Czechoslovak Mathematical Journal

Kazimierz Nikodem
On e-invariant measures and a functional equation

Czechoslovak Mathematical Journal, Vol. 41 (1991), No. 4, 565-569

Persistent URL: http://dml.cz/dmlcz/102491

Terms of use:

© Institute of Mathematics AS CR, 1991

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/102491
http://dml.cz

CZECHOSLOVAK MATHEMATICAL JOURNAL

Mathematical Institute of the Czechoslovak Academy of Sciences
V. 41 (116), PRAHA 20. 12. 1991, No 4

ON & INVARIANT MEASURES AND A FUNCTIONAL EQUATION

KaziMiERZ NIKODEM, Bielsko-Biata

(Received March 23, 1987)

1. In this note we consider ¢-invariant measures and apply the technique of
functional equations to determine the densities of such measures for the diadic
transformation.

Let (X, M, m) be a measure space with a nonnegative o-finite measure m and
assume that T: X — X is a measurable and nonsingular transformation (i.e. T satisfies
conditions T~ '(4) € M for all A € M and m(T~'(A4)) = 0 whenever m(A) = 0). For
an arbittary function f e L' (L' = L'(X, M, m)) the set-function v,: M — R defined by

vi(A) i= fr-i fdm, AeM,

is absolutely continuous with respect to m; denote by Py f its Radon-Nikodym
derivative. The operator Pr: L' — L! obtained in this way is called the Frobenius-
Perron operator corresponding to T (cf. [2]). Immediately by this definition we have

fa Prfdm = [r-i 4 fdm
forall fe L' and 4 e M.
Let u be a finite measure defined on 9 and assume that ¢ = 0. We say that u is
g-invariant under T if

(T~ (4)) = u(4)| < & m(4)
for all A € M. In the case where ¢ = 0 this definition coincides with the known defi-
nition of measures invariant under T.
The following theorem is an useful tool for finding e-invariant measures absolutely
continuous with respect to the given measure m.

Theorem 1. Assume that u is a finite measure absolutely continuous with respect
to m. Then u is e-invariant under T if and only if its Radon-Nikodym derivative
f = du/dm satisfies the condition
(1) |Prf = f] < ¢

m-almost everyhwere on X.

(9]
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Proof. Assume that the condition (1) is fulfilled and take a set 4 € M. Then
[T~ (4)) = w(A)| = [[r-10fdm — [, f dm| =
= |[4 Prfdm — jAfdm| = ]PTf—fl dm < em(4).
Conversely, if u is e-invariant under T, then
[fa (Prf = 1) dm| = |(T~'(A)) = w(4)| < & m(4)
for every A € M. Hence |Prf — f| < & (m-a.e.)

Remark 1. In the case where ¢ = 0 the above result reduces to the well known
theorem saying that a measure u (absolutely continuous with respect to m) is in-
variant under T if and only if its Radon-Nikodym derivative is a fixed point of the
Frobenius-Perron operator Py.

2. In this section we shall apply the above theorem to determine measures é-
invariant under the diadic transformation, i.e. the transformation t: [(), l.] - [O, l]
defined by 7(x) := 2x(mod 1). One can easily compute that in this case the Frobenius-
Perron operator P, corresponding to 7 is given by

P.f(x) = 3f(3x) + $f(} + 3x), xe[0,1],
for all fe L' (now L' = L'([0, 1])). Therefore the inequality (1) assumes the form

) [1f(%) + 3f(3 + 4x) - f(¥)| <&, xe[0,1].

It follows by theorem 1 that each integrable and positive solution of this inequality
is the density of a measure e-invariant under 7. One can easily check that inequality
(2) is satisfied, for example, by functions of the form f(x) = ¢ + h(x), xe [0, 1],
where c is a real constant and |h(x)| < Je, x € [0, 1]. These functions are not, however,
unique solutions of (2).

Putting g(x) := f(x) — 3 f(3x) — 1 /(3 + x), x € [0, 1], we can rewrite inequality
(2) as a system of two conditions

®) f(x) = $7(3%) + 313 + x) + g(x). xe[o0, 1]
and
(4) lg(x)] <&, xe[0,1].

Now, every solution of the functional equation (3) with a given function g satisfying
(4) is a solution of (2). The following theorem gives some condition under which
equation (3) possesses an integrable solution. By P! we denote the k-th iteration
of the operator P,; P? := id.

Theorem 2. Assume that g € L'. Equation (3) has a solution f belonging to L'
if and only if the series ) ;"o Pg is convergent in L!. Every integrable solution of
(3) is of the form f = ¢ + Y., Pig, where c is a real constant.

