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SVAZEK 13 (1968) APLIKACE MATEMATIKY ClsLo 6

THE REISSNERIAN ALGORITHMS IN THE REFINED THEORIES
OF THE BENDING OF PLATES

ALEXANDER HANUSKA

(Received February 1, 1967)

In this paper equations are derived for the bending of plates, that represent a certain
generalization of the refined theories presented by I. BaBuSka and M. PRAGER
[1—4]. The authors have shown that by accepting the notion of an asymptotical
energetic error it is possible to find a unique algorithm (called by the authors “the
Reissnerian algorithm”) of the gradual refinement of Kirchhoff’s technical plate
theory. In the following is derived a differential equation of infinite order which is
formally related to Lurje’s equations [5, 6], and the boundary conditions, which
in the given case correspond to the solution of the so called internal problem (the
fundamental state of stress), are clarified [7, 8].

An outline of the important results obtained by the various authors is given by the
survey papers [9—12].

1. In the works [1—4] it has been shown that if the displacements u, v, w are
approximated in the form of finite series

(L) o1 10) = 3 (=17 W s, ) ),

N
on(x, y, ) = —21 (=D R by(x, y) 03(0)

N+1

wale o ) = 3 (=17 1272 efx, ) Y20
i
where 2h denotes the thickness of the plate, a;, b; and ¢; are the solutions of the
respective Eulerian equations, and ¢? and 2 are certain “optimum” polynomials,
the energetic error of this approximate solution, when compared with the exact
solution of the threedimensional equations of Lamé, will — for a whole class of
functions expressing the loading — be minimum. The optimum functions ¢ and ¥
represent polynomials and have been derived in [1]. Some of their first values,
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required further, are
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where
(1.3) y=2(1 —v)

and v is Poisson’s ratio.

In this paper we shall be concerned with a special case when the functions a;, b;
and ¢; may be expressed in the following manner
(1.4)

A1 wy(x, A1 wy(x,
o) = AT ) 8 e
0x dy
where 4 denotes the twodimensional Laplace operator.

When substituting equation (1.2) and (1.3) into equation (1.1) we can see that the
obtained formulas for the displacements are formally identical with the expansions,
the first two members of which were determined by L. H. DONNEL in a different
way [14].

It may be shown that if in the series for displacements obtained in such a manner,
we consider the limit N — oo, it is then possible to sum up these series formally
and we shall obtain

0 o4~ 94 wo _ 4 s 3 0Lywo

4
1.5 u(x, y, h —1)i71 p2it1yp R
(19 uwydd) = 3 (=) Mo _ 3o O
=4
3
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i=1 ay oy

> C,-(X, )’) = Ai_l W()(xa ,V) s
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where L, and L, are partial differential operators of infinite order, which are regular
in the sense of [15]

(1.6)
Li(/(4)h, Q) = [J(4) h sin \/(4) h sin \J(4) h{ + /(4) h cos \/(4) hcos \J(4) h{ +

+ (y — 1) cos \/(4) h sin \/(4) h{] sin 2 J(4) ,f'_ 2J(4)h°

Ly(/(4)h, 0) = [J(4) hsin {/(4) h cos \/(4) h{ — /(4) h cos \/(4) h sin/(4) h —

— ycos /(4) h cos \/(4) ht] sin2 U j) 7,/(?)2 JA)h

Starting from equations (1.5) we derive the differential equation of the problem
and we make clear the form of the corresponding boundary conditions. For this
purpose it will be useful to apply the Lagrange variational principle.

y

Fig. 1.
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Let us assume that on the upper and the lower plane of the plate (Fig. 1), only
a normal load +1g(x, y) is acting and on the cylindrical surface of the boundary
C(x, y) = 0 the homogeneous boundary conditions are prescribed. The potential
energy of the plate will then be given by formula [16]

1 2 2 2 2
e B ()
2 -1 ox Jdy hd¢ 0x oy h ¢
2 ] ] 2 )
+ u[(a_w + _@_) + (ﬂ + 93) + <a_u + ”‘) ]}dxdyth -
dy h ol hol ox ox 0y
- -U w(x, y, h). 3q(x. y) + w(x, y, —h) . 3q(x, y)] dxdy < o0 .

