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REMARK TO THE PROBLEM OF EIGENVALUES OF SCHRODINGER
EQUATION

IvaN ULEHLA and JAN WIESNER

(Received October 3, 1969)

It is very important to find out quickly and with a satisfactory precision if an
obtained potential, i.e. a certain function of the Schrédinger equation in the so called
inverse problem of nuclear physics, leads to bound states or not.

From the mathematical point of view we have the following problem: The linear
differential equation of the second order

(1) u" + Au=V(x)u

is given where V(x) is the potential satisfying the relation

) J :xiv(x)[ dx < o

and 1 is a complex number.

If A is an eigenvalue, i.e. there is a nontrivial solution of the differential equation
in the interval (0, + o) fulfilling homogeneous boundary conditions at the both ends
of the interval, we shall say that there is a bound state.

It is possible to prove that under the condition (2) there is a finite number of bound
states.

We shall consider solutions u,(x, 1), u,(x, ) of the given differential equatial
equation (2) determined by conditions:

3) u,(0,2) =0, uj(0,2) =1
(4) lim e** u,(x, 1) = 1.

The existence as well as their properties are discussed in [1] in detail (see [1], Chap-
ter I). Further we shall introduce the function S(4) = u,(0, 4)/u,(0, —4); it holds
6] = 1.
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For real values of 4 let us write S(4) = ¢21¥®_ then from the equation
1 S— -
uy(x, 1) = o [ua(x, —2) uy(0, — 1) — uz(x, 2) u5(0, 4)]

(see [1], Chapter II, §3) which holds for real values 2, and from (4) the asymptotic
relation

ug(x, &) ~ A(2) sin (x + 6(1)) x - ©

follows. The function §(1) is called the asymptotic phase.

The following theorem holds (see [1]; Theorem 2 in Addition I is applied to only
one equation).

Theorem. Let be given differential equation (1), let us suppose that condition (2)
holds. Then the number of eigenvalues is

r =2 [50) — e0)] ~ g

where ¢ = 0 if S(0) = 1, g = 1 otherwise.
Let V(x) be defined as follows:

=V, for 0=x<1
(5) Vix) = 0 for 1Sx< o’

Then it is possible to find the asymptotic phase in an analytic way. We obtain by
a simple computation that

(6) 8(1) = arctan [:/6%70) tg /(A* + Vo)] -

Let us consider in relation (6) always the branch of the function arctan so that
the function §(1) be continuous, then we obtain

5(0) — &6(c0) = (n + §)n for \/(V0)=§+n7r
8(0) — 8(c0) = (n + 1) = for 7g~+n7'c<\/(VO)<§+(n+1)7z

and hence for 72 + nn < (/(Vy) < /2 + (n + 1) 7 there exist n + 1 bound states.

In many cases however it is not possible to determine the analytical form of the
solution of the given problem. We show that the same result can be reached by
numerical computation.
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We transform the equation (1) to the equation
@) Vi(x) = - %x) sin® (Ax + y)

which together with the initial condition
(®) »0) =0
yields at infinity directly the asymptotic phase. It holds

xlirg y(x,2) = 8(%) (see[2]).

If the function V(x) is defined by equality (5) then it is sufficient to calculate by the
numerical integration of the equation (7) y(1, 2) which in our case is 6(4), and the
value 1/n lim §(2) gives the number of eigenvalues of the equation (1) when /(V;) =+

A0
# n/2 + nr; otherwise it is 1/m lim (1) — 1. So generally the integer part of the
A=0

value 1/m lim 5(2) gives the number of eigenvalues of the equation (1). On the figure
A—=0

the asymptotic phases for different depths of potential hole are shown so as they
were obtained on the computer.

We can see that a small change of the value V;, does not need to affect §(1) for
A = 0 which assume only discrete values.

We can also use an analogous scheme for another form of function V(x) where
the condition (2) is fulfilled; of course we have to integrate the equation (7) on a longer
interval.
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Souhrn

POZNAMKA K PROBLEMU VLASTNICH CISEL SCHRODINGEROVY
ROVNICE

IvaN ULEHLA, JAN WIESNER

V préci je ukdzdn efektivni zpiisob uréeni podtu vlastnich €isel u Schrédingerovy
rovnice.
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