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1. INTRODUCTION

Let Q be a bounded open subset of R", with n = 1 and boundary sufficiently
smooth; let x be a point of R", te R and X = (x, t) a point of B" x R. Let N be an
integer >1, (| ), and |- | the scalar product and the norm in R* respectively.

We set Q = Q x (=T, 0), with T > 0, and X, = (x° t,).

We define

B(x° 0) = {xe R™ “x - x°” <o},

0(X,, 0) = B(x° 0) x (to — o™, to}
and we say that Q(X,, o) € Q if

B(x° o) €2 and o™ <ty + T<T.

Let a = («;, &5, ..., @,) be a multi-index and || = o, + &, + ... + a,; we denote
by #, #* and &' respectively the cartesian products [[ RY, [] R and [] R},

lajsm laj=sm—1 la|=m
while p = {p}jaj<mr P* = {P}jaj<m—1 and p’ = {p*} 5=, P*€ R", are respectively
points of #, #* and #’.
If u: Q > R™, we set
Du = {Duu}lulgm’ ou = {Da“}|a|§m—1 ,
D(k)u = {D“u}M:k, k= 1, 2,...,m.
Let A%(X, p), |¢| = m, be vectors of R" defined in Q x %, measurable in X and
continuous in p and such that
A(X,p*,0) =0, |of =m.
Let us consider the nonlinear differential operator

(1) Eou= (=1 Y D*4*(X, Du) + j—:‘
lal=m

*) Workisupponed by M.P.I.

422



Let us suppose that the vectors A*(X, p) are differentiable with respect to p’ with
derivatives 04%/opf, [«| = |B| = m, k = 1,2, ..., N, measurable in X continuous in p
and bounded in Q x #

(1.2) { 5

hk=1 |al=m |p]=m

04}
opi
We denote by 4,,N x N matrices defined in Q setting

2y1/2
} =M, Y(X,p)eQx %.

1 a * ’
A= (45) with A%(x,p) = [ L) o
0 al’f
so that, thank to the fact that 4%(X, p*, 0) = 0, we have

N 1 N aAa X, *, '
Y 3 asxnd=( 3 5 UMXIL) g
k=1 |f]=m o k=1 |g]=m opy

1 a * ’

- J' 0Ah(X,P 5 ‘L'P) dr = AZ(X, p)

o Jt

from which it results
A*(X, p) = IZ A4(X, p) P*
Bl=m

and

Eg=(—1)" Y Y D[Ay(X, Du) Du] + g}'f

lal=m |B]=m

We also suppose that the operator E, is strongly parabolic in the following sense:
there exists v > 0 such that

N aAa
19 3 Yy Maas,y ep
hk=1 la|=m |B|=m 6p,‘ lal=m

for every (X, p) € Q x # and for any system (&%), of vectors of RY. H*?(Q, R")
and Hy?(Q, R"), k integer 20, and p = 1, are the usual Sobolev space of the vectors
u: Q — RY, that, if p = 2, we shall simply write with H* and H} respectively.

If ue H*?(Q, R"), 1 £ p < + 00, we define

oo = { (¥ [ooul?yr d}

o lal=k

1/p

Il = {[ (3 July as)
o lel=k

that, if p = 2, we shall simply write [+| and ||+|| respectively.

The object of the present work is to proof a fundamental inequality [see 2.3]
together with an inequality of Caccioppoli’s type; these results can be useful to
guarantee, as in the case m = 1, (see [2]), a fundamental estimate for solutions of
the basic systems (see [1]). Therefore the results of this work can constitute a first
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step in order to obtain, at least for small n, the partial Holder continuity of the
solutions to nonlinear parabolic systems of higher order with strictly controlled
growth together with an evaluation of Hausdorf measure of singular set; however
there are some open problems which we have in mind to examine in a next paper.