In this equation 4 and g are Lamé’s constants.
From the Lagrange principle it follows that §V = 0, from which it is

Y'[Afou oo d6u  ddv  dow
(1.8) =+ —+—= +—+—)+
e \ox  dy h@C ay h o
(614 oou  Ov ddv ow 00w ow ov dow  0ov
+2[=—+——+ —— )+ |+ =)+ =)+
0x 0x dy 0y hol hao dy haot)\ dy h o
ou 65u aow dv  ou\[0év Odou
L0 +—\)+ (= +=)—+—=—)|ndt -
h ax ) \n o 0x dx 0Jy)\ 0x dy
1 qéw(x,y,h)}dxdy =0.
I
When (1.5) is substituted into (1.8) and the relation
(1.9) A _ 2=

nwooy—1
is used, we obtain

(1.10)
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where D is the flexural rigidity of the plate according to the technical theory of plates

(1.11) p=d s _ Suk
31 —v 3y

It is important to point out the meaning of the points in (1.10) because they indicate
the limit of the action of the corresponding operator. In the equation (1.10) there
are terms containing the values of operators of the variations of w,. We, however,
need the variations of the function w, itself and of its normal derivatives. Such an
arrangement of the equation (1.10) is possible by using the formula derived by
V. K. Prokoprov [17]. According to this it holds

0 k—1
(1.12) fU .X(A) V.dxdy =JJX(A) U.V.dxdy + }: {X""(A)U ?Aa——f -
k=1J¢ n
(k)
— M . Ak*ly} ds .
on

In this equation X(4) is the differential operator

(1.13) X(4) =ia,—A",

and X®(4) is the so called k-th reduced operator
(1.14) XO(4) = Y a,407*,
i=k

The relation (1.12) is a generalisation of Green’s formula

(1.15) U.AV.dxdy = ||4U . V.dxdy +| (U. w_ou .V )ds.
c on on

Using, in equation (1.10), Green’s generalized formula (1.12), the ordinary Green
formula (1.15) and an integration by parts, we obtain

(1.16)
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d oL oL - oL ‘
— 5;175{;,62{ w, . A ‘5w0>dsth~f—[[ <_.L+LZ> Wo.0wodxdy hdl +

JL, @)
an\nor * P
apk-1 (k)
. ?‘11+L2 wo.w_‘a_A. a_Li+L(IZ() ?Ll"‘Lz wo . 41 owg L.
h o on on \ha h ol
2
dsth+2fJf A2 w, . 5w0dxdyhd(+2ff [6L1Wo é’L;c’iwo+
n

L, oL, oL, dwy 0 ©
S Ty LY D AL wy . Ly dwe + Y (421 Lyw, .
<6n ds 0s os os onOTTITTO k;< P

Ak—-l S Kl !
R T awo)] ds dh df — = { j J f L(J@)h1) .
n yD -1

on

1 0 k—1 s
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In this equation the operators L, and L, are given in their finite form by equation
(1.6). For further calculations, their form in series following from equation (1.5)
is also advantageous:

(1.17) L@ RO = 25 T (<1 () 7 65,0,

3
4h? j
i

LV D) = 25 3 (=1 () B 020

The reduced operators L and L), according to the definition (1.14) will be
(1.18) LY) 1, 0) = 302 3 (= 1) (J()Y ¢ 4k1(0)
=0
LPW(A) b, ©) = 30273 3 (= )7 (J(A)h) ¥ sas4(0) -
i=o ,

Further in equation (1.16) o is the angle between the tangent to the curve C(x, y) =
= 0, and the axis x (Fig. 1), and du/ds is the curvature of the boundary C. The

Laplace operator in the line integrals is
02 0* >  Ou 0 3
+

119 Asz_{_”__:__.*.___; —_
( ) on* o> on* dsdn  0s?
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With regard to the arbitrariness of dw, the members with the volume integrals in
(1.16) will be equal to zero

