Czechoslovak Mathematical Journal

Albert J. Milani
Global existence for quasi-linear dissipative hyperbolic equations with large data

and small parameter
Czechoslovak Mathematical Journal, Vol. 40 (1990), No. 2, 325-331

Persistent URL: http://dml.cz/dmlcz/102384

Terms of use:

© Institute of Mathematics AS CR, 1990

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/102384
http://dml.cz

Czechoslovak Mathematical Journal, 40 (115) 1990, Praha

GLOBAL EXISTENCE FOR QUASI-LINEAR DISSIPATIVE
HYPERBOLIC EQUATIONS WITH LARGE DATA
AND SMALL PARAMETER

ALBERT J. MILANI, Milwaukee

(Received December 28, 1988)

1. INTRODUCTION

Consider the following dissipative quasi-linear hyperbolic initial-value problem

(H,) ey +u, — ), a;(Vu) 0,0;u =0

u(x,0) = ug(x), ulx,0) = u(x)

where e R*, u = u(x,t)eR', t 2 0, xeR", 0; = 0/0x; and V is the gradient with
respect to the space variables only. The coefficients a;; are smooth symmetric, and
satisfy the strong ellipticity condition

(1) VpeR", VYqeR", Yaip)qd'q = a(p)lq|?,

where a: R” > R is a continuous function, such that a(0) > 0. We are interested to
smooth solutions to (H,), corresponding to smooth initial data, and to conditions
that ensure that such solutions exist globally in time. Local existence results for (H,)
are well known; we refer mainly to Kato’s general theory of [1], in the framework
of the Sobolev spaces H® = H*(R"), of sufficiently high order s (s > 1 + n/2).
Such results are generally established under some smallness assumptions on the
initial data; since (H,) is dissipative, a further smallness assumption on the data
allows us to extend these local solutions to all later times (Matsumura, [2]). These
smallness conditions on the data refer to their H®* norm, so that all their derivatives
are usually required to have a small I? norm. We have recently been interested in
the question, whether such smallness requirements on the data can be replaced by
a smallness condition on the parameter ¢; in particular, making essential use of the
assumption that the coefficients a;; do not depend on u, (they might, however,
depend on x, 7 and u), we have been able to prove that (H,) is globally solvable for
small ¢ in the following circumstances:

1) a smallness condition is required on the norm of u, only, and not on that of u,

([3D);
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2) if a uniformly strong ellipticity condition holds, that is if in (1) we have that
a(p) = a > 0, then no smallness condition has to be required of u, as well,
provided that the reduced parabolic problem

(P) v, — y.a;(Vu) 9,00 = 0,
o{x. 0) = ug(x)
has a global smooth solution ([4]);
3) for the equation in divergence form and in one space variable
(W) ey, +u, —o(u), =0, ¢(0)>0,
a smallness condition is required only on the L* norm of u, and u,,, with no
restriction on the higher order derivatives ([5]).

We remark that this last result is somehow to be expected: in fact, since o’(O) > 0,
(W) remains hyperbolic for as long as ]uox| is close to 0. The purpose of this paper
is to extend this last result to the higher dimensional case n > 1; we shall not require
(H,) to be in divergence form, although we do still require that the a;; do not depend
on u,.

2. NOTATIONS AND STATEMENTS OF RESULTS

We refer to Kato’s classical framework of Sobolev spaces H(R"), with (integer)
s > (1 + n)[2. For me N we set H" = H™(R"), and note |-|,, and (-, +),, its norm
and scalar product (we shall drop the index m = 0); we note H the L* norm, and
if o = (oy,...,,) is a multiindex, we write D* = 8'!/ox5' ... oxi". As in [3], we
assume that the coefficients a;; satisfy (1) and some growth conditions near the
origin, of the form

(2) |D*ai;(p)| = ho|p])
where h,: R¥ — R* is a continuous non decreasing function (we shall actually
denote by h any such generic function, not necessarily the same, just like ¢ will
denote any generic positive constant, not depending on ¢ or on ).

We set s, = E(n/2) + 1,5, = so + 1 and, for s = s;, Te |0, + ], r € R*,

X(1) = c([o, T]; H**Y) n CY([0, T]; HY),
B(r) = {ue | Jul, <}

Since the function a is continuous and a(O) > 0, there exist two constants v, > 0
and'v e ]0, a(0)] such that

a(p)zv>0 if |p| < vo:

by Sobolev’s imbedding theorems, H C L because 2s, > n, so that a third constant
do > 0 exists such that if u € H*', then

]Vu] <v if “Vu“SO < dp,

It
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In particular, this means that if for w € B(5,) and m € N we define
Q"‘(W; Vu) = Z Z (aU(VW) aiDuu’ ajDau) s

la|€m i,j
Q,(w; *) is a quadratic form on H™*! and actually, because of (1) and (2), an equi-
valent seminorm: in fact we have, Vu € H™*+1.
B Va5 Qulws V) < H56) [Vul?.