The type of solution that we consider is the following:

set

— a u X — u _ag‘
atwo)= [ 3 (o D) — (uf ) ax,

(L.5) W(Q) = I}(-T.0, H(Q, BR")) n H'(—T., 0, (2, R")),
for solution of the system
Eu=0 in Q

we mean a vector
ue [X(~T,0, H"(Q, RY)) n L*(— T, 0, (2, RY))

so that
a(u, ) =0

Voe W(Q): o(x, —=T) = ¢(x,0) =0, in Q

or, which is the same, so that
x ] a9\] -
Y Y (Ay4(X, Du) D*u | DPp) — (u| = |\ dx = 0
) laj=m |Bl=m ot I
Vpe W(Q): o(x, —=T) = ¢(x,0) =0, in Q.

2. A FUNDAMENTAL ESTIMATE FOR NONLINEAR PARABOLIC SYSTEMS
WITH DISCONTINUOUS COEFFICIENTS OF HIGHER ORDER

In this section for the sake of brevity we set Q(X,, o) = Q(c), Q(X,, o) being
such that: X, € Q, Q(X,, ) € Q and we show that the following theorem holds:

Theorem 2.1. If u € I*(t, — o2, to, H"(B(c))) is solution in Q(X,, 0) of the system

fa(a>{ Y Y (44X, Du) D'u | D) ~ (u %?)} dx =0

laj=m |Bl=m

Vo e C3(Q(0)),
then it exists &(v, M) € (0, 1) such that YA € (0, 1)
2.1) f D™ ul? dX < e, M) ze+2m f D™ dx .
(o) ()

Fixed u = (M? — v?)/v, we decompose u as u = v + w where
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we IX(ty — 07, to, H3(B(0))) is the solution of C.D. problem

(2.2) Lw(M ) ¥ (0] D) - (w] )} dx =

lal=
=J Y (M +p)Du— Y A,D%|D¢)dX =0,
Q(o) lal=m 1Bl=m
Vo e W(Q(0)): o(x,1,) = 0 in B(o)

while v e I¥(t, — 67, t,, H"(B(0))) is the solution of the system

(M + ) 5 (00| ) - (o] L)L ax = o
(o) [ ot

al=m

Vo e C3(Q(0)) -

From the linear theory it is known (see Lemma 1.1. p. 68 of [3]) that for any
solution we I*(t, — o2, t,, Hy(B(0))) of the system (2.2) we have

(2.3) J [D™w]? dX < Kz(;t)J [ D u]* dx
Q(a) Q(a)
where

. 2 2
K(u) = M = v+ G + M) with M_=sup{ Y ¥ |[45]*}"?
M + u lal=m |Bl=m

Ay = HA,; — A7), Ay, adjoint of A,
Moreover it is known that for the function v the following fundamental estimate
holds:

Vie(0, 1)

(2.4) J' S |D%|? dX € cfv, M) 2 'f S Dol dx ;
Q(%a) lal=m 0(a) la}=m

then from estimates (2.3), (2.4) it follows

[D™ulo 010y = [D™Wlo.000) + [D™0]0.00) =
K(n) |D™ulo o) + ¢'12(v, M) 24212 DMl 4 ) <
< K(p) [D™ulo g + ¢/3(v, M) 222Dy o) +
c'?(v, M) ”HZM)/ZID(M)WI(%,Q@) < K(n) ]D(m)“iO.Qw +
1 2(‘,, M) )”‘"+2"l)/2|D(m)u|0,Q(a) +
CI/Z(V, M) A(n+2m)/2 K(ﬂ) ID(m)“lo.Q(a') —
{"(v, M) (1 + K(n)) A2 + K(u)} | D™ ulo,00r) -

Since K(p), according to the choice we have done for p, results <1 we may apply

the lemma 1.V, p. 12 of [ Q] for which it exists &(v, M) € (0, 1) such that (2.1) holds;
then the proof of Theorem 2.1 is achieved.