Proof. Assume that the series Y ;% , Pig is convergent in L' and c is a real constant.
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Then, using the continuity of the operator P, and the fact that P.c = ¢, we obtain
o0 0 [e o}
P(c +kZOPfg) +g=c+YPt'g+g=c+) Py,
= k=0 k=0

which means that the function f = ¢ + Y [, Pig satisfies (3).
Conversely, assume that a function f € L' is a solution of (3). Then, by the linearity
of P,, we have
Pif=P*'f 4+ P'g forall k=0,1,2,...,
whence "
YPg=f—-P"'f, neN.
k=0

Since the sequence (P;f),y tends in L' to [} f(x)dx, the series Y2, Ptg is con-
vergent in L'. Moreover, putting ¢ := [ f(x) dx, we obtain

f=c+YPg.
k=0
This finishes the proof ::

Example 1. Fix a nonnegative constant ¢ and consider the function g(x) =
= (2x — 1), x € [0, 1]. It is easy to show by induction that P¥ g(x) = 27%(2x — 1)¢,
keN, and so Y2, P¥ g'x) = (4x — 2) . Therefore functions of the form f(x) =
= 4ex + ¢, where ¢ € R, are solutions of (3) with g given above. If ¢ > 0, then these
functions are the densities of measures ¢-invariant under the diadic transformation 7.
In particular, the function f(x) = 4ex + | — 2¢ (where ¢ < }) is the density of
a normalized measure ¢-invariant under 7.

Remark 2. It follows by theorem 2 that constant functions are unique integrable
solutions of equation (3) with g = 0. Hence we obtain the well known theorem of
Rényi saying that the Lebesgue measure is the unique normalized (and absolutely
continuous with respect to the Lebesgue measure) measure invariant under the diadic
transformation (cf. [3]).

3. In this section we shall give some further information concerning the set of
these functions g for which equation (3) possesses an integrable solution.

Consider the sets
X:={gel':Y Pig isconvergentin L'}
k=0
Y:={gelL:[yg(x)dx = 0}.

It is clear that X and Yare subspaces of the space L'. In view of theorem 2 the space X
consists of these and only these functions g € L' for which equation (3) has an in-
tegrable solution.

If g € X, then there exists an f € L' such that f = P.f + g. Hence g € Y, because
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fo P, f(x)dx = [ f(x)dx. This proves that X = Y. The following example, due
to A. Iwanik from Wroctaw, shows that the inclusion is strict.

We will write (f, g) instead of [ f(x) g(x) dx.
Example 2. Consider the functions x,: [0, 1] - {—1, 1}, n e N, defined by

1, if x, =0,
Xll(x) - { l, lf X, = 1

where (x,, X5, ...) is the diadic expansion of x. These functions form an ortonormal
system in the space L* and (,, 1) = 0 for every n € N. Since the series Y v, 1/n? is
convergent, we infer, by the Riesz-Fischer theorem, that there exists a function
ge L’ = L' such that (g,%,) = l/n, neN, and the series Y -, (1/n) x, is con-
vergent to g in [2. Then, by the continuity of the scalar product, we obtain

N

. 1
(9, 1) =lim Y —(y,1) =0,
N-owon=1Hh
which means that g e Y.
Now, notice that y, .7 = y,,, for all n e N. Using these equalities and the fact
that the operator P} conjugate to P, is given by P¥h = h o 7, h € L®, we obtain

(Pfg, 2) = (g, P:kklx) = (g, Tir1) = m

for every k € N. Hence
N ) N 1
Pig,x) =) ——-, NeN,
(kzl 9. 11) L=Zl k+1

which implies that the series )., P!g is not weakly convergent. Consequently,
it is not convergent in L', and so g ¢ X.

Now we can prove the following

Theorem 3. The space X is dense and of the first category in Y.

Proof. Consider the operator F: L' — Y defined by F(f):=f— P.f, feL'.
Evidently, F is linear and continuous. Moreover, F(L') = X. Since X # Y, we obtain
by the open mapping theorem (cf. [4], 2.11) that X is of the first category in Y.

Now we shall show that every polynomial whose integral on [0, 1] is equal to
zero belongs to X. Let f,(x) := x" and g, := f, — P.f,, ne N. Of course g, € X for
all n e N. Moreover, it is easy to notice that g, is a polynomial of degree n (the
coefficient at x" is equal to 1 — 2"). Let w(x) = a,x" + ... + a;x + a,, x€[0, 1],
be an arbitrary polynomial (with real coefficients) such that g w(x) dx = 0. We can
choose numbers by, ..., b, € R in such a way that the polynomial b,g, + ... + b,g,
has the same coefficients at x’, i = 1, ..., n, as the polynomial w. Then also the coef-
ficients at x° must be the same, because

Jow(x)dx = 5 (b, gu(x) + ... + by g4(x))dx (= 0).
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Therefore w = b,g, + ... + b;g,, and so w e X as a linear combination if elements
of X. Since the set of all polynomials is dense in L', we infer that the set of all poly-
nomials whose integrals on [0, 1] are equal to zero is dense in Y. Thus X is dense
inY::

Remark 3. Using a measure-theoretical version of the open mapping theorem due
to K. Baron (cf. [1], Lemma), we can prove that X is a Borel subset of Y and there
exists a probability measure v on the family of all Borel subsets of Y such that
v(X + y) = 0 for every ye Y (i.e. X is a Haar zero set). So,- X is small in Y also
from measure-theoretical point of view.
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