Throughout the paper we shall always assume that u, € H**! and u, € H®, with
s 2 sy, and that e€ [0, 1]. Given me N and u € H**', we abbreviate Q,,(Vu) for
Q,,(u; Vu) and define

Ey(u, 1) = (s|udlm + Huln + s, u)n + Qu(vu) (1) +

+ 30 (fluelm + Qu(Vu)),
under these conditions, the following uniformly local existence result was proved
in [3].

Theorem 1: There exist 6y € ]0, 8] and e, € ]0, 1] such that if |u,| < 51 and
¢ < &, (H,) has a unique local solution u € X(0), for some 0 > 0 depending on
”uoﬂs“ but not on &. Moreover, u satisfies the bound
4) Vte[0,0], Efu,t)Své5.

We recall that ¢; depends on [|u, ||, and &, (and therefore on v through &, and v,);
0 depends on &,, but not on ¢ if ¢ < &;: this is what we mean by ‘““uniformly local”.
Also, (4) assures that (H,) remains hyperbolic in all of [0, 6]: in fact, since & < 1,

elue]® + ul” + e(w u) 2 0,
so that from (3)
V), < v QuVult) < v, ) < 5.

and therefore |Vu(t)| < vo. This indicates, however, that to guarantee the local
existence of solutions of (H,) it should not be necessary to require an a priori bound
on the derivatives of u, of order higher than s,: in fact, a straightforward modifica-
tion of the proof of Theorem 1, based on the use of the estimates we shall established
later on in Proposition 3, would allow us to prove the following,

Theorem 2: There exist 6, € |0, 5[ and e, € |0, 1] such that if u, € B(d,) and
¢ < &, (H,) has a unique local solution u € X(6), for some 0 not dependent of e.
Moreover, given A% > E(u,0), 0 can be chosen so that u satisfies the bounds

) Vie[0,0], E,(u.1)<v385, Efut)s 4

We remark that here &, depends on ||u,[|,, and &,, and 0 depends on S and 4 but,
again, not on ¢ if ¢ < ¢,. Also, a similar result would hold when ¢ = 1, providing
local existence under a smallness requirement on [|uo|),, and [uy|,, only, and this
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would hold even if the dissipation term u, is missing; this last result, however, would
not be uniform with respect to variations of e.

We propose now to extend the local solutions of (H,) provided by Theorem 2 to
all later times. We claim

Theorem 3: There exist 63 € ]0,8,] and &5 € |0, &,] such that if uy € B(55) and
¢ < &3, (H,) has a unique solution u € X(+ ), satisfying the bound
©  wzo. Ju. <.
Moreover, there exists M*> > E((u, 0), depending on 8 but not on ¢, such that
(7) Vi 20, Efuf)< M.

We consider this result a generalization of the one given in [5] for (W): in fact,
if n =1 then s; = 2 and, by Sobolev’s imbedding theorem, H* = H> Q W',
so that

Juo| + uos| = fuo]l2 = fuos, -

3. PROOF OF THEOREM 3

We shall establish the global existence Theorem 3 by proving that solutions of (H,)
in X(T') can be bounded a priori independently of T'if |Vu,|,, and ¢ are sufficiently
small. For m > s, and u € X(T), T > 0 given, we define

N, 1) = (& [luelln + $[uln + e, w)n +
+ & Qnu(Vu)) (1) + 3 6 (ellud|m + Qu(Vu)),

and claim.

Proposition 1: Assume (H,) has a solution u € X(T) such thatVt € [0, T], Ny (u, t) <
< @?, for some T > 0 and w > 0. There exists w, > 0, independent of T and ¢,
such that if ® < w, and s; £ m < s, u satisfies the estimates

(8) vie[0,T], N,(u,t) <N,(u,0).

Proposition 2: Assume (H,) has a solution u € X(T), for some T > 0, such that
Vie [0, T], Ny(u,t) < ?. Then if s; £ m < s, u satisfies the estimates

) Vie [0, T], E,(u,t) < E,(u,0)exp h(wo) [§ 0.(Vu).

We postpone the proof of Propositions 1 and 2 to the next sections, and proceed
to prove Theorem 3 assuming that these Propositions hold. We have that

(10) N,(u, 0) = &2||uy]|z + Fuolz + &(uo, u)m + & Qu(Vito) < |uol2

if ¢ is sufficiently small (this defines &;). Define now 6; = min (w,, 49,), and assume
that |lu,,, < 5: from (8) and (10) with m = s, we have

(1) Hu(]s, = 2No(w, 1) = 2N, (1, 0) = 2{uos, =
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that is, (6). This means that u(r) € B(65) Vt € [0, T]: in view of the local existence
Theorem 2, it follows that u can be extended to a global solution. To obtain the global
bound (7), we see from (8) and (10) that

§6 (V) < 2N, (u, t) < 2N, (u, 0) < 2|uo2 < 4E,(u, 0)
thus, (7) follows from (9) for m = s, with M?> = E(u, 0) exp 4h(wo) E|(u, 0).

