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SVAZEK 16 (1971) APLIKACE MATEMATIKY CisLo 3

EXPLICIT EXPRESSIONS FOR THE COORDINATES OF FOCI
AND VERTICES OF A QUADRIC IN DEPENDENCE ON THE
COEFFICIENTS OF ITS CARTESIAN EQUATION

KAREL MIiSoN
(Received August 25, 1970)

The differential-geometrical investigation of trajectories in general power fields
brings about the necessity of expressing explicitly the coordinates of foci of a quadric
in dependence on the coefficients of its Cartesian equation

(1) ag x* + ay,p% + 2a,xy + 2a,3x + 2a,5y + az3 =0.

Handbooks of analytical geometry do not include such formulae. The present note
provides a list of formulae in question.

For central quadrics (453 = a,,a,, — ai, # 0), analysis of the transformation
to the normal form

(2) lez + 0% + A/A33 =0,
A being the discriminant of the equation of the quadric and g, , the roots of the
equation
2 —_
0> — (a1 + ax) o + Az3 =0,
yields the necessary formulae:

For the ellipse (435 > 0, sgna;; = sgna,, =1 (¢, , > 0)')) we obtain (here as
well as in the sequel we suppose a;, *+ 0) ?)

1 24
(3) XF - {alzazs — Qy3a;, T ag, \/(m——)} s
As; a;, —a;; — 4

1 —
(4) Yr = _{alzals — a1dy3 + \/(%A(azz —a;; — A))} >
Ass
1 Passing to the case sgna; = sgna,, = —1 (g, , < 0) is obvious by changing the signs
at aik-

2) The separate discussion of the case a;, = 0 is immediate. However, using of some relations
introduced below requires a limiting process which, being carried out, yields some formal simpli-
fication of the relations.
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the excentricity being

1

= — /(~AA)

¢ vi
A33

where for the sake of brevity we put
4 = J((ary = ax;)* + 4aiy).

For the hyperbola (433 < 0, 4 > 0 %)) there is

1 ,
e = — — /(44),
4., \/( )
1
(5) Xp = A_ {auazs — ay3a;, + \//(%A(au — a3, + A))} >
33
1 —
(6) Yp=— {a12a13 — dyaz3 + V’(%A(azz —a;; + A))} .

A33

In the case of the parabola (453 = 0, A + 0) we have instead of (2) an equation
linear in one variable and instead of determining the centre we can start from the
vertex of the parabola. To have a different view let us choose another way not using
the normal form.

Let us recall that the tangent lines of the parabola at the end points T} , of the chord
passing through the focus perpendicularly to the axis o of the parabola make with o the
angle %7. If we determine the coordinates (x;, y;) of the points T}, i =1, 2, then the
required coordinates of the focus are

xp=(X; +x)[2, ye=(y:i+ )2

Differentiating equation (1) with respect to x we obtain

(7) Ax + Bx + € =0,
where
(8) A =ay, + a,y, B=a,+ ayy, € =a;+ay.

Substituting a chosen numerical value k in (8) for y’, equations (1) and (7) reduce
to a system by means of which the coordinates of the tangent point of the parabola
(1) and the tangent line with the slope k may be determined. The condition for the
directions given by the values yi , to make angles r with the axis of the parabola
(whose slope is —ay;/a,,) yields

taip — 4y,

’
Yi2 = —
aj, * ay,

3) Passing to the case 4 < 0 is obvious.
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and determines the corresponding system of values o/ ,, B, 5, €, ,. Using them we
find
2
_ 0365 — 205398, ,%, 5 + a3387

X2 = p p s
2-31,2(“33(%1,2 - aujx,z)

A X+ G,
Vi = ————",

so that the coordinates of the focus of the parabola is

(9) Xp = azz[afs — a%; + (a11 + a,,) a33] — 2a,,a,+0,, ,

2ay, + ay,) (alzazs — ay,d,3)

(10) Ve = alz[a%.’s —al; — (ayy + as3) az;] + 2a5,a,;a,, .
2ay, + ay;) (alzazs — a;,4,3) '

or, in a more “symmetrical’”’ form

(tn) Xp = azz[af3 — a3 + (a2 — ayy) as3] = 2a,5(a;3a,35 — ay,a53)

2(“11 + ay,) (‘112023 - 022013)

(12) Yr = apy[aly — aly + (a3, — ayy) a33] + 2a55(a13a55 — a5a5) .

2(“11 + ay,) (alzazs - a22a13)

Let us add the expressions for the vertices of the quadrics:

The principal and the secondary vertices of the ellipse:

1 244
(13)  xpgp=-—— {aIZaZS — ay3a;; * ay, \/( = >} )
Az A(azy(az; — ayy — 4) + 2at,)

1 —
(14) Yvu = Z“‘ {alzau — a4z +

33
T \/(A(a“ + a,;, + 4) (23%2 + (a;; —ay )4 - AZ))}

2A(a“ — a3, + A)

1
Xyy = —— {@ydy3 — dy3d;, +

B N \/<A(a,, + ay, — A)(2a7, + (a,;, —ayy) 4 — AZ))},

24(ay, — ay, + 4)

y L {a a a,a,; + a \/( 244 )}
vy = T 412413 — A1 423 T Ay > ,
As; Aay(azz — ayy — 4) — 2a3,)
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the vertices of the hyperbola

(15) xv = =8 {a12023 — G430y, * 1\/<A(a22 + a;, — A)(a,, — ayy — A))} ,

Asz 2 y
(16) v = ‘1— a,,0,3 — Ay1053 F 1 A(all + a;; — A) (a“ — Ay — A) }
A33 2 y

and the vertex of the parabola

>

(17) xyp = (a11a,5 + ay,853) (4,815 — a5,853 — 2a,,0,3) + ay,a33(ay + a3,)°
2ayy + a3,)* (ag10;3 — ay,a,3)
(ai:a,3 + a,,053) (a12a25 — ay1ay3 — 2a5,a,3) + a,,as3(a,, + ay,)° )

—2(‘111 + azz)2 (011‘123 - 012013)

(18) v =

Remark. Variants offer for the solution of the problem (leading to different forms
of the results), e.g.: Compare the equation of the quadric written for general foci
(X£,» Y£,)s (Xp,» ¥5,) and a general length of the semiaxis with (1), determine from (1)
the coordinates of vertices and hence the foci, transform (1) to the form corresponding
to the focus definition etc. As for the last suggestion, cf. III § 3 in [3]. The limiting
process a;,d,, — a;, — 0in expressions (3) to (6) and (13) to (16) requires evaluation
of indetermined expressions and provides not very advantageous tool for obtaining
formulae (9) to (12) and (17), (18).
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Souhrn

EXPLICITNI VYJADRENI SOURADNIC OHNISEK A VRCHOLU
KUZELOSECKY V ZAVISLOSTI NA SOUCINITELICH
JEJI KARTEZSKE ROVNICE

KAREL MiSod

Je podano explicitni vyjadieni soufadnic ohnisek a vrcholl kuzeloseéek v zavislosti
na soucinitelich jejich rovnic v kartézskych souradnicich. Uvedené vyrazy se omezuji
na ptipad kuZelosedek, jejichZ osy nejsou rovnobézny s osami soufadnic (a,, =+ 0).
Pro a,, = 0 vyzaduji nekteré ziskané vyrazy provedeni limitniho procesu.

Author’s address: Karel Misoii, CSc., CYUT — fakulta elektrotechnicka, Technicka 1902,
Praha 6.
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