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0. INTRODUCTION

The present paper deals with the large time behaviour of solutions to the problem
(D) u, = Au™ +u” —au xeD, t>0,
u(x, 1) =0 xeD, t>0,
u(x, 0) = uy(x) (20) xeD,

where D = RY is a smoothly bounded domain, @ = 0, m > 0, p > 1 and pm~ ! <
< (N +2)(N —2)"" if N = 3. The equation in (I) without the reaction term
u? — au is well known for 0 < m < 1 as the plasma or fast diffusion equation, for
m = 1 as the heat conduction equation and for m > 1 as the porous medium or slow
diffusion equation.

Problems related to Problem (I) have been studied by many authors (e.g. Alikakos
[1], Ball [3], Fila and Filo [6], Galaktionov [9], Levine and Sacks [11], Lions [12],
Nakao [13], [14], Ni, Sacks and Tavantzis [15], Payne and Sattinger [16], Sacks
[17], [18], Tsutsumi [19], understanding that the present list of authors is not
complete).

It is known that Problem (I) does not admit a global solution for every u, if m <p
orif m = p, a =0 and D is “large enough”. For m < p it is shown in [6] that
a solution of a (slightly) more general problem blows up in a finite time if the function
ug belongs to a certain unstable set B (for the definition see Section 2). Here we prove
a corresponding blow-up result in a case which is not included in [6], namely if
m = p, a > 0 and D is “large enough”.

Global existence and decay to zero in L*-norm of solutions to Problem (1) with
ug € W(Wis the potential well, for the definition see Section 2) was proved by Nakao
in []4] for 1 £ m < p and a = 0. We extend his results to 0 <m <1, a =0
and 0 < m < p,a > 0.In the case of 0 < m < 1 itis demonstrated that the solution
vanishes in a finite time if ug € W. To prove this we first show that the solution is
bounded in L*-norm in a similar way as Nakao in [.14], and using the “potential
well” method we derive its convergence to zero in I '-norm. The existence of the
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extinction time follows then by comparison with a solution of the fast diffusion
equation, which is known to vanish in a finite time. As is expected, for a > 0 the
absorptive term -au causes that the corresponding set W is larger than for a = 0,
therefore our result does not follow from [14] by obvious comparison arguments.
As concerns the case m = p, as far as we know, it has not been studied by the
“potential well”” method.

If p < m all solutions are global and bounded (see [18]). Stabilization of solutions
to Problem (I) for this case was studied in [5] in one space dimension.

1. PRELIMINARIES

Let us first introduce some notation: Qr = D x (0, T), Sy =D x (0, T),
|D|-Lebesgue measure of the set D, |u|, = |u] o)y 1 < g = o0, |u]? = (Jul,)’,
*Hy ={ueHyD):u 20 ae in D, u=*0}, |ul = ([p|Vu|*dx)'/* [, h(t) =
= [ph(x,1)dx, [[o. b = [[o, h(x, 1) dx dt and (u(z), v(t)) = [, u(z) v(z).

Definition 1. By a solution of Problem (I) on [0, T] we mean a nonnegative
function u such that :
ue C([0, T]; IX(D)) n L*(Qy), u™e L(0, T, Hy(D)),
and u satisfies

(1.1) (u(t), (1) = [fo (wpe = Vu" Vo + f(u) @) = (uo, ¢(0))

for all te [0, T] and ¢ € H'(0, T; I*(D)) n L™(0, T, Hy(D)), where f(u) = u” — au.

A subsolution (supersolution) of Problem (I) is defined as above with equality
in (1.1) replaced by < (=) whenever ¢ = 0.

By E we shall denote the set of all nontrivial nonnegative stationary solutions of
Problem ().

In the sequel we shall often denote the solution u(=u(x, t)) of Problem (I) by
u(t, uo).

