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Let M be a smooth Riemannian manifold and X a complete vector field on M
which induces the continuous flow X(t, *), 1 € R.

Definition 1. A continuous function L defined on some neighbourhood U of a set
A < M is a Lyapunov function for A if:

(1a) L{(p) =0 forall peU and L(p)=0 iff pe4d,
(1b) XL(p)<0 for peU~A,
(1¢) lim I(p,) = +0 as p,— .

n-+oo

Here p, - o0 means that for every compact K = U there exists n, € N such that
Pn ¢ K for n > n,.
Let further, for a given 4 =« M,

D(A) = {p: o — limit set of p is nonempty and it is contained in 4} .
Definition 2. A compact, invariant set A = M is asymptotically stable if:
(2a) there exists a neighbourhood U of 4 such that U = D(4),

(2v) for every neighbourhood W of A there exists a neighbourhood W of A
such that X(t, W) = Wforallt.> 0.

It is easy to see that in case A is asymptotically stable the set D(A) is open (see [1],
Chapter V, Theorem 1,8).

Lyapunov proved that the existence of a Lyapunov function for compact, in-
variant set implies its asymptotic stability.

It is an interesting question wheter the existence of a smooth Lyapunov function
is also a necessary condition for asymptotic stability.

Persidskii [ 5] gave a partial answer to this problem. He showed that if x, is singular
asymptotically stable point of C*-vector field, then there exists a C!-Lyapunov func-
tion for x,.

Zubov [7] generalized the above result. He proved that we obtain a C*-Lyapunov
function if the vector field is C*.
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Massera [3], [4] showed the existence of Lyapunov function for asymptotically
stable point which has partial derivatives of any order assuming that the vector
field satisfies the Lipschitz condition.

Kurzweil [2] proved a similar theorem under weaker assumptions about vector
field.

The problem has been completely solved by Wilson [6]. Namely, using the new
technique of approximation of a continuous function by a smooth one he proved the
following

Theorem (cf [6], Theorems 3.1 and 3.2). If A is an asymptotically stable set,
then there exists a C*-Lyapunov function for A defined on D(A).

Unfortunately, there are some gaps in Wilson’s proof, for example, it is not
obvious that for the function U defined in the proof of Theorem 3.1 XU exists.

Our aim is to give a new proof of the Theorem. The method used in the paper is
based on the following main result of [6].

Lemma (cf [6]. Theorem 2.5). If f is a continuous real-valued function on an
open set U = M, X is a nonsingular vector field on U, and if Xf is defined and
continuous, then for every positive continuous function ¢: U — R there exists
a C*-function g: U — R such that

[f(x) — g(x)| < e(x) and X g(x) < X f(x) + &(x)

for all xeU.
In the sequel the following Proposition will prove useful.

Proposition. Let K be a compact subset of D(A). Then for every neighbourhood W
of A there exist a neighbourhood Wy of K and a number T > 0 such that X(t, W) <
c Wforallt = T

Proof. It follows from (2b) that there is a neighbourhood W od A such that
X(t, W) = Wfor all t = 0.

Suppose now that a point p € D(4). Then there exists T,, > 0 such that X(T,, p)e W
and so, by the continuity of the flow, X(Tp, W,) = W for some neighbourhood W,
of p. Hence X(1, W,) = Wforallt = T,

Thus for any p e K there exist a neighbourhood W, of p and T, > 0 such that
X(1, W,) = Wforallt = T,. Now the Proposition follows from the compactness of K.

Now we are ready to prove two remarks which we need for the proof of Theorem.

As an easy consequence of Proposition we will get the following

Remark 1. Suppose that {p,} = D(A4), cl{p,} n 4 =0, and 1, < T, for some
T, € R. If the sequence {X(1,, p,)} is contained in a compact subset of D(A4) then the
sequence {t,} is bounded.