(1.20)

ﬁHJ [ < o+ 6L2> + 2<6—L2—>2— @5 + Lz) A+ 204 A]wo.hdc _
y—1 h ¢ h ot h ot

- —2—D Ly(\/(4) h, 1) q} dwodxdy = 0.
Y

When substituting for L; and L, the expressions (1.5), and taking 4 as a number,
the expressions in (1.20) can be integrated with respect to {. We are not giving here
cumbersome calculations, we only present the final result

(1.21)
J‘J‘[_ZV 4 /(4) cos® J(4A)h Awy + 7 4 /(4) cos® /(A)h ]
sin2./(4) h—2./(4)h (1 —v) Dsin2.J(4) h — 2 J(4) h

.Owgdxdy =0.

With regard to the arbitrariness of dw, the expression under the integral must be
equal to zero. From the latter we obtain the basic differential equation of a variant
of the refined BabuSka-Prdger theory

2
(1.22) Ao VR [y 4 g

sin2/(4)h — 2. J/(4) h 2(1 = v)D_
The transcendental differential operator standing before the bracket is then

—(1/y) L,(\/(4) h, 1) and thus using (1.17) we can write the equation (1.22) in the
form of a differential equation of infinite order

1.23 1) (— 1Y~ 24| A2y — ——1 =0,

(1) 5 e (- [0~ 53]

where the values of 9 are given in (1.2). The first three terms of this equation (1.23)
are

(1.24) ( g1 4+ 2 o LRy .)[Azwo - ﬁﬁ] ~0.

This equation is identical, up to the terms of the order h*, with the equation derived
in [18] directly, provided that we consider in equations (1.1) and (1.4) N = 2.

It is worth noticing that the biharmonic solution of the equations (1.22) and (1.23)
corresponding to Kirchhoff’s theory, represents a particular integral of these equ-
ations.
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2. It remains to determine the boundary conditions for the differential equation
(1.22). For this purpose it is necessary to substitute in the equation (1.16) for the
operator L,, L,, LY and L% their expansions (1.17), and (1.18), and to integrate
with respect to {. No elementary operations and arrangements are given here, only
the result is pressented in the form

9 0 0 . ) ~ 2 — ) aAk*l (Sw
Q1) —| X X Y(-1)ythpriraee)s ) WA o, Awg oMo _
8h° Jci=1k=11=1 y—1 on
o4 . ) A1 5 k-1
— hZAj,O'k_GEQ A1 Swy + B;, A, a_hvﬁ’ — BM?_L& Ax—1 Swo +
n on on
Y oA '
+ hzcj‘,k Alwy = - Wo hZCj_k %’9 A1 Swy + (_1)1 hzt+sz,k,l A%y, .
04 ™1 dw, oAty
— — (=1 lh2!+2D' —%()Ak—l (SW +
0 e S g,
Y L oA
2 l:hZEj'O'k 4wo " h*E; ok 8o gr-1 owy +
on on
. k-1 i+l
+ (= 1) R2P2E, At %Eé“@ — (=)' R2E, %an Wo k-1 (SWO] .
oA’ ) k=15
+ h4Fj,1»k-—5ﬁ A 0wy + (1) B2 F, AT %—5“—0 -
" n

o4’ 24wy 94* 1 Sw
— (=)' RF 2 A Sy + 2| WP, W0 0d OWo
( ) Jak,l on 0 J,0.k anz on
024w 0o 041~ Twy\ 94*1 Sw oAiw
+ 1?4, S e © — hA; 0 0 A Sy
"°”‘( onds  ds  os ds POk on °
., k-1 Jj+l
+ (=) h224;, AT ‘M—aﬂ‘? - (=D'mr**2y,, 04" o A1 5w0] +
n
an* i1 04 L ow, 94Ty
+ — ¢ 477! 0 — A owo [Yds =0,
3yD g )[ 1 on ‘ On °
where we denote
1 .
(22) ise= [ ofuotac. ,

