Aplikace matematiky

Milos Novotny
Vyjadreni transformace z Carsonovou-Laplaceovou transformaci
Aplikace matematiky, Vol. 10 (1965), No. 6, 483-488

Persistent URL: http://dml.cz/dmlcz/102989

Terms of use:

© Institute of Mathematics AS CR, 1965

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/102989
http://dml.cz

SVAZEK 10 (1965) APLIKACE MATEMATIKY CisLo 6

VYJADRENI TRANSFORMACE Z
CARSONOVOU-LAPLACEOVOU TRANSFORMACI

MiLo§ NovoTNy

(Doslo dne 15. &ervence 1964.)

V této praci jsou odvozeny tfi véty o vyjadieni obrazu pfi vSech tiech
druzich tzy. transformace Z obrazem jistych po usecich konstantnich funkci
pfi transformaci Carsonové-Laplaceové. To umoziiuje pouZivat k vypoétu
obrazi pfi transformaci Z slovnikdi pro transformaci Carsonovu-Lapla-
ceovu.

Oznagme P mnoZinu viech komplexnich posloupnosti a = {a;};=% takovych, Ze
lim sup “/]a,| < +oc0. Je-li aeP, oznaéme jest& r = (lim sup \/|ak|) 1 takze
k= + o0 k= + 0

0<r= +o0.
+ o0

Podle Cauchyho-Hadamardovy véty fada ) a,z absolutn& konverguje pro
k=0
|z| < r a diverguje pro |z| > r. Necht F,(z) je soudet této fady v celém jejim obo-
ru konvergence. Potom funkci F; nazyvdme obrazem posloupnosti @ a posloupnost
a vzorem funkce F, pfi transformaci Z, a pi§eme Z,(a) = F,.

k

Podle Cauchyho- Hadamardovy véty fada Zakz absolutné konverguje pro

|z] < r~* a diverguje pro |z| > r~*. Nechf Fz(z) je soudet této fady v celém jejim

oboru konvergence. Potom funkci F2 nazyvame obrazem posloupnosti a a posloup-
nost a vzorem funkce F, pii transformaci Z, a piSeme Z,(a) = F,.

Je-li kone&n& M né&jakd mnoZina komplexnich &isel, oznadime M ! mnoZinu p¥e-
vracenych hodnot téchto Cisel. Potom zfejmé plati tato

Véta o vztahu transformaci Z, a Z,: Nechf a = {a,}; % e P, Z{a) = F, a M, je
definicni obor funkce F; (i = 1,2). Potom M, = M{' a F,(z) = F,(1/z) pro
ze M{!

Oznaéme P; mnoZinu vSech dvoustrannych komplexnich posloupnosti a =
= {a 7>, takovych, Ze lim sup */la | lim sup /law| < 1.Je-li a € Py, leZiobEtyto

horni limity v intervalu <O +oo) ozname Jeste ry = (llm sup laW)tary =
(hm sup \/|a,‘|) ! takZe rg' < ry.
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+ o0
Podle Cauchyho-Hamadardovy véty fada ) a,z* absolutn& konverguje pro
k=—o
ra' < |z| < ry a diverguje pro |z| < rg' a pro |z| > ry. Nechf F4(z) je soudet této
fady v celém jejim oboru konvergence. Potom funkci F; nazyvame obrazem posloup-
nosti a a posloupnost a vzorem funkce F, pfi transformaci U, a piSeme Z3(a) = F,.
Ziejmée plati tato

Véta o vztahu transformaci Z,, Z, a Z,: Nechf a = {a,}; ., € P;. Potom @' =
= {a}isoePaa" ={0,a_y,a_,,...} € P.Oznacime-lijestéZ,(a’) = F,,Z,(a") =
= F, a Zy(a) = F5 a M, defini¢ni obor funkce F,(i = 1,2,3), plati ddle M, =
= M, n M, a Fy(z) = F(z) + Fy(z) pro ze M.