Throughout this paper we shall use the following hypotheses about the data D
and u,:

(H1) D is a bounded domain in RY whose boundary 9D is of class C°,

(H2) uj e L*(D) n Hy(D) and uy = 0 a.e. in D.
We shall refer to these hypotheses collectively by (H). Afterwards we shall need the
following basic results.

Proposition 1 (Comparison principle). Suppose that D satisfies (H1) and that u,
and v, both satisfy (H2). If u is a subsolution and v is a supersolution of Problem
() on [0, T] with uy < vy then u < v a.e. in Q.

For the proof of this proposition for m = 1 we refer to [2] and for0 <m <1

to [7].
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Proposition 2 (Existence). Suppose that (H) holds. Then there exists a time fmax
0 <t < o0 (which depends on the data D, m,f and u,) such that Problem (m
possesses a unique solution u on [0, T] for any T'€ (0, tmax). If tmax < © then
(1.2) lim |u(t, u)|, = .
1= frmax

Moreover, for 0 < s < t < t,,, u satisfies

(1.3) ﬁﬁl(u""“’”),l% It o)) < JWs, u0)
where
(1.4) J(w) = ||w|* = [o [ f(r'/™) ar.

For the proof of Proposition 2 for m = 1 we refer to [11] and for 0 < m < 1

to [7].
2. THE CASE 0 < m< p

Throughout this section we shall always use the following assumptions about the
parameters m and p:

(2.1) 0O<m<p, 1<p for N=1,2 and
0O<m<p<(N+2)m/(N-2), 1<p for N=3.
In the same way as in [6] put

@ i (Uit e

wetHlg

b
w|1+p/m

where k = min (1/2, m/(m + signa)) — m/(m + p). By the Sobolev embedding
theorem, |w|, ., = Cs|w|, C; > 0, and it is easy to see that d is positive. Using
the notation

@) K= vl + alvlizli - w22,
we set

(2.4) W= {we "Hy: J(w) < d and K(w) > 0} u {0}
and

(5.) B ={we "Hy: J(w) < d and K(w) < 0} .

We shall call the sets W and B a stable set (potential well) and an unstable set,
respectively. The number d given by (2.2) is a modification of the ““depth of the
potential well”, which was introduced by Payne and Sattinger in [16] for semilinear
parabolic equations that cover our Problem (I) for m = 1 and a = 0.

Remark. If a=0orm=1thend = inf ( sup J(Aw))(seee.g.[13],[19])and it
is not difficult to verify that in this case "f'0 =A<« :

W={we Hyu{0}:0 < J(w) <d for 0= 2 < 1}
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and

B={we"Hg: JAw) <d for 1 £1 < w}.
Moreover,

d = min J(v™)

veE
(see e.g. [6]).
Theorem 2.1. Assume that D and u, satisfy (H) and let (2.1) hold. Suppose further

that ug € W. Then there exists a global solution u(t, uy) of Problem (I), u™(t, ug) € W
for 0 £t < oo, and it satisfies the following decay property:

(i) If 0 < m < 1 then there exists a time T,, 0 < T, < oo such that
(2.6) u(t,ug) =0 for T, <t <oo.
(ii) If m = 1 then there exist positive constants C, a such that
[u(t, uo)|w < Cexp(—at) for 051t< .
(iii) If m > 1 then there exists a positive constant C such that
|u(t, uo)|,, < C(t + 1)"1""D for 0<1t< 0.
Remark. The rate of convergence to zero in (iii) is “‘optimal” only for the case
a = 0 as for a > 0 we deduce from a simple comparison argument that all solutions

of Problem (I) which decay to zero in L*-norm decay at least as const. exp (—a«'t)
for some o’ > 0.

To make the description of the flow given by Problem (1) by the ‘“‘energy” method
more complete, let us recall the following result (for the proof see [6]).

Theorem 2.2. Assume that D, u, satisfy (H) and let (2.1) hold. If ug € B then
u™(t, up) € B for 0 £t < ty,, and

. = (D] uoln i)™=V (p = 1) (1 = )7

where the constant C € (0, 1) depends on d, uy, m and p, i.e. the solution blows up
in a finite time in L”-norm for ug € B.