0

B., = —L 9%d¢,

. L ar ¥

,. Lrdy® dy?
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(45 dyy
D.., = STkt 50 =l %) de,
Gkl ~0( dr ‘P,+k)< de @

r1 d O 0
Ejxp = *l/ijjﬁ"l Ei—l//j:—l dg,
JO C s

r1 d(pO d(pO
Fiwr=1 (2 + 49 CEL byl ) de
Jik,1 Jo ( ¢ Jj+k d( I+1

Some first values of the coefficients 4;,, — F;,, are presented in Tab. 1.
Further we substitute these coefficients into (2.1) and we arrange the individual
terms according to the variations 04* dw,[dn, 04 Sw,[ds and A* Sw. In the calcul-

ations the terms containing A*q and 04*q/0n must be eliminated by using the equation
(1.23). We obtain

2 2 2
(2.3) aWO by o TN A (OAW, | 0x0dwe)
on? ds 0On 0s? 5 0s? ds on

_ﬁﬂW@Ww+%ww§iJ@w+
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2
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525 on? ds On 0s? on

+ [y 0*wo  Ja dwg 42 h2 22 =) 04wy do 04w, N
onds 0Os 0Os on 0s Jds 0Os
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*w Oo Ow h*
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|: n2 - (6 ds 0ds Os ) 525 (85 ! )

0*Aw, O 04w, 04 dwy
LU T g
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n
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Table 1

1, 2
Ao =377 At =A01= A2 = 502,

A= Az02= 1575 —— (8577 — 332y + 340), A[, = Ay = A30,1 =
R e S
L0375 7
Bia—0, By, — Q2—7), By,= P B @—?
1k =Y 2,1 = 37’ 7) s 3,1 — 15" ’ 2,2 15 (2
B =2 g ] 8 - 170y — 85), B, 4 — —— (7 — 22
417 5750 D327 575 TS Pas = 155V ’
c —2( DE—2) c -4( DE—2 Cra= = =1
=30 Y , 210 = 5 7 ’ 2= 3 ’
c o Dhe—9. C 2 @85y —4), C -y,
317 575 N G20 = 550 4 R 1575 y
D :i(y—l)z Dy, =D =—i(y— n*, D =—(7—1)2
1,1,1 15 > 2,1,1 1,2,1 1575 > 1,1,2 315

! 2
Eion = 3(7 — 2%, Eyou=Eop=Eii1= EJ’(Y -2,

s

2y
Ezo01=Ej03=E(3,1=E; (1= 1575(2—)) Ei1,2=E;0,=

= —— (85y> — 8y + 16),
1575( y y + 16)

32 32
Fl.l,l = FZ,O,I = 1-5' s F2l1,1 = F1,1,2 = Fl,Z,l = — 1&5‘:]—5-’

. e —

4 8 8
Gy oy Gy =0, Gyoye —(r4+2), Gy,— 2.
21737 31 2,2 15(7+ ) 3 1575(y )

8
Gy oyt 2 .
2.3 1575 +2.
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Let us show further that it is possible to give a physical interpretation to the terms
in the brackets. We shall, therefore, introduce polymoments and shearing polyforces
in the following manner: The expression

h2 1
(2'4) M'; = - ’;‘j ‘qu’l(¢’+1 dg
-1

will be called the k-th bending polymoment.
Similarly the k-th twisting polymoment will be

h2 1
(25) Ml;y = - _J. Txy(/)I?+l dC
YJ-1
and the k-th shearing polyforce will be
v _ k(!
(26) o= J f2a L

-1

In these relations o, 7,, and 7., are normal and tangential stresses acting in the
cross-section x = const.

