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SVAZEK 14 (1969) APLIKACE MATEMATIKY ClsLo 4

O MOZNOSTI RIESENIA SUSTAVY ROVNIC
NOMOGRAMAMI S ORIENTOVANYM TRANSPARENTOM

JAN PIDANY

(Doslo dne 22. ledna 1968)

V ¢&ldnku [2] je rozpracovand metodika konstrukcie nomogramov s orientovanym
transparentom, ndjdené zdkladné kanonické tvary a ukdzany sp6sob transformacie
takychto nomogramov. V tejto prdaci hfadime nutné a postacujice podmienky, kedy
sustava dvoch rovnic s 0mimi premennymi a §tyroch rovnic s dvandstimi premenny-
mi daji sa upravit na zakladné kanonické tvary, ktoré je mozné zobrazit nomograma-
mi s orientovanym transparentom.

Uvazujme sustavu rovnic
(1) X7 zf(xla X3, X3, X4, xs,x(,)’
Xg = g(X1, X2, X3, X4» X5, Xg) -
Hladajme podmienky moZnosti tupravy sustavy rovnic (1) na kanonicky tvar
() A7 — Az 4= A1 + A5,
B;s — B34 =By, + Bsg,

ktory mdZeme zobrazif pomocou nomogramov s orientovanym transparentom [2]
(obr. 1).

Veta 1. Nech je dand siistava dvoch rovnic (1), kde f, g v oblasti G si dostatocne
hladké a Gy = G f, . g%, % 0 (i jedno z dvojice ¢isel 1,2; 3,4; 5,6).
Aby
)] Ar6(fi9) = Ay + Ay u + Ass s
B7,8(f’ g) =By, + B34+ Bse»

298



-

pricom A; ,, B;, sii dostatocne hladké a

(4) l)_(Ai.i+1'>Bi.i+1) + 0, i = ]’ 3, 5, 7

D(xiu' xi+1)

Ao X,

Obr. 1. KIUC: (x4, x5) = (x3, X)), (x5, Xg) > (X7, Xg).

je nutné a postacujuce, aby

(5) fiigk = 0(f9),

(6) ik g1 = R(f, ),
0x;

(7) Bir . f1 = 8(1, 9),
0x;

kde i jedna z dvojice &isel 1,2;3,4;5,6; j=k — 1,

2, ak i=1,2,
k=<4, ak i=234,
6, ak i=15,6,
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® 444(f,9) _ 0*Bs(f. 9) _ 0,

n=12,"
6x2n axln+2 a-X:Zn ax2n+2

9) ——ﬁDlchf’ i)) +0.

Pozndmka 1. Podmienka (4) zaruduje reguldrnos{ bindrnych poli (x;, x;, ),
i=1,3,5717.

Pozndmka 2. V dalsom bez ujmy na obecnosti budeme povazovat i = 1, 3,5,
potomi=jak =246.

Dokaz. a) Podmienka nutnd. Predpokladajme, Ze sustava (3) existuje a vyhovuje
(4). Derivujme (3) podla x;, i = 1,3,5

(10) o, Vs _ Ak
of og ox,
(11) OB g | 9B1s g _ Bk
of dg 0x;
Po tprave z (10) a (11) dostaneme
0A 04 04,
12 LB 4 (gl fL) 8 s DRk g
(12) of (92 1%) e = ox. 1
0B 0B 0B;
13 L8y (gl fr) S = TRk
(13) o S 3 ox, i

Aby sme mohli povaZovaf (12) a (13) za parcidlne diferencidlne rovnice vzhladom
na A4, (f, g) a B, g(f, g), musia platit podmienky (5), (6) a (7). Z (12) dostaneme
’ ’ aAl ¢ aA‘n 3
(14) fx; :fx,, = —-tk : —k s

ox;  0x,

n=3an=5aki=1;n=>5aki=3.
Logaritmujme (14), potom derivujme podla x;

.0 0 . 0A4;
15 — g (fL. :fl) = —1g =ik
(15) 0x; g(fe S, ox; £ ox;

Ak oznalime prava stranu (15) Pl(xi, xk), potom

(16)

0A;

= (p(xk) ol Pilxixiydxc.
0x;