The proof of Theorem 2.1 will be preceded by some useful lemmas.

Lemma 2.3. Let ugeW and v = (J(ug)|d)®=™/®*m  Then u™(t, uo)e W for

0 <t < t,,, and u satisfies

27 Jut, uo)lnih = v([|um(t, uo)||* + alut, uo)fi

and '

(28) k([|lum(t, uo)||* + alu(t, uo)fnii) < J(u™t, uo)) < d

for 0 St < tpax

Proof of Lemma 2.3. To see that W is nonempty and invariant we can proceed
in the same way as in the proof of Theorem 1 of [6], and we omit it here. The estimate
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(2.8) follows immediately from (1.3) and (2.4). Now (1.3) and (2.2) yield
(2.9) Ju™(1)) < d= J(uf) k(Jum(@)|* +
+ alu(t)|m DYErmIe=m (Ju(r)[nt Y2 =p
for 0 < t <t As 0 < K(u™(1)), (2.9) gives
(210)  Ju()lnip < a7t I(wg) (Jum(@)]* +
+ a[u(t)lrrl+1)(p+m)/(p m) (Iu(t)lm+p)1 (p+m)/(p—m)
which implies (2.7).
Lemma 2.4. Let uy € W. Then u satisfies
(2.11) [u(t, uo)msr = |to|mso(1 + COTHVED 0 <1 <t
where C = (v=' = 1) (p — 1) (|D|7" Juolpi1)® Db
Proof of Lemma 2.4. Inserting u™(7) into (1.1) we obtain using (2.7)

max 2

(2.12) ’3‘ (Ot < (m + 1) (1= v 1) [u([nLE forae. 1e[0, fom)-
t
Now, using the Holder inequality, (2.12) yields

—(%lu(t)lmii + (Wl + 1) (v_l — 1) |D|(1—p)/(m+1) Iu(t)|m+p <0

+1 =

for a.e. t € [0, t,,,,). Hence (2.11) follows by the standard comparison theorem for
ordinary differential equations. '

Lemma 2.5. Let |u(t, to)|m+p, be bounded on [0, t,,,). Then tp, = co and

(213) lu(t, o) < CJuto].o » ooup |u(t, o) m+5)
<t<ow
for 0 =t < o0.

Proof of Lemma 2.5. We use Moser’s technique just like Nakao in [14] (see also
Alikakos [1]). As the case of 0 < m < 1 is not considered there, let us outline the
proof for the sake of completeness.

Let r > mand 0 < T < fp,,. Inserting ¢ = u" into (1.1) and performing obvious
manipulations we obtain

4mr(r + 4mr(r + 1)
(m +r)*
= (r + D [u@pir — a(r + 1) [u()[;11

for a.e. te[0, T]. If N = 3 the first term on the right hand side of (2.14) may. be
estimated as follows,

(2.]5) fo uPtr < (.[D ut 1)Pl (.fv um+p)Pz (ID u(r+m)N/(N—2))P3 ,

i) Gl a2 =
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where
= (2(m + p) = N(p — m))|(2(m + p) = N(1 — m)),
P, =2(p — V/(2(m + p) — N(1 = m)),
Py = (N =2)(p ~ 1)J(2(m + p) - N(1 — m))

andif N = 2,
(2.16) [purtr < (fpurthye: ([ um*?)@2 ([, ulr*mm+pimy0s
where
Qi =ml(p=1+m), 0,=p(p—1)m+p),
Qs =m(p = Df(m + p)(p — 1 + m).