Oznatme E(t) celou &st &isla 1, tj. celé &islo takové, Ze E(f) < t < E(f) + 1. Déle
necht a = {g}i5eP a r=(limsup%/|a))™!, takZe 0 <r < +oo. Jestlize

k= + o

0 <r < + o0, zvolme ¢ = r; jestliZe r = + o0, zvolme za g libovolné velké konecné
kladné ¢islo. Kone¢né€ necht 0 < t < + 0. Potom definujeme funkci s pfedpisem

E(t)

(1) s(a, 0. 1) =k;0akgk ,

Konecné integrdlem v mezich oda € (— 0, + oo) do + oo budeme vSude v dalS§im
myslet Riemannv integrél, nevlastni viéi horni mezi. O téchto integrdlech plati tato
zndmd véta (viz [1], odst. 77):

Veta o nevlastni integraci funkéni fady. Predpoklddejme: 1) Plati | Z fk(t) dt =
Z 7 fi{t) dt pro usechna Te {a, + o), kde vsechny integrdly ]SOll vlastni.
2) Konverguje integral [}® Z |fi(1)| dt nebo )ada r‘” |f(t)| dt. Potom

Y A=y J +wfk(t) dr

s k=0 k=0 J,

Po tomto uvodu uZ snadno dokdZeme tyto véty o vyjddieni obrazu pti transformaci

Z,, Z, a Z, obrazem jisté funkce po usecich konstantni pti transformaci Carsonové-
Laplaceové:

Véta 1. Predpoklddejme: 1) a = {a,}; 5 €P. 2) r = (llm sup \/lak|) L. 3) Je-li

0<r< 4w, zvolme ¢ = r; je-li r = + 00, zvolme za @ lzbovolne velké konecné
kladné ¢islo. 4) Z,(a) = Fy. 5) log w je hlavni hodnota logaritmu w. Potom

+
(2) Fy(z) = l:pf s(a, o, 1) e " dt:l pro 0<|z| <o.
0 p=log(e/z)
Diakaz: Podle predpokladil

+ o

(3) Fi(z) =Y a,z* pro lz| < e.

484



Omezme se dokonce na 0 < |z| < g. Potom zobrazeni z = ge™? ¢&ili p = log(/z)
prevddi mezikruZi 0 < |z| < ¢ na polorovinu 0 < Re p < + oo, takZe

+ o
(4) Fi(z) =Y ai®e™ pro 0 <Rep< +o0.
k=0

Jestlize u(t — k) =0 resp. 1 pro 0 <t <k resp. k<t< +oo (k=1,2..),
mdme
+ o + o0
(5) ek = pJ‘ e Ptdt = pJ‘ u(t — k) e” P dt
k 0
(k=0,1,..,0<Rep < +),

coZ dosazeno do (4) ddvd
+ o +oo‘

(6) Fiz)=p) J a@“u(t —k)e " dt pro 0<|z] <¢
k=0 Jo .

¢ili pro
pr O0<Rep< +.

V kazdém intervalu <0, T, kde 0 £ T < + oo, maji funkce a,0* u(t — k) et
+ o0

(k =0,1,...) vlastni Riemanniv integrdl a fada ) a,0* u(t — k)e™?" sestdvd jen
k=0
z kone&ného poctu nenulovych ¢lenty, takZe

T + o +o AT
(7 J Yoaku(t — k)ye P'dt =Y | ap*u(t —k)e "dt
k=0 k=0 J o

0

pro viechna Te <0, + ).

ProtoZe 0 < |z| <o, bude pii oznafeni x + iy = p = log(o/z) = log(gf|z]) +
+ iarg(gfz) ¢ili x = log(¢/|z|) platit 0 < x < + oo, takZe

+ o
j. |y u(t — k) e | dt = |ay ij
0 0
1

—ad ot Lot = Lagre o = Lot (k=0.1,..).
X X X

+ o
u(t — k) e ™ dt = |ay ij e~ dt =

k

+ o

+ o0
a tedy podle (3) konverguje fada Y. [5* |a0* u(t — k) e | dt. Z toho a ze (7)
k=0

plyne podle véty o nevlastni integraci funkéni fady, Ze v (6) lze zaménit sumu a inte-
gral:
+o00 + o0 +o0 E(t)
Fyz)=p Y atu(t — k)ye " dt=p Y ate "t dt =
k=0 .

0 o k=0

N\

+
=pf s(a,0,t)e7?*dt pro p=1log(elz) a O0<|z] <e.

0

Tim je véta dokdzdna.
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Véta 2. Predpoklddejme: 1) a e P. 2) r = (lim sup “la)"t.3) Jelio < r < +o0,
k= +o0

zvolme @ = r; je-li r = +o00, zvolme za g libovolné velké konecné kladné Cislo.
4) Zz(a) = F,. 5) log w je hlavni hodnota logaritmu w. Potom

8)  Fifz) = [pj+ws(a, o 1) wtm] pro ot <o < +c0.