1) Je len podmienka postadujica.
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Analogicky dostaneme
(17)

= ./, X. efPZ(Xiyxk)dxi
0x; (<)

o(xy), ¥(x,) sa Tubovolné funkcie.
Z (3) dostaneme

(18) D(Ax,z, BI,Z) = D(A7,s, Bv,s). D(f, g) ]
D(xy, x,) D(x;, xg)  D(xy, x,)

Podmienka (9) vyplyva z (4) a (18).

b) Podmienka postadujuca. Predpokladajme, Ze pre f a g st splnené podmienky
(5)—(9). Pretoze funkcie f a g su dané z (5) uréime Q(f, g) a z (6), (7), (16), (17)
M(f, 9), N(f, 9)-

Zostavme rovnice

(19) %,- +0(7.9) 410 = M(f.g).
0B, ¢

(20) 00 = N (),

ktorych rieSenia nech st

(21) A7,8(f’ {J) = F1(f, g) + ‘pl[K(fa g)] ,

(22) B7.8(fa g) = Fz(f’ g) + (pZ[K(f, g)] .

F, F, su partikdlne rieSenia (19) (20) a @, @, obecné rieSenia homogénnych rovnic
prisluchajucich (19), (20).

Berme do uvahy podmienky (S), (6), (7) pre riesenie (21) a (22), potom (19) a (20)
moZeme pisat v tvare (12) a (13), alebo

(23) ~MMM-“*

l

g = 9Bix
(24) (Txl [B7ys(f’ g)] = ox .

Z (8), (23) a (24) vyplyva, Ze
(29) Ar8(f.9) = A2+ 434 + As s,

B, &(f, 9) = Br2 + Bsu + Bss .
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II.

Uréme podmienky moznosti upravy sustavy rovnic

(26) X7 =f(x1’ xZ’ X3, X4, xs, x6)9
Xg = g(xh X2, X3, Xg, X5, x6) 5
Xo = m(xl, X3, X3, X4, X11, x12) ,

X10 = "(xl, X2, X35 X4, X771, xll) >
na zdakladny kanonicky tvar

AI.Z + A3,4 = A7,8 - A5,6 = A9,1o - A11,12 ’
Bi>+ B34 =B;3 — Bss =By 10— Bi1,12,

ktory se dd zobrazif pomocou nomogramov s orientovanou priesvitkou [2] (obr. 2).

Veta 2. Nech je dand sustava rovnic (26), pricom f, g, m, n v oblasti G sit dosta-

tocne hladké a v G, = G f, . g%, . my, . n, % 0 (i je jedno z dvojice ¢isel 1,2; 3, 4;
5,6 a k jedno z ¢isel 1,2;3,4; 11, 12).

Aby sa sustava rovnic (26) dala upravit na tvar
(27) Ajp+ Az s = A7,8(f» g) — A5 = A9,10(’”, ”) — Ai1,12»
By, + 33,4 = B7,s(fs 9) - Bs,s = B9,10(m’ ”) - 311,12 s
pricom A, ,, B, su dostatocne hladké a
D(A

DlidiierBuisa) Lo 21,357,011
D(xi, Xit1)

(28)

je nutné a postacujuce, aby

(29) ny, :m, = H(m,n),

(30) %Ll'—‘é cml, = V(m,n),
Xk

(31) Biisz = T(m, n),
axk

kde k je jedno z disel 11, 12,

(32) D(f, g) : D(m,n) _ D(f,9) : D(m,n) _ D(f,9) : D(m, n)‘
D(x3, x3) D(x3,x3)  D(xq,x3) D(xq,x3)  D(xy, %) D(xy, x5)

Pozndmka 3. V dalSom budeme povazZovat k = 11.
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Dokaz. a) Podmienka nutnd. Predpokladajme, Ze ststava rovnic (27) existuje
a vyhovuje (28).

Obr. 2. KIU&: (xy, x;) = (x3, xy), (x5, xg) > (X7, Xg), (Xg, X10) > (X[, X15).

UvaZujme sustav

(33) A + A3'4

A7,8(f1 g) - A5,6 >
B7.s(f’ g) — Bss.