Now using the Sobolev embedding theorem, the last term of (2.15)((2.16)) may be
estimated by the gradient of u™*7/2 34 then using Young’s inequality we have

(2.17) (r + 1) Jupir < «“2||u("‘+')/2||2 + C(e) (r + 1)2 (JulniD)® Julrii
where
= (2(m + p) = N(1 — m))[(2(m + p) — N(p — m)),
R =2(p — 1)|(2(m + p) — N(p — m))
if N=3and Q = Q' R = QQ,if N = 2.
Putting & = 2mr(r + 1)/(m + r)2, (2.14) and (2.17) yield

19 L + T e 5 06 + 02 (O WOk
where
C = Q7'((m + r)? CNP,Jamr(r + 1))*¥* if N =3 and
C=0 ' ((m+rPclp—12mp—1+m)r(r+ 1)e-m
if N=2.
As |u(t, to)|m+p is bounded on [0, 1,,..), (2.18) can be rewritten into

(219) SOk + Colu PO < Cir + 0wt

for any r > m and a.e. t€[0, T]. At this step we need the following proposition
which for m > 1 is a special case of Lemma 3.1 of [14]. As for 0 < m < 1 the
arguments of [14] need some modifications we shall outline the proof at the end of
this section,

Proposition 2.6. Let u(t) be a function defined on D x [0,T], 0 < T< o
(appropriately smooth) satisfying (2.19) for any r > m with some constants Co(>0),
Cy(>0) and Q(=1). Suppose that u, = u(0) e L*(D), sup Iu(t)l,,,+1 < oo and in
the case N = 3, m(N + 2) > N — 2. Then

(2.20) sup [u(t)] < C|uolws SUP [U(t)|ms 15 C1)
0=St<T 0ZtsT
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Now the constant C in (2.20) does not depend on T, hence fpmax = © and the proof
of Lemma 2.5 is complete.

Proof of Theorem 2.1. We emphasize the proof of the assertion (i) as the assertions
(ii) and (iii) may be obtained using our definition of d and repeating Nakao’s ar-
guments of [13], [14], hence we only sketch their proofs.

(i) By Lemmas 2.3—5 we know that fm, = 00 and |u(*, uo)|, is bounded on
[0, o). Put
(2.21) L=max (0, M?"' —a), M = sup [u(t, uo)|s, »
0=t<w

and consider for a while the problem
(2.22) v, = Av™ + Lv xeD, t>0,

v(x, 1) =0 xedD, t<0,

v(x, 0) = vo(=u(T,uy)) xeD,
where T, sufficiently large, will be chosen later. We shall consider the case L > 0 as
the case L= 0 follows easily. Putting v = w exp (L) and changing the time scale
tot = —c 'In(l — ¢s), c = L(1 — m), (2.22) may be rewritten into
(2.23) zg = Az" xeD, 0<s<T,=c !,

z(x,s) =0 xedD, 0<s<T,

z(x,0)=v, x€D,
where z(x, s) = w(x, (s)) and s(t) = ¢"*(1 — exp (—ct)). Now it is well known
that any solution of Problem (2.23) considered on (0, o0) has a finite extinction time
t, = t(vo), i.e. z = 0 for s = t, (see e.g. [4], [7]). As (2.1) holds we easily obtain
(2.24) 14(vo) £ |volmit/C(1 — m).

As concerns (2.23), if v, is so small that t(vo) < T, then z = 0 for s = t,, but then
also v =0 for t = —¢ ' In(1 — ct,). Hence we can choose by (2.11) T so large
that t,(u(T,u,)) < T., and using simple comparison arguments we have

ux,t)=0 for t=T,=T—- ¢ "In(l — ct,(u(T, up)), ie. (2.6).