When for the stresses we substitute the corresponding terms from Hooke’s law,
we obtain

(2.7)

2h% 4uhd (P2 -y OL,w *w
ME = — SRS TV AL wy + S2%0) 4 ogp, T Mo d¢ =
x j l: 1( 1Wo h ot 1 o (Pk+1

y 3 Y —
N33 © 2 4i-1
- _ 2uh Z (__])i—l p2i=2 24; 0051 Q_A__ﬂ +
Yy i=1 ox?
2 - i
+ }’Tl (A:0k+1 - Bi+l,k+l)A Wo |,
‘ 2h% 8uh® ([t 9*L,w
2.8 M = — 120 @2, dl =
( ) y ’ 3 Jo ox dy Pi+1
2 4i-1
_ 4/1h z ( 1)1 1 h21 2A10k+1 _a_A_____lvB’
b 0x dy
2h 4uh’ 3} 0L,
2.9 A = L, + w dt =
29) ot =2 ja( hac) .
2 oA’ w0

h3
= -2 Z ( 1)' Yh¥ 726Gy K+ 1
Y 0x
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where the values
1 0
(2"0) Gi,k :"J\ (dd(p} + '/1?) l//I? dC
6

are also given in table 1.
When we consider that on the edge (Fig. 1) it holds [19]

dwg _ dwg

211 o _ MWo
( ) ot ds

O*wy _ PPwy o dwg

on 571 on 0s (75 Js

and the operator 4 is given by the expression (1.19), then we can determine the
values M¥, MY, QO on the edge by a transformation of the moments and the shearing

forces given in rectangular coordinates. We shall give here the three first polymoments
and shearing forces up to the order h* only

2.12)
2 2
M2=_§Hh36w0+v%6w0+v6w0_2h26Aw0+6_oc8Awo N
3 on? Os On 0s? 5 0s* ds on
_ g_ig b (622122w0 + Zoc 6A2w0> B ]
s s
3 2
M::M§v6w0+\?g%+ 0w +—(v+2)h2A2w—
3y |5 \on? 0s On 0s?
n? 024w, 0o 04w
— ——(85y% — 332y + 340 04 — 10 ],
525( 4 )< 0s? ds 0On
32 uhd[ow Oo Ow 0w
M2= — Z_y— O 4y =20y 204 ],
1575 y [6n2 0s on 0s?
(2.13)
MO = — i,uh3 ) Pwy  Ox Owg L2 (2 2) B 0*Aw,  da 04w, +
3 on 0Os 65 Js on Js ds Os

2 2
+ —7;(2— v)h“(——*a 4 W°~6—aaA w°>+ }

525 on 0s Js 0s

2
My, = 0 ( — o) (Lo _ 229w, + 17 (852 — 332 + 340).
3y onds 0s 0s 525

82Aw0_%641w0 N
‘\onos as as
ML = _ h? iv(v—2) 0w, _ 2 Owo + ...,
3y |525 onds 0s 0Os
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_8 1 94wo
on

[\
e
[

" 4uh’[4 04w, 5
= |- +2)— = —OHr—-2)h ~—+
9 3y 5(’ 2 on 525 (y ) on

2 4/1h 04w,
. = +2 e
¢ 3y 525 (Y ) on

When comparing the expressions in the brackets of the equation (2.3) to the equations
of the above polymoments and polyforces (2.12) to (2.14), we find that equation (2.3)
can be written in the compact form

. 2
@15) [ (= Mmoo o papgr 9A0Wo _ payy2 947 0Wo
4uh® on on on
_ h4M2 5A25w0

ds ds " s

MO

00wy 2t 240Wo .

+ Q0 0wy — h2QL Adw, + h*Q? A*ow, — ) ds=0.