IIA

+ 4+ + A
o

Il
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3. CACCIOPPOLI'S TYPE INEQUALITY

In this section we prove the following Caccioppoli’s type inequality:

Theorem 3.1. If u € *(—T, 0, H"(Q)) is solution in Q of the system

[ 2 oy o ) = (1 7o =0

lal=m [B]=m
Vo € C5(Q)
then, VB(xo, 20) € Q, V2a G(O, T), and for every vector polynomial n(x) of degree

at most m — 1 it result:

(3.2) J:d:L(ﬂ) [D™u]? dx < C_EIL)J'OZ dtL(m Ju — n(x)[2 dx +

(v, M) 5
2 | dtJ:md) [D"(u = n(x)|? dx .

Proof. Let 9(x) € C3(R") be a function with the following properties:
(33) 0<9<1, 9=1in B(s), 9 =0 in R"\B(30)
[D9] =< co™ vy

+ 3
1B1=my<p

Let o,(t), with p integer >2/a, (2a € (0, T)), be a function defined on R as follows

0,(1) =1 if —a<t=<-2p
(3.4) 0,(t) =0 if t>—1/p or t< —2a
’ () =tla+2 if -2a<t< —a

o()=—(p.t+1) if =2[p=st<—1fp

Let, at last, {g,(t)} be a sequence of symmetric mollifying functions

9(t)eC(R), g,(1) 20, gt)=g,(-1)
(3.5) supp g,(t) = [—1/s, 1/s]
frgft)dt=1.

Since (3.1) is true for any ¢ € W(Q): ¢(x, —=T) = ¢(x,0) = 0in Q, if
s > max {p, 1/(T — 2a)} we can assume in (3.1)

(3'6) (p(x) = SZme[gp(u - n(x)) * gs] .
Taking into account that
D’ go(x) = szmgp[QpDﬂ“ * 93] + ‘gmgp[ Zﬂgp(cﬁv(‘g) D?(u - ’7(7‘)) * ga]
74
with

(1) @S e, bl <m
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we obtain

(3.8) J (92"'@,,”2 mz A,pD?u | (DPug, * g,)) dX +

+ J (9", ¥ Z Ay Du Z 2p(Cyy(9) D'(u — 1) + g,)) dX —

la]=m |B]|=m

- f = )| 97 (e, = n(x) + 2)] 0X =
- L (u = ) | 97, [0 (u — n(x)) » .] dX .

For g,(t) symmetry the integral at the second member is equal to zero; furthermore
when s > +
[o(u — n(x))] * g = e,(u — n) in L(-T,0, H"(Q)).
So that, from (3.8), taking the limit for s - + oo we obtain

(3.9) J' (9%mor Y Z A,pD*u | DPu) dX =

lal=m [B]

j (G 5 % ADu] £ Co8) D/ = () 0)9X

lal=m |B|=
- J; 92mg 00 lu — n(x)|* dX

Furthermore, by elliptic condition and Holder inequality from (3.9) we obtain
for every ¢ > 0:

vj 92 Y |Du] dX < m.sf Q29 S [ Dl X +
Q Q lal=m

la|=m
+ C(s’ M)jQ Q;WIZ:m y;ﬂ“%(é‘)ﬂz ”Dy(“ - ’7("‘))”2 dx +

+ Jeszepe;HD’(u = n(x))[* dX.
Since from (3.4) it results that

<0 for t= =2
0,0p =4=0 for t=<2a andfor —a<t=< -2
<lla for —2a<t< —a

taking into account (3.3), (3.4) and (3.7) and choosing ¢ = v/m we obtain

-2/p 2 c_(v—) -2/p ~ ,
dt [D™u|? dx < dt Ju — n(x)]|? dx +
-a B(a) a J- B(20)

c(v, M)

+ —_—— dt D’ u — n(x
Ililz-——my;[l o2 m= 17D JB(ZG) ( '7( )H
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Taking the limit for p - + oo we have

I P e I I R C
o CZ(:':TA{I;T)JJ':“dt Lm) |D7(u — n(x)|? ax

|Bl=my<p O

that is the (3.2).
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