If a = 0 the assertion (iii) of Theorem 2.1 is proved in [14] and (ii) follows e.g.
from [1 3] and [14]. As we have already mentioned, for a > 0 our results do not
follow from [14] by comparison arguments, but thanks to our definition of d for
a > 0(cf. (2.2)) we can obtain the same results. First, by the same way as in Theorem
3.1 of [13] we may obtain the estimates

(2.25) J(™(t, u0)) < C(1 — d™" J(uf)) (1 + 1)72™=D if m >1 and
J(u(t, up)) £ C(1 — d™* J(up))exp (=Af), 2>0 if m=1,
and we omit it here. Then using the Sobolev embedding theorem, (2.8) and (2.25),
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we have
(2-26) [u(t, wo)|m+p = (Collu™(t, uo)|)V/™ £ C(t + 1)~1=Y if m > 1,
lu(t, uo)|1+p, < Cexp(=A1), A >0 if m=1.
Now put w(t) = (t + )™ D u(t) if m > 1 and w(t) = exp (V1) u(r) if m = 1.
Then w(r) satisfies, after changing the time scale,
(2.27) wy = Aw™ + exp ((m — p)s/(m — 1)) w? + ((m — 1)™* — aexp(s))w
if m>1,
w,=dw +exp((1 — p)At)w? + (A —a)w if m=1.

From (2.26) and (2.27) we can obtain the boundedness of w in the L*-norm in the
same way as in Theorem 3.1 of [14], hence the conclusion.

Proof of Proposition 2.6. Put r, =2+ m — 1, d, = Cy(r, + 1)% ¢, =
= (re + 1)[(rey +1/2) and v = u™**/2 for k =1,2,3,.... Then (2.19) takes
the form '

(2.28) ditj,, 0(1) £ —Collo(0)]? + di [ 0" (1).

Now we use the Nirenberg-Gagliardo inequality ([8, p. 27, Theorem 10.1]) in the form
(229) .[D VI < C‘I]’k”v"bqk (ID v-‘k)ﬂk(l =b)/sk ,

where s, = (r,_y + 1)/(ri—y + 1/2) and b = 2N(g, — s,)[q(2N — s(N — 2)). Let
us note that g, > 2, q, —» 2 as k —» oo and v™* = u™~'*! As we have supposed
N — m(N +2) <2, for N =3, we can apply the Young inequality and (2.29)
then yields

(230)  fout S el P+ Cla R) (Tpun

where 0 < g < 1 will be given later, p, = (2**' — ¢)/(2* — ¢),e = N — m(N + 2)
and C(g, k) may be estimated by Ce, V/?~®. Now choosing & = 27%~* for y
so large that dig, + & < C, it follows from (2.28) and (2.30) that

1 d et 1 1 et 1 1 o1 +1\
(2.31) u'™ —g— | u™ + b sup — | u? )
) 21, ol ),

@
for k =1,2,..., where &, = (d; + &) C(g, k) | D|™*[e,, hence

(2.32) 1 u™tl < max (5, sup L yreer pk, 1 ugt!
IolJs osezr D]}, ) T[], "

fork =1, 2,.... Now we can take x so large that §, > 1 and J, may be then estimated
by ¢2¢% for some ¢ = ¢(Cy) > 0 and 'Q = 'Q(Q, 1, N, ¢) > 0. Thus, if we denote

1 Pt
K = max 1, |u,|"*?, (sup ——f u"'“(t)) ,
l i,

lIA

0<t=<T
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from (2.32) we can obtain inductively
(2.33) l%l f WL S §,57% .. SRSk Kapsea
D

Now, since p, < n, = (2 — 1)/(2*7" — 1) for k = 2, (2.33) yields

ret+1 L+ng+...+nzns.neprnans..ng Q' (k+(k— L)+ (k—2)ngng — 1 + ...+ nan3...nx)
(2.34)  [puntt <|D|c K 2

é lDl czk+l_.1 ZQI(k+2k+2_4)K2k_1 .

Taking the (r, + 1)-st root of (2.34) and letting k — oo we obtain
[u(t)|00 < 2 249K,
hence (2.20).

3. THE CASE m=p> 1

In this section we shall discuss Problem (I) form=p>1,ie.
(3.1) u, = Au" +u™ —au xeD, t>0,
u(x,t) =0 xedD, t>0,
u(x, 0) = uy(x) (20) xeD,

where a = 0. Before we introduce our result, let us collect some known facts.