Equation (2.15) can be arranged into the form

(2.16) j E(=1)th IZ'[M' 04wy _ <Q;‘ aM"‘)A 6w0] ds=0.
¢ on 0

i=0 S

From this equation we obtain the static boundary conditions in the form representing
a generalization of Kirchhoff’s conditions
OM,, ;

(2.17) Mi=0, QO+ e *=0, (i=012..).
N

‘We can see that apart from fulfilling the ordinary boundary conditions of Kirchhoff,
which formally correspond to the case i = 0, (of course when neglecting the terms
of order h? and higher in the equations (2.12 to 2.14)) it is required that all, the
i-th bending polymoments and the i-th generalized shearing polyforces, should be equal
to zero at the edge. It is obvious that the introduction of one function wy(x, y)
enables to satisfy for all |{| < 1 two boundary conditions only and, therefore, on the
free edge there remain the nonvanishing stresses t,, and t,,. These will represent the
boundary effects of the Saint-Venant type and thus the solution corresponds to the
fundamental state of stress [20]. However, the above solution is more general than
that corresponding to the biharmonic solution only.
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REISSNEROVSKE ALGORITMY V SPRESNENYCH TEORIACH
OHYBU DOSAK

ALEXANDER HANUSKA

V ¢ldnku sa vychddza z tedrie Reissnerovskych algoritmov, predloZenych I. Ba-
buskom a M. Prdgerom. Pre 3pecidlny pripad jednej nezndmej funkcie wy(x, y)
su vyjadrené posuny u, v, w pomocou diferencidlnych operdtorov nekoneéného radu
rovnicami (1.5). Pri aplikdcii Lagrangeovho principu je treba pouZif zobecnené
Greenove formuly (1.12) odvodené V. K. Prokopovom. PouZitim tychto formul
a integrovanim podla { obdrZ sa diferencidlna rovnica nekoneného rddu (1.22).
Je ukdzané dalej, Ze prislusSnym okrajovym podmienkam je mozZné dat fyzikdlnu
interpretdciu zavedenim polymomentov a polysil podla (2.4—2.6). ObdrZzané okra-
jové podmienky (2.17) predstavujii zobecnenie Kirchhoffovych okrajovych podmie-
nok a tedy uvaZovany pripad jednej funkcie w, zodpovedd len zdkladnému stavu
napétosti.

Pesrome

PEMCHEPOBCKHE AJITOPU®MBI B VTOUHEHHbIX TEOPUAX
M3IrubA TTJTACTMHOK

AJIEKCAHJEP T’AHYIIKA (ALEXANDER HANUSKA)

CraThsl UCXOOUT U3 TeOpHH PeilcHEpOBCKUX aropu(™MoB, TpeltoxeHHbix .
BabymxoMm u M. ITparepom. I CieluaibHOTO Ciydast OMHOW HEU3BECTHOM (yHK-
UK Wo(X, ¥) BRIPAXAIOTCS MepeMeIieHust U, U, W IPH MIMOIIH TuddepeHIMaNbHBIX
OnepaTopoB GeckoHe4HOTro Mmopsiaka ypaBHenusivu (1.5). ITpu npuMeHEeHHU IPHHIH-
ma JlarpaHxa Hamo moJib30BaThHC 0000mIeHHBIMU dopmymnanvu ['puna (1.12) BEI-
senennbivu B. K. ITpokonoseiv. Ucnonb3oBanueM 3Tux GOPMYST U UHTETPUPOBa-
mueM 1o { noitydeHo quddepenumantsioe ypaBHeHne 6eckoreqHoro mnopsaka (1.22).
B manbHeiureM Troxa3zaHoO, YTO COOTBETCTBYIOLIWE TI'PAHUUHBIC YCIOBUS MOXHO
HMHTEPIPETUPOBATL TOCPEICTBOM BBEJACHUS MOJMMOMEHTOB M HOJIHCHI CIICAYS ypaB-
HeHUsIM (2.4—2.6). ITosxyyeHHbIe rpannvHbie yciaoBus (2.17) mpeacTaBiisitoT 06001e-
HUe TpaHnyHbIX ycioBuid Kupxroda m paccMmaTpuBaeMblil cityyait oaHo# (yHKIMK
COOTBETCTBYET TOJIbKO OCHOBHOMY COCTOSIHHIO HAMPSDKEHHUSL.

Author’s address: Ing. Alexander Hanuska CS.c, Ustav stavebnictva a architektury SAV, Da-
bravska cesta 4, P.O.B. 1191, Bratislava.
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