4. PROOF OF PROPOSITION 1

We establish estimates on u which hold if [|Vu,|,, is sufficiently small; our proce-
dure is rather formal, since u is in general not regular enough to allow for all the
differentiations we are going to carry out. This difficulty can, however. be overcome
by an appropriate regularization procedure, by means of Friedrichs’ mollifiers,
as shown by Matsumura in [2]. For |«| < s we set ¢ = D" and derive from (H,)

(12) EQy + @ — Zaij(vu) aiajq’ =G, =
= Y {D[a;(Vu) 6.,0,u] — a;(Vu) D* 0,0,u}
(note that G, = 0). Multiplying this by 2¢, and (1/e) ¢ we obtain

039 Gled + o)+ L Lol + 0w Vo) +

+ Lol + 7 0u(us Vo) = (e La(V)] 00, 30) +

# 216 + 2 3oVl owl)(lod + 5 lols).

We can estimate the right side of (13) by means of the following

Proposition 3: Let u,we H**'. For s; < m < s and 0 < |a| £ m, we have:
(14) (@) X loilai(vw)] a:p%u] < k(| Vw].,) [Vwll,, VD] ,
(®) X |@Las(Yw)] 9:D0%u, ;D%u)| < h([|Vw]s,) [wells, [VDu]?,
© 6l = r(([vw]s)) (IVwla [Vul) -

Proof. The first two estimates are immediate: we just have to recall (2) and that
H* Q L*. The proof of (c) is based on the following well known product estimates
for functions in Sobolev spaces: “if fe H", ge H" and p<m, p<r and p <
< m + r — nf2, the pointwise product fg € H?, and |fg|, < | f|. 9], Moreover,
if F is a smooth function and u € H", m 2 so, then F(u)e H™ and Vo, |o| < m
| D* F(u)|| < h(||u|s,) | D°u|”. We now compute that

la|
G,=Y Y C,pD[a;(Vw)] D*? 0,0;u,
ij 18l=1
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for suitable constants c, 4, so that considering Vw € H™ and u € HI*!*!, we have
|D”[a;(Vw)] D*~* 0,0;u]| < D[ai(VW)]m_ gy | %27 Vue]| gy <
< Jas (V) [Vulliag = B(V®]50) [V [ V2] 101 5

since mz | =1 and (m — |B) + (B - ) —n2=m—-1-n22s5 —1—
— nf2 =59 — n[2>0.

We now go back to (12): summing for |a| < m, s; < m <5, and using (14) we
obtain

(15) dit{a]]u,n:, T (g ) + i % + Q,,,(Vu)} +
el + L 0% < m(I9el) [V, 19l il +

+ ha(|Valso) el [Vuelm + % h((|Vullo) [Vuls, [V6]m [VE]ln-s -

By interpolation inequalities (Niremberg, [6]), we have
(16) [vul, = e vuls [vu]s
[Vul-s = €] Vulo [ Vulso

where B = 1/(m — s,) (recall that m = so + 1 = s;). Thus, from (15)
S 2N ) + Mol + - () = HIVul) [Vl [9ul +
+ 4l + (V) el [V +
+ = h(|Vul) [Vl [V,

so that by (3) if N, < ?,

51 =

(17) LNty + L V) £ hy(@) 0? L 0n(Vu) +
dt e 2¢ £

+ hy(0) @ \% 0,.(Vu) + § he(@) @ Q(Vi) < % ho(®) © Qu(Va)

Define now o, > 0 by 2h,(w,) @, = 1: then (8) follows from (17) if @ < w,, since
then

d
— N,(u,t) =0
gy (u,1)

(note that w, depends only on the coefficients a,).
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5. PROOF OF PROPOSITION 2
We derive a similar set of estimates from (12): multiplying by 2¢, and ¢ we have
d
(18) 5 {ellod® + e(0n 0) + 30> + Qo(u; Vo)) + [0 + Qolu; Vo) =

< 2G> + X ojLai(Vu)] 0i0])) (e + o) +
+ 2 (0[a;i(Vu)] 9. 050) .

We estimate the right side of (18) with Proposition 3, and sum for |« < m, s; <
< m < s: using the interpolation inequalities (16) again, we obtain

d
(19) 3 Enle: )+ s + 30u(Ve) < Ri([Vu] o) [ V5, Vil + el +

+ ha(|Valo) Vel + w5, + Ba([Val,) [Vuls, [Valn -
As in (11), we have by Proposition 1

[V, = B, 4N ) S 4ol 5 40
so that from (19)

d . .
o E,(u,1) + 1Q,(Vu) £ hg(wo) Qu(Vut) + wo ho(wo) Qn(Vu) .
Now, Q,,(Vu(1)) < E,(u, t); thus, by the choice of w,,
'(;i Em(“» t) _S_ hS(wO) Q,,,(Vu) Em(u7 t) E}
t

whence (9) follows, with h = hg, by Gronwall’s inequality.
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