Theorem 3.1. Let A, denote the first eigenvalue and ¢, the corresponding eigen-
function of the Dirichlet problem Ap + J¢ = 0 in D, ¢ = 0 on 0D, and let (H)
hold.

(i) If 2y > 1, a = 0 then lim |u(t, u,)|,, = O.
t—> o0

(i) If Ay =1, a = O then lim |u(t, uo) — Co{"|,, = 0, where
C= (an ¢1)/|‘P1|iiim e
(iii) If A, = 1, a > 0 then lim |u(t, uo)|,, = O.
t— 00
(iv) If 44 < 1,a = 0, ug % 0 then ty,,(ug) < o, i.e. any solution u(t, uo) blows
up in a finite time in L®-norm.
Some comments to the proof of Theorem 3.1 will be given later.
Now we shall treat the case 1; < 1 and a > 0. In order to describe our result let

us define
d = inf ( sup J(Aw)).

wetHlg 0<2A<o0

In [6] we have demonstrated that

_ 2(m+1)/(m—1)
(3.2) 0<d=-1"— 11 az'"/(""‘)inf(———zlw_l”“’"2 1/2> <0,
2(m + 1) weo \(w[3 = [w]?)

where Q = {we *H{: |w|; > |w|?}, and we can introduce the stable set W and the
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unstable set B as follows:
(3.3) W= {we "Hy: J(w) < d and K(w) >0} U {0},
(3.4) B = {we *Hj: J(w) < d and K(w) < 0} .

Theorem 3.2. Assume that D and u, satisfy (H,m=p>1,4; <landa>0.
(i) If ug € W then there exists a constant C = C(u,) = 0 such that

(3.5) [u(t, uo)|, £ Cexp(—a(l —v)1), 0=t< o0,

where v = (J(uf)/d)"= 17
(i) If uf € B then t,,(uy) < 0, i.e. the solution u(t, uy) blows up in a finite time.

Moreover,
(3.6) d = min J(v")

veE
hence E is nonempty.

Proof of Theorem 3.1. The assertions (i), (ii) have been proved by Sacks in [18]
and (iv) by Galaktionov in [9]. To prove (iii), let us note that there exists no non-
negative nontrivial stationary solution to (3‘1). Really, if v were such solution, it
would hold

=[o"l* + [o"]2 = alplnii >0,

which is a contradiction to the fact that A, = 1, i.e. E is empty. The assertion (ii)
yields by a comparison argument that u(t, uo) remains bounded in L®-norm as
t - 0, so the semi-orbit {u™(t, uy): t = 0} is relatively compact in C(D), w(u,) is
nonempty and w(uo) = E U {0} = {0} (see [10, Theorem 2.5]), hence the conclusion.

Before we give the proof of Theorem 3.2 let us introduce two lemmas.

Lemma 3.3. Let [u(+, uo)|,+1 be bounded on [0, t,,,). Then t,,, = oo and
(3.7) |u(t, uo)|so < Clluo|ows  sup [u(t, wo)|ms1), 0=t < o0,

0st<ow

Proof of Lemma 3.3. Putting ¢ = ', r > m in (1.1) and performing standard
manipulations we get

s 4 | rd o D) o)z 2 ) fulpin = a(e 4 1) it
(r + m)

The right hand side of (3.8) may be estimated by the Nirenber-Gagliardo inequality
and Young’s inequality as follows:

(39) I I:Im < ;(ellu(m+r)/2”2 + C(S) (J.D u(m+r)(m+1)/2m)2m/(m+l))
for 0 <e<oo. As m+1<(2m) ' (m+r)(m+1)<r+1, (38) and (3.9)
yield (putting ¢ = 2rm/(m + r)*> C; and computing C(&))

010) Tl + T D e s
m + r)?
< Clullznri(,{, 1)(,. + 1)1+N(m—~1)/2(m+1) M:}
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for0 < t < tpwand r > m. As |ul,,; is bounded on [0, t,,,,), we can apply Proposi-
tion 2.6 to obtain