0 p=log(ez)
Dukaz plyne z véty 1 a z véty o vztahu transformaci Z, a Z,.

Véta 3.  Predpoklddejme: 1) a={a}i > eP;, da={al% d=

={0,a_j,a_y ...}. 2) rg = (limsup%/a_,[)"", ry = (lim sup “la)t. 3) Je-li
k= + oo k= + o0

0<ryg< +ooresp.0<ry< +0, zvolme 9y = ryrespoy = ry; je-liry = + 00
resp. ry = + 00 zvolme za gy resp. oy libovolné velké konecné kladné Cislo.
4) Zy(a) = F;. Potom

+
(9) Fy(z) = [pj~ s(a’, oy, t) e 7 dt] +
0 p=log(e n/z)

+ n
+ [p'[ s(a”, om, t) €7 dt:| pro op' <|z| < on-
0

p=log(enz)

Dukaz plyne z vét 1 a 2 a z obou vét o vztahu transformaci Z,, Z, a Z;.

Literatura
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Pes3ome

MNPEACTABJIIEHUE IIPEOBPA3OBAHUA Z ITPU ITOMOIIN
IMMPEOBPA3OBAHIA KAPCOHA-JTATIJIACA

MUJIOII HOBOTHBI (Milo§ Novotny)

OGO3HAYMM CHMBOJOM P MHOXECTBO BCEX KOMIUIEKCHBIX MOCJE/[0BATEILHOCTEM
+ o0
- . k n
a = {a,};2% Takux, yto r~! = lim sup \/|a,,| > +00, TaK YTO P Y, a;z* umeer
k= +w k=0

pamuyc cxomumocty r. Ilycts F,(z) — cymMma 3TOTO psiia BO BCeit ero oGmactu
cxomumocty. Torga Ml mamem Z,(a) = F,.
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+ 0

Ipu Tex e yenoBMsX paf Y. az”* cxomurcs aGeomorHo s |z| > r™' u pac-
k=0

xomurcs anis |z| > r~ 1. Mycts Fy(z) — cymma 3TOro psifa Bo Beeit o6acT cXou-
moctu. Torna mMer muiem Z,(a) = F,.
OGo3naunm dvepes P, MHOXeCTBO BCEX KOMIUIEKCHBIX MOCIEMOBATEILHOCTENH

+ — . —
a = {a};=2, makux, urto mpu oGosmavemm ry' =limsup¥/|la_,| u ry' =
k- +
+ o

. k -
= lim sup \/Iakl MMEET MeCTO rg' < ry, TAK 4TO PSX Y. a,zF aBCOIOTHO CXOAUTCS
k= +o0 k=-o

wistryt < |z| < ry v paxomutes ms |z| < rpt u g |z| > ry. Hycrs Fi(z) — cym-
Ma 3TOTO0 psifia BO Bceit ero o6actu cxomgumoctu. Torga Mel nuuiem Z 3(a) = Fj.
Mycrs E(f) — uemas wacte wucia £, a = {a,};5 e P w r = (limsup */[a,]) "
k= + o

Ecmu 0 < r < + 0, BBIGEPEM @ = 7 €CJIU ' = -+ 00, TO B KA4eCTBE 0 BO3bMEM MPO-
M3BOJILHO GOJILIIOE KOHEYHOE TIOJIOKHUTENBHOE YHCII0. 3aTeM ONpene MM QyHKIUIO §
1o popmyste (1). HakoHelr, MHTErpaom B Mpeeliax oT a € (— o0, +00) 10 + 00 MBI
pasyMeeM BCIO[y MHTerpan PuMana, HecoGCTBEHHBII IO BepXHeMy mpesenty. Toraa
CHpaBeTBBI CJIEAYIOLME TEOPEMBI:

Teopema 1. [Ipednoaoncum: 1) a = {a,};2% e P. 2) r = (lim sup */|a,[)"*. 3) Ecau
k—+ o

0 < r < 400, golbepem ¢ = I; ecau r = + o0, 603bMeM 8 KAUECMBE Q NPOUIBOALHO
boabwoe Koneunoe nonoxcumenvhoe uucao. 4) Zy(a) = Fy. 5) logw seasemesn 21a6-
HbiM 3Hauenuem ao2apudma w. Tozoa cnpasedauso (2).