1

B, + B3‘4
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Podmienky existencie sustavy (33) sme odvedili vo vete 1. Predpokladajme, Ze tieto
st splnené, potom mozeme urdit funkcie A; ;+1» Bi,i+1» i = 1,3,5,7 a (27) upravit

na tvar
(34 Ao 1o(m, n) = ulxy, x2 X3, Xs) + A1s 12,
Bq 1o(m, n) = v(x;, x50 X3, Xa) + By 12
kde
(35) u=A,, + Ay,y, v=DBy,+ Bsy,.
Derivujme
(36) Woro 4 Pomo =, i =1,2,3,4,
om ' on '
(37) 945,10 m. o+ 049,10 w = 3A11a1g’
om M on M 0X 14
(38) 639510 m;i + 639910 n;,. = U;I. , i = 1’ 2’ 3’4’
) om dn
(39) 0By 1o o 0B, 10 o= 0By .12 '
om on 0%44

Utvorme maticu

A=|m.nu,v.|, i=123411,

kde ul,, = 0A;q,12/0%y1, Vy,, = 0B;1,12/0X,;.

Z (28) a (35) vyplyvd, Ze

(40) D(u, v)
D(-xh xl)

tj. h(A) = 2.

Ak zoberieme do uvahy (36)—(39) vidime, Ze treti a Stvrty stIpec matice A sa daji
linedrne vyjadrif pomocou prvych dvoch stlpcov, preto h(A) = 2 a

*0,

(41) D(m, n, u) _o, D(m, n, v) 0.
D(xp X2, x11) D(xlaxZaxll)

Z (34) dostaneme

D(u, U) = D(A9,105 Bg,m) _ D(M, n) )
D(xl’xl) D(x9’ xlo) D(xb xz)

(42)
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Zo (40) a (42) vyplyva, 7e det |m} n} | # 0 (i = 1, 2). Po tiprave zo (41) dostaneme

(43) [u' _D(m,n) . _D(m. ")]. D(m,n) _ A1z

X1 Uy, . =
D(xz’ X1 1) D(xp xn) D(xp xz) 0X14

(44) [U, D(m, n) . D(m, n) ] D(m,n) 63”.12.

" D(xz,x“) ” D(xl,xn) 'D(anz) - 0x14

Z (37) a (39) dostaneme

0
(45) 949:10 + (ng,, :mg,) 949,10 = 0Ai1,12 Dmy,,
om on 0x 4,
0
(46) 9Bss10 + (ng,, :my,, 9Bs.10 = GLITRE] Tmy,
om an 0x14

Aby sme (45) a (46) mohli povaZovaf za parcidlne diferencidlne rovnice vzhladom na
Ao 10(m, n) a By ;4(m, n), musia byt splnené podmienky (29), (30) a (31).
Z (36) dostaneme
D(m, n) D(m,n) D(m,n)

(47) ———Lul - ul, + u,. =0.
D(x,, x3) D(xy, X3) D(xy, X,) :

Podla predpokladu podmienky existencie sustavy (33) su splnené, preto podmienka
(47) plati aj pre f a g.

(48) _D(f,g) “;1 _ D(f,g) u;z + D(f,g) u;s
D(x5, x3) D(xy, x3) D(xy, x,)

0.

if

Podmienka rieSitelnosti sustavy (47), (48) vzhladom na u méd tvar (34).

b) Podmienka postadujica. Predpoklddajme, Ze podmienky (29)—(32) st splnené.
PretoZe funkcie m, n, u, v pozndme, z (29), (30), (31), (43), (44) ur&ime H(m, n),
V(m,n), T(m, n), a zostavime parcidlne diferencidlne rovnice

(49) 5,00 1 H(m, n) 249210 — p(m, 1),
om on

(50) 989,10 + H(m, n) 9Bs.10 _ T(m, n),
om on

ktorych riesenia nech st

(51) Ag 10(m, n) = A,(m, n) + C,[B(m, n)],

(52) Bg 10(m, n) = Ay(m, n) + C,[B(m, n)],
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kde A, a A, st partikuldrne rieSenia (51), (52) a C, a C, obecné rieSenia homogénnych
rovnic prislichajicich (51) a (52).

