is

_ o ’ o -(N=-m/2
ﬂ;(A,B[X,)')=Cl:l +(A A) Nl(A A):l [1 +

Poo — AN A
N (B . oB)/ NZ(B _ 08)}—(N~n)/2'
qoo — °B'N,°B

([I) The marginal posterior density of ay and b, is

m,(ag, by [ x,y) = cay > 'exp {—1ai(poo — CA'N°A)} by " T!
exp { —1b5(q00 — °B'N,°B)} .

Thus random variables aj(poo — °A’N,°A) and bj(qoo — °B'N,°B) are independent
and both of them have y*-distribution with N — 3n degrees of freedom.
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(11) Random variables
N —3n (A —°A)Y N\(A - °A) N — 3n (B — °B) N,(B — °B)
Fl = E FZ =

2n Poo — “A'N°A 2n oo — ‘B'N,°B

are independent and both of them have F-distribution with 2n and N — 3n degrees
of freedom.

(IV) Denote by Ny; ;, and Ny, ;) the matrices obtained from N, and N,, respec-
tively, when i-th column and i-th row are omitted (1 < i < 2n). Then each of the
variables

IN,| (N — 3n)
|N1(i,i)| (Poo - oA,NloA)

t.~=(Ar-°A,-)[

172
:| , (1gig2n),

and
INL| (N = 3n)
|N2<i.n| (do0 — °B'N,°B

1/2
t:-=<B.~—°B,-)[ | asisam
)
has Student distribution with N — 3n degrees of freedom, where A;, °A;, B;, °B; are
the i-th components of vectors A,°A, B, °B, respectively. The variable t; is in-
dependent on t for 1 < i,j < 2n.

Proof is analogous to that given in [2] for the one-dimensional stationary
autoregressive series, and therefore it will be sketched only. Also see [3].

(T) We get the density 7, by integrating = on the set a, > 0, b, > 0.
(I1) The density =, follows from = by integration.
(111) Introduce vectors

u, = (poo — “A'N A2 NIP(A = °A),
u, = (4oo — °B'N,°B)~/> NY*(B — °B).

Their simultaneous density derived from 7, contains the sum of squares of com-
ponents u, and u,. Further introduce polar coordinates and compute marginal ©
distributions.

(IV) As for the variable t,, introduce vector u = (uy,..., u,,) = G(A — °A),
where G = H%i”?.’}:] is a matrix such that GG = N, g;; =0 for 1 £ i < j < 2n.
Integrating we obtain the marginal distribution of u, and further transformation
leads to the density of ;. The distributions of #,, ..., t,,and 1}, ...,’t5, may be reduced
to this case.

Theorem 2 gives point estimates of autoregressive parameters which are the same
as least squares estimates. Theorem 3 enables us to construct confidence regions and
to test the hypotheses about these parameters. The usual confidence approach uses
the limiting normal approximation only (see [4]).
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3. THE p-DIMENSIONAL AUTOREGRESSIVE SERIES

Let {X’;}, 1<t<n; 1<k<p be random variables with vanishing mean
values and finite variances. Let {&t}, n <t < N, 1 £ k < p, be a system of ortho-
normal random variables such that cov (X}, &) =0for 1 <j, k<p; 1 <t < m:

n < s < N. Define random variables {X;}, 1 £ k < p;n <t <N, by
4

where a;,; are real numbers such that a;;o0 > 0, ayo = O0for l £ i+ k < p.
Introduce vectors @y = (@ugs -+ Ayn)s 1 £ 0, kK < p; a;=(aj,...,a;,), 1 £
<i<p X, =(X!,.., X", x,=(x;,....x), | £1 =< N. Further put

1A

i£p; n<t=<N,

M-
M=

ko xi
aiijr—j_Cr, 1
k=

—

ji=0

N
rie= Y xI x4, 1Squ=sp; 0Za f=<n,
1=n+1

and define matrices

u”n

R, = {Irg,,“a’ﬂ=o , R= ’ .........

Lemma 4. If X* 1=2t<N;15k< p) are normal, then the conditional density
of X,y 1y ...y Xy given X; = x4, ..., X, = X, is

)4
(5)  P(tys1s - Xy ] Xy, Xy, Ay, ..., a,) = (2m)" NP2 [T alg" exp {—1ajRa;} .
i=1

Proof. The conditional density p is

p n

r N
Cr) = [[alg exp (=1 T (3 T aui-)}
i=1 n+ j=

t= k=
and it may be obviously written in the form (5).

Put o5 = —a;pfanue for 1 <0, jSp; 0 <k <n, oy = (051, oos 0j) s O =
= (0], ... 0l,) s Ay = (o, oy, Oy, o O oy, Oy, Oy, .., af,) . Let v = (=1,0,
0,..., 0)' be a p-dimensional vector. Denote by I the unit matrix of the order (n + 1) x
x (n + 1) and define matrices

123 ...i—1ii+1...

p
o000 .. o0 I 0 .. 0| 1
o1o... 0 0 o ..ol 2
001 0 0 0 0, 3

s,=1000 I 0 o 0 i—1
100 0 0 o 0 i
000 0 0 | j,;i+1
............................ ||
000 0 0 o I, p

225



for 1 £ i £ p. Further let

S
[~
(S
(=)
o
—
o
()
(S~ B~ I~

0000 ...0000 ...1

be matrix of the order p(n + 1) x p(n + 1), where I is the unit matrix of the order
n X n only.