'U(I, u0)|oo é C([“ODwa 0< SUP |u(t u0)|m+1) fOI' 0 < 1< tmax )
St<tmax

hence t,,, = o by (1.2).
Lemma 3.4. Let ug € W. Then u™(t, uy) € Wfor 0 < t < t,,, and

(311) |u(t’ u0)|m+1 exXp (a(l - V) t) é |u0|m+l
Jor 0 £t < Imax-

Proof of Lemma 3.4. The fact that the set Wis invariant may be proved like in [6]
and we omit it here. Now let us suppose that u™(t, uo) € Q (cf. (3.2)). Then according
to (1.3), (3.2) and (3.4) we have
(1) J(0) S ) o — 1) @l 2dm + 1) (O -

. l‘um(t)‘lz)(m+ 1)/(m— 1)) .
As K(u™(1)) > 0, (3.12) yields
(3.13) [um(®)]3 = [um@)]]> £ valu()pil for 0 =1 <ty -

Here we can omit the assumption that u™(t) € Q because if it does not hold, (3.13)
is satisfied automatically. So, using the estimate (3.13), (1.1) for ¢ = u™ gives the
differential inequality

Szt + m o+ D0 =) alulliil = 0,

which yields (3.11).
Proof of Theorem 3.2. (i) Set w = u exp (a(1 — v) ¢). Then it is not difficult to
verify that w satisfies

weexp (a(l —v)(m — 1) 1) = Aw™ + w™.
Changing the scale to s = ¢~ '(1 — exp(ct)), ¢ = a(l — v)(m — 1) and putting
v(x, 5) = w(x, #(s)), v satisfies

v,= A" +v" xeD, s€(0,Smy),

v(x,s) =0 x€dD, s€(0,Smuy),

v(x,0) = ug(x) xeD.

As Lemma 3.4 implies |u(s, Uo)|mr1 < |tolm+1 fOr 0 < s < 5, We can apply Lemma
3.3 to obtain that s.,,, = oo and

|ofs, wo)| = ClJuolus > [uolms1) 5

hence the conclusion.
To prove the assertion (ii) of Theorem 3.2 we note that in a similar way as in the
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proof of Lemma 3.4 we may obtain the estimate

|u(t, to)ms1 Z |uolm+y exp (a(l — v) (m — 1) t/(m + 1))
for 0 < t <t if ug € B. The next lemma completes then the proof of (ii).

Lemma 3.5. Let the hypotheses of Theorem 3.2 be satisfied. Then there exists no
global solution u of Problem (3.1) for which |u(t, to)|,+y = 0 ast - oo.
Proof of Lemma 3.5. Following an idea from [16] we proceed by contradiction.
Suppose that 7, = 0 and denote
M(t) = o ulnit.
‘Then we have
M'(’) = l“omi% + ﬂ) jn (”MH)t =
— Juolgtd o+ Om o+ 1) Jo (= [ + o3 = alulid).
and further,
M'(t) = (m + 1) (=2J("{1)) + (m + 1)~" (m — 1) alu(®)ni]) -
Now (1.3) yields the inequality
(3.14) MM" = 2m(m + 1)7' M> 2 2m(m + 1)7" Juo24 " +
+ 8m(m + 1)~ (f§ fpum™ " {§ o (um*V2); —
- (J6 §o u""+”"2(u("‘“)’2),.)2) +(m+1)""(m—1)aMM' —
=2(m + 1) J(up) M — dm(m + 1)~ Juo|nii M’ .
It is not difficult to see that there exists a t, > 0 such that the right hand side of (3. 14)
is positive for t = t,, therefore
(M™% <0 for t=1, where A= (m—1)/(m+1).
Since M~ *is decreasing, it must have a root t, > 0, which is a contradiction.

For the proof of (3.6) we refer to the proof of the analogous result in Theorem 2
of [6].
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