Teopema 2. IIpednosoncum: 1) aeP. 2) r = (lim sup */]a,|)~". 3) Eeu 0 < r <
k= + o0

< + 00, gblfepem @ = r; ecaur = + 00, fbigepem 6 Kauecmee Q NPOU3B0AbHO OOAbULIOE
KOHEUYHOe NOA0ICUMENbHOE YUCAO. 4) Zz(a) = F,. 5) log w sa8a9emca 2aasnbim 3Haye-
nuem aozapupma w. To2da cnpaseduso (8).

Teopema 3. Ilpednosocum: 1) a = {q}i ,€Ps, a = {a}/%, a" =

={0,a_, a_y, ...}, 2) rg = (limsup*/|a_,|)%, ry = (lim sup ¥/|a,|)". 3) Ecau
. k= + o k- + o
0<ry< +0 uwwm we 0 < ry < +00, goibepem Qu = Iy UAU Hee Qy = Fy; €CAU

ry = +00 uau xuce ry = + 00, MO 6 Kauecmee Qqg UAU Hee Qy gvibepem NpPoU36oAbHO
60avuioe KoHeunoe nonoxcumenstoe wuco. 4) Zy(a) = Fy. Toz0a cnpagedauso (9).

IlpuBeneHHBIE TEOPEMBI TIO3BOJISIOT BBIYMCIATH 06pa3bl B mpeobpa3oBaHusix Z,
Z, u Z, npu oMoy cioBapei nis npeobpasosanusi Kapcona-Jlamnaca.
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Summary

THE Z TRANSFORM IN TERMS OF THE CARSON-LAPLACE
TRANSFORM

MiLo§ NOVOTNY

Denote by P the set of all sequences @ = {a,};=5 with complex terms, such that

+ o0
r~1 = lim sup Vla,‘[ < +o00. Thus the series Y, a;z* has r as radius of convergence;
k= + o0 k=0

denote its sum by F,(z), and define Z,(a) = F;.
+ o0

Under the same assumptions, the series Y. a,z ~* converges absolutely for |z]| < r™*

k=0
and diverges for |z| < r~!. Denote its sum by F5(z) and define Z,(a) = F,.
Let P, be the set of all sequences @ = {a;};~> ,, with complex terms, such that

rat <ry for rg! =limsup*/ja_,), ry'=limsup */lay|. Thus the series
+ o0 k- +o k= +o
Y a,z* converges absolutely for rz' < |z| < ry, and diverges for |z| < rg* or

k=—o

|z| > ry. Denote its sum by Fy(z), and define Z5(a) = F;.
E(f) denotes the integral part of the real number t. Let @ = {a,},~3 € P and r =
= (limsup %/]a,])™L. If 0 < r < + oo, set ¢ = r; if r = +00, let @ be arbitrary
k- + o0

positive. The function s is then defined by (1) By integrals between bounds
ae (— 0, + oo) and + oo there is meant the Riemann integral, improper only with
respect to its upper bound. Then the following theorems hold.

Theorem 1. Let a = {a,};% € P, r = limsup */|a,|) ™. If 0<r< + o0, set ¢ = r;

k= + oo

if r = + o0, let g be arbitrary positive. Let Zl(a) = F,, letlog w denote the principal
value of the logarithm of w. Then (2) holds.

Theorem 2. Let a = {a,};% P, r = (limsup*/|a,)". If 0 <r < +o0, set

k= + o

o = r;if r = +oo, let ¢ be arbitrary positive. Let Z,(a) = F,, let log w denote the
principal value of the logarithm of w. Then (8) holds.

Theorem 3. Let a = {a;};>  €P;, a = {a,};5%, a" = {0,a_,,a_,,...}, and
ry = (limsup%/]a_,|)"!, ry = (lim sup Hla) L If 0 <rg < +00 or 0 <1y <

k= + o0 k= + o

< 400, set gy = ry or gy = ry respectively; if ry = +00 or ry = 4+, let gy
or gy be arbitrary positive. Let Z,(a) = F,. Then (9) holds.

These three theorems make it possible to obtain images under the Z;, Z, or Z,
transforms from dictionaries of Carson-Laplace correspondences.

Adresa autora: Milos Novotny, Vyzkumny ustav telekomunikaci, Tfebohosticka 987, Praha-
Stra$nice.
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