Theorem 5. Let the prior probability density of a, o, ..., @ppos &1, - .., &, be propor-

ppO?
P
tional to Y a;; independently on X, ..., X,. If the matrix R is positive definite and
i=1
density p is given by (5), then the posterior density of parameters ay,q, ..., ppos
A, .. A s

(6) T(@110s - r Appos Ays oo Ap]x,,...,x,v)s
P
=c[]alo "' exp {—1aio[(A; — °A)) N(A, — °A) + v'My — AINSA]},
i=1

where

°A. = — N,."'Kiv,

i

R.

1

IA
IIA
~

=TSRST = | :
| Ki N,

, I £
Matrices M, are of the order p x p.
If N > n + 1, then the modus of posterior density mis dyyos -+ Gppo> Aty -+ A,

where

IIA

Gk = —]—I(V'Miv ~°ANSA), 1SiZp.

N—n-—
The estimates °Ay, ..., °A, are the same as the least squares estimates.
Proof. We have
v
a;Ra; = aSTT'S'RS,TT'S\a;, = a.-zio("', A)R; (A) =
= ajo[(A; — "A;) Ny(A; = °A) + v My — CANSA] .

The rest of the proof is obvious.
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Theorem 6. Let R be positive definite and N > n + np. If n is given by formula
(6), then the following assertions hold:

(I) The marginal posterior density of A, ..., A, is

P Ai’—oAi,Ni Ai_OAi —(N—-n)/2
(A, ..., A, l Xy, .0 Xy)=c¢ Ul [1 +( ) N{ )] .

vMy — °AINSA,;
(I1) The marginal density of ayy¢, ..., Gppo IS
r
7'[2(‘1110’ <+ Appo lxl’ EERD) XN) =¢c H a’?fS"_""_' exp {—'}—.aizi()(v'Miv - OA:'NiOAi)} .
i=1
Random variables aj;o(v My — °AINSA) are independent and each of them has
y2-distribution with N — n — np degrees of freedom.
(111) Random variables

—n - i — °A;)Y N(A; — °A;
Fi — N n np (Al l) l( i l) (l é i
np vMy — °AINSA,;

IIA

P)

are independent and each of them has F-distribution with np and N — n — np
degrees of freedom.

(IV) Let A% and °A’ be the k-th components of vectors A; and °A,, respectively,
and Ny, .y be the matrix obtained from N; by omitting the k-th row and k-th
column (1 < i < p, 1 £ k < np). Then each of the random variables

0 = (4 - OAk)[__M (N —n— np) )]”2

i INi(k.h)| (V'Mi" — "AINSA;

has Student distribution with N — n — np degrees of freedom; moreover, t*) and tj-s)
are independent for i =% j.

Proof. Theorem 6 may be proved similarly as Theorem 3.
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Souhrn

BAYESOVSKY PRISTUP V MNOHOROZMERNYCH
AUTOREGRESNICH POSLOUPNOSTECH

Jiki ANDEL
Budiz X,,. ., Xy kone€na &ast p-rozmérné normalni autoregresni posloupnosti
vytvafené vztahem
n
Z Akxz—k = f; s

k=0

kde &, jsou nekorelované ndhodné vektory, z nichz kazdy ma nulovou stfedni hodnotu
a jednotkovou kovarianéni matici. Pfedpokladejme, Ze matice A, je diagonalni. Pro
feseni problému odhadu autoregresnich parametrii byla zvolena Bayesova metoda,
pfi niZ je v tomto pfipad¢ pouZita nevlastni ,,vagni apriorni hustota autoregresnich
parametrti. Vychazi se z podminéné hustoty vektortt X,,,,..., Xy pfi daném
podatku X, = x,,...,X, = x, a danych hodnotich autoregresnich parametri.
V ¢lanku je dokazano, Ze bodové odhady téchto parametrii ziskané Bayesovou
metodou jako modus apostriorniho rozdéleni jsou totozné s odhady metodou
nejmensich Ctvercl. Kromé toho jsou odvozena aposteriorni rozdéleni parametr,
ktera pro svou jednoduchost mohou byt pouzita pfi testovani statistickych hypotéz
a pii konstrukci konfidenénich oblasti.

Vyhodou uvedeného postupu je to, Ze nemusi byt nikde &inén pfedpoklad stacio-
narity a Ze vysledna aposteriorni rozdéleni jsou podstatné jednodussi neZ rozdé€leni,
ke kterym se dospiva v obvyklém konfidencnim pfistupu.

Author’s address: RNDr. Jifi Andel, CSc., Matematicko-fyzikalni fakulta Karlovy university,
Sokolovska 83, Praha 8 - Karlin.
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