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SVAZEK 15 (1970) APLIKACE MATEMATIKY CIsLo 6

AN ALGORITHM FOR THE INVERSION OF PARTITIONED MATRICES

HANA KAMASOVA

(RECEIVED OCTOBER 10, 1969)

1. INTRODUCTION

In paper [1] the following results were proved:

Let A be a square matrix of order n = r over a field of characteristic zero, parti-

tioned into blocks a; , of the type (n; X n,),

r r
Y=Y m=n.
=1 k=1

1

Let further

(1,1) A =ua,
—“1,1 ®1,2
A, =[Hw J
. _a2,1! a2,2
. ro‘l,l ,...,0(1,,_1
Ar—l =
| %r—1,15 ov o> Opmtr—1_
A =A.
Let us define the matrices Z{? for i, k, p = 1,2, ..., r in the following way:
1
1. ka) =0
(p) — 7(p—1) (p—-1)7-1 -1
2.Z0 =27 - zi?p—lzp-lzg(zp—l,lz

for p=2,...,r where Z") = Z,

For matrices Z, we have

Theorem 1,1. The matrices A, are regular iff Z, are regular for p = 1,2, ..., 1.

For the proof see [1].
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For i = p, k = plet us introduce V(% as the set of subsequences of the sequence
(i,i+ 1L ...p—=1pp—1,..,k+1 k) which have the following properties:
1° The first element is i, the last is k.

2° Each two neighbouring elements of the subsequences are different.

Theorem 1,2. Let the matrices (1,1) be regular, let A~! = [Bi.] be a partitioned
matrix conformal to A. Then we have

(],2) ﬂi,k = Z(__.l)l"‘m(jl ..... Js) zj—‘lz(_ql) Z.—I . Z{qs‘*l). Z~_1

J1,025 g2 Js—1,js%js 2
(i=Jienis=kev®
ge=min (jjo ), t=1,...,5s =1

where m(jy, ..., j;) is the number of the elements of the sequence (i =Jjupeeuds = k).

For the proof see [1].

In this paper an algorithm for calculating the blocks of the inverse matrix of A
is presented. It is simultaneously an algorithm for the matrices Z{%) for i = p; k = p;
iyk,p=2,..,r.

First, let us introduce the following sets:

For i < p = k, let us denote by U{?) the set of the subsequences of the sequence
(i,i +1,..., p — 1, p, k) which have the properties 1°, 2°. Let (U!?), denote the
set of those elements from U'") which contain the term p.

Further, for i = p 2 k let W%’ denote the set of the subsequences of the sequence
(i, p,p — 1,..., k + 1, k) which have the properties 1°, 2°.

Let (W{?), denote the set of those elements from W(® which contain the term p.

For i < p; k < p let (V{7)), denote the set of those elements from V(% which
contain the term p.

It is obvious that:

(1,3) For i<k, v =Uf.
(1,4) For iz k, Vi) = wi.
(1L5) For i< p, UR,, = VLY.
(1,6) For k< p, A A

(1,7) For i< psk<p, VRO VA D)pur = VD, VO A(VED) L = .
(1,8) Fori<p<k, URUUR")=UR", UDAULY),., =d.

(1,9) Fori>p

I

+1) _ (p+1) +1 .
k, WRO W )per = WE™D L w® A (WED), =
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2. RESULTS

Theorem 2,1. Let the matrices (1,1) be regular. For i,k,p=1,2,...,

us define the following transformation:

1) R = i

(2,2) BP = (P 0)~1

(2.3) B = (B, )7 B for k+p.

(2’4) /35-,”,3 B ”(ﬁ(p Dy-t for i%p.

(2.5) BI = BT = BT, B, )T B for ik p k% p.