Ak berieme do tvahy podmienky (29), (30) a (31) pre rieSenia (51) a (52), potom
(49) a (50) moZeme pisat v tvare (45) a (46), alebo

(53) 0 [A9 10(m, n)] = g’i}ig’
0x14 ’ ox,,
(54) 0 [39,10(”1, n)] = ?ELI_,LZ’
0x 44 o
odkial
(55) A9,1o(m, n) =A,2 t+ l_l(xl, X,, X3, x4) ’
) Bo,1o(m, n) = Biy,1z + B(xy, X2, X3, Xa) -

Derivujme (55) podla x; (i = 1,2, 3, 4)

04 0A ,
9.10 s 4 920u10 0

57 n, =1,

(57) om ' on ' '

odkial

(8) Dm,n) g Dlmon) gy Dlmm) o

D(xy, x3) 1 D(xpx3) o D(xg,xp)
Ak berieme do ivahy podmienku (32) pre (58), potom

(59 DUr9) g, - P9 g D0 g
D(x3, x3) D(xy, x3) D(xy, X,)

Z (47), (48) a (8), (59) vyplyva
(60) (X, X5, X3, X4) = Xy, X, X3, Xg) .
Podobne dostaneme
(61) 0(xy, Xy, X3, Xgq) = V(X|, X, X3, Xy) -
Dosadime do (55) a (56) pravé strany (60) a (61) dostaneme identitu (34).
Priklad. Majme sustavu
x7 =sini[x; + x; + X3 + 2x4 + x5(x5 + X6)],
xg = Ji[x; — x; + 3x3 + 2x4 + xs5(x6 — x5)],
Xo = x;, 142t 2xatshay

X10 =(x1 = Xp + 3x3 + 2x4 +shxy — x;; + 3lgx12)2.
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Lahko sa presved¢ime, Ze predpoklady vety st splnené, pricom
Q(f’g)=1'2g\/(1_f2)! S(f;g)=09 R(f,g):Z:\/(l—fz))
H(m,n) =6./n:m, Vim,n)=1:m, T(mn)=—-2:m.

Zostavme rovnice

04, ¢ 1 0474 2
of  24J0U-f) a9 JU-sY
0By | 1 By _

of 291 —-f>) dg ’

04, 10 + 6\/n 045,40 1
om m on m’
0B, 1o N 6Jn 9Bgio _ 2
om m on m’
odkial
A;5(f,9) =arcsinf + g*, B;4(f,g) = arcsinf — g2,
Ag 1o(m, n) =Igm, By yo(m,n) =1gm — /n,
t.
Xy + 2x3 4+ 2x, = arcsin x; + x; — Xx5X¢,
X, — X3 = arcsin X; — xz — X2,
Xy + 2x;3 + 2x, = 1gx9 — shx;; —1gx,,,
X, — X3 =lgxy — \/xm — X+ 21gxg,,
alebo

Xy + 2X3 + 2x, = arcsin x; + xg — XsXg = lg xg — shx;; — lgx,,,

Il

: 2 2
X, — X3 =arcsinx; — X3 — Xz =1IgXg — \/X10 — X;; + 21gx,,.
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Summary

ON THE POSSIBILITY OF REPRESENTATION OF A SYSTEM
OF EQUATIONS BY NOMOGRAMS WITH ORIENTED TRANSPARENCY

JAN PIDANY

The paper derives the necessary and sufficient conditions under which the system
of equations

X7 = f(xls X2, X35 X4, X5, x6) >

xg = g(X1, X3, X3, X4, X5, Xg) »
can be modified to the form

Ay g — Az = A, + A5,

B;g — B34 =B;, + Bs»

and the system of equations

X7 = f(xn X2, X35 Xg, Xs55 x6) >
Xg = g(xla X35 X35, X4, Xs55 x6) s
X9 = m(xl,xz, X3, x4,x11,x12),

X10 = n(xn X2s X35 Xg, X115 x1z) s

to the form
A, + Ay = A7 — As g = Ao10 — A11,12»
By, + B34 =B;s — Bs g = Boio — Bi1,12>

which can be represented by means of nomograms with oriented transparency.

Adresa autora: Jdn Pidany, Nam. Februaroveho vit. 9, KoSice.
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