Then for i< p; k< p;

.B(ip;); — z (_1)m+1 zZ- 1z(q1) Z! . Z(qs 1)

o y Jr ©inia €z Js=1.Js Is
(i=Jj1yeee,is=k)eVP) 3

(2,6) where g, =min(j,j,+q) for t=1,..,5—1,
m is the number of terms of the sequence (i = ji, ..., j, = k)e V&,
(2,7) for i>pik>p,
B - 200,
(2.8) for i<pik>p,

ﬁ(iplz — z ( )u+1 z lz(n) Z: 1zu2 Z7! ZUs-0)

G 0eu®,, J02% 02 Fhzads vt Tis-1Tis-1.ds
i=j1,e,ds=k)e

where u is the number of terms of the sequnce
(i=Ju..0njs = k) e UR.
(2,9) For i>p;k =< p,

ﬂ(lnl)c — z ( 1) ZY2) z-1gzGs) -1 zUsd) -1

J1,02J2 J2,J377J3 Js=1,0s""Js
(i=j1yeesds=R)EW (P g

where w is the number of terms of the sequence
(i=Jp..0is=kew?.
Particularly, for p = r the partitioned matrix [ﬁf',l = A"t

Proof by induction.

r let
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1. For p = 1, %) = Z, is regular and we have by (2,1)—(2,5)

-1 —1=(1) -1 1) —-1=(1
Zl 5 -'ZI 2125 _ZI Z§35 _Zl Zir)
1)»>—-1 2 2
ﬂ(lk): Z(lel ’ ZZ: Z%S) Zgr)
i, . . .
(1)—»—1 (2) 2)
ZOZor ZD z¢

For p = 2, B%", = Z, is regular by Theorem 1,1 and we obtain

——1 “1 () 7—1o(1)7—1 “1(1)5—1
z;'+z;'2(0Z2;' 2077, -Z7'Z20Z;,
—19(1)—1 -
-Z;'Z20Z71, z,
2 1)5—1 2)7—19(1)g~1 2) -1
ng) = zgl)zl “z(sz)zz 251)21 s Zgz)zz s

1 -1 2 -1 1 -1 2 -1
_Z£1)Zl _ZEZ)ZZ zg.l)zl H Zp('Z)ZZ >

—1=(1 —1=(1)7—1=>(2 —1=(1 y—1=(1)»—1(2
-Z7'ZN + 27'20Z2;'Z), ... —Z7'Z) + Z7' 2802, 1250
-1 2 -1 2
—Z7'Z3) Y Y 452
3
Z zQ
3 3
Z yASY B

It is obvious that Theorem 2,1 is true for p = 1, 2.

2. Let us suppose that our theorem is true for p; then ﬁ;”ll,p“ = Z,,,, therefore
by Theorem 1,1 B7), ., is regular. .

Proof of 2,6:
a) Let i < p+ 1; k < p + 1; then by (2,5)

B0 = B~ B (R pe) ™ R = T (—I T 272
V) g

- (X (=py*rrzpt L Z9 0 NVZN(Y () 2R, 2 =T+ 0.

UP) i p+1 W) py 1

After performing the multiplication in II we obtain obviously a sum where we
summarize over all sequences of the set (V{7*"),, . The sign of every summand
in ITis (—1)**™. Since the term p + 1 is included both in number u and in number w,
it is clear that (—1)**" = (—1)"*! where v is the number of terms of the sequence
from (V&), 41

Since U'”), , contains only increasing sequences and W<, , contains only decreasing
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sequences, we obtain for every Z(q:})t+l in II clearly 4, = min (]-n j:+1)- By relation
(1,7) we can therefore write

pEFD = ,-s:k)eyi,k<»+lg—1)m+l z;'z .zt
q, = min (j,, jo+1)
b)Leti=p+ 1;k=p+1; then
BE b = (B pen) ™ = 25
c)Leti=p+1;k<p+1;then
Bid = —(BR 1 pe) ﬂ;‘?l,k = - p+1(W zl:k(p)( 4SRN A
ot

therefore by (1,6)
ﬁ(pﬂ) = z (_1)m+’1 z;+11 Zk—l

p+1,k =
Vosi o+

dyLeti<p+1;k=p+1; then
(p+1) ( 2 (_1)u+1 Z‘— Zgis_,ll)ﬁl) Z;+11

1p+1 -
Ui,p+1(p)
and by (1,5) we get
(p+1) _ m —1 _
Bipii = Z (—1) 1z ...Zpﬁl.
Vips1(P+1)
Proof of (2,7):
Leti>p+1; k> p + 1; then
1 -
BESD = B = B a(BY 1 pen) ™ PR = ZWTD — ZEINZN ZON Y = Z0t D)

Proof of (2,8):
a) Leti < p + 1 < k; then

(p+1) _ +1 1 =(i) - (Js-1)
ﬂp UZP)("I)'“ Z Ztljz' ZJs 1211 xl
ik
(X (=y=rrz7t. zﬁis 111),+1) Zp+lzyf{-+111)c =
Ui,p+1(P)
+1 1 s 1 -
Y (=0rtzetzl, Lz s Y (myethZ Lz Z0)
Ui kP*D)p4q

Ui (P
where u3 = u, + 1 is the number of terms of the sequence (i = ji,...,

e (UTD), 44
Using relation (1,8) we obtain
pE = T (-0 ZL .

Ui, (P+1)

js=k)e
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b) Let i = p 4+ 1 < k; then
- S0 Zi L 2O

Up+1,kPt1)

(pt1) _ =1 (p+1)
,Bp+1,k - —Zp+lzp+l,k

for U’ contains only one element — the sequence (p + 1, k).

Proof of (2,9):
a) Leti > p + 1 > k; then
PV = S (<) ZRZ 2 -

1,027 J2
Wi k(P
_ 7(p+1) _ 1\w2 702) (k) -1 _
Zi,IH‘I Z ( 1) ZP+1J2 st—l»kzk -
Wp+1,k(P)

= Y (=nmz¥) .. Z;'+ Y (== zZ¢r) .zt
Wi () ' WinP+D)p 4y ’

where w3 = w, + 1 is the number of terms of the sequence (i = jy,...,j, = k)€
e (WL )i

By (1,9) we obtain
PRV = X (=1)"Z.Z

WP+
b) Let i > p + 1 = k; then
/35{);:1) = ng’p—:]l)zl;‘#}l .

For p = r, formulas (2,6) for B{") and (1,2) for B, , are identical, thus the partitioned
matrix [B{)] = A7L.

3. EXAMPLE

An algorithm for the calculation of the inverse matrix of a quasi-triangular matrix.

Theorem 3,1. Let the matrices (1,1) be reqular. Let o;;, = 0 for i > k. Let A™! =
= [B:] be a partitioned matrix conformal to A. Then

(3,1) Z0 =a, for izpkzppz2,

_ m+1l ,—1 -1 -1 .
(2 Bix= -1 %j1is@is, %z -+ Yiegs JOT TSk
(i=j1,esis=k)eV ik F)

where m is the number of terms of the sequence (i = jy, ..., j, = k) e V%,

(33) B.p=0 for i>k.
For the proof see [2].
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Lemma. Let the matrices (1,1) be regular, let o, = 0 for i > k. Then B =
fori>k;p=1,2,...,r

Proof. For B¥, formulas (2,6)—(2,9) are true for p = 1,2,...,r. In the case
of a quasi-triangular matrix, these formulas have by (3,1)—(3,3) the following form:

(2,6) For i<k<p,

Blw = T (=" e o

Vi
for k <i < p, B = 0.
(2,7 For i > p; k> p,
B = ZEFD g

(2,8) For i =p; k>p,
B =Y (=1 o .o k-

Uintp
(2,9 For i>p;k=p,
ﬂ(!plz Z (_l)w i,j2% J_zllz . ak_,kl .

Wi, k(P

Since W(”) contains only decreasing sequences, it is j, > j,.,forallt =1,...,s — 1;
thus o;,,j,,, = 0- Therefore B = 0 for i > k.

The transformation formulas:
B =
,B(P) = (ﬁ(ﬂ 1)-1 ,
ﬂ(p) = (ﬂ(” 1) lﬁztjk—l) for k> p,
B(p)
ﬂ(if') B> 1)(5(1» D)7t for i< p,

i\

0 for k<p,

P =0 for i>p,

B, = BT — B OB, )RR for i< p <k,

pn = B for i>p;k>p andfor i<pjk<p.
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Souhrn
ALGORITMUS PRO INVERZI BLOKOVYCH MATIC

HANA KAMASOVA

V ¢&ldnku je uveden algoritmus pro vypolet inverzni matice k blokové matici
rozdélené na r x r bloki.

Véta. Necht matice (1,1) jsou reguldrni. Pro i, k, p = 1,2, ..., r definujme trans-
formace (2,1)—(2,5). Potom plati (2,6)—(2,9). Specielné pro p = r blokovd matice
[p2] = A"

Author’s address: Hana Kamasovd, Vysoka $kola chemicko-technologickd, Technicka 1905,
Praha 6.
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