Proof. Let W be a neighbourhood of 4 for which Wn cl{p,} = 0. It follows from
Proposition that there exists T > 0 such that X(t + 1, pa)€ W for all t > T. Thus
t,> —T. :
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Remark 2. Suppose that {p,} = D(4) and t, £ T, for some To e R. If p, - oo
then X(t,, p») =  too.

Proof. Suppose it is not. Thus there exists a sequence {p,,} such that p, — oo
and cl{X(t,. p,)} is a compact subset of D(4) while, by Remark 1, the sequence
{—t,,} is bounded. But this contradicts the continuity of the flow.

Proofof Theorem. We equip the set D(4) with a complete Riemannian metric o.
In the case the closed, bounded sets are compact, and so (A is compact) a sequence
{Pu}» Pn € D(A), is contained in a compact subset of D(A) iff the sequence dist (p,, 4)
is bounded.

Next we consider the function ¢: D(4) - R* defined by

@(p) = inf {dist,(X(t, p), A): t < 0} .

Obviously,

(3a) @(X(1,p)) = @(p) forall =0
and

(3b) o(p) < dist(p, A) .

It follows from Remark 1 that if pe D(4)\ A then lim dist(X(¢, p), A) = + o0.
t—=—

Therefore there exists a nonpositive function 7 on D(A) such that

o(p) = dist,(X(#(p), p)- A) -
Hence, in particular, we get

(3¢) e(p)=0 iff peA.

We claim that ¢ is continuous on D(A). Obviously ¢ is continuous at points p € A.
Suppose now that p e D(4)\ 4 and a sequence {p,} goes to p. From the continuity
of the flow we get

o(p) = dist,(X(#(p), p). A) = li:{l, 1§up o(p,) -

On the other hand, by the last inequality the sequence ¢(p,) = dist,(X((p,), pu), 4)
is bounded, and so, in view of Remark 1, the sequence {i(p,,)} is bounded. This and
the continuity of the flow imply that

o(p) £ lim inf ¢(p,,) .

n—+ oo
Thus ¢(p,) — ¢(p).
Suppose next that {p,} = D(4) and p, - co. It follows from Remark 2 that
dist,(X(7(p,), pu), A) > + 0. Thus we get

(3d) if p,— oo then ¢(p,) > +o0.

Let now ¢ be a nonnegative continuous function defined on D(A) with the proper-
ties (3abcd). Define the function @: D(4) —» R+ by

®(p) = o * @(X(r, p) exp (—7) dr.
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Obviously ¢(p) =0 iff pe 4.
We claim that @ is continuous on D(A).
In fact, suppose p, p € D(A). For every T > 0 we have

®(p) — ®(p) = |5 [0(X(z, p)) — o(X(z, )] exp (=7) dv =
= {2 [@(X(r, p) — @(X(, p))] exp (—7) de +
+ [ 2 [o(X(z, p) = o(X(7, p)] exp (—7)dv =:1; + I,.

It is easy to see that for sufficiently large T, I, is small for j from some neighbourhood
of p. If Tis fixed then I, is small for § from some neighbourhood of p. Thus & is
continuous at the point p.

We now calculate X &(p):

HLo(x(1. 7)) - 2(0)] =

[(exp £ = 1) 2 p(X(z. p)) exp () de + 5 p(X(z, p))exp (~7)d].

=~ ] -

Letting t — 0, we get

X &(p) = o(p) - ¢(p) -
We claim that &(p) < ¢(p) for p e D(4)\ A.
In fact, by (3a)
© @(p) = f5 ¢(X(z, p) exp (—7) dr < |3 ¢(p) exp (—7) d7 = ¢(p).
Suppose ®(p) = ¢(p). Hence ¢(X(t, p)) = ¢(p) for all v =0. Thus ¢(p) =
= lim ¢(X(z, p)) = 0 and, consequently, p € A.
T+ 0
Thus we have shown that X &(p) < 0 for p e D(4)\ A.
Next we will prove that @ satisfies the condition (1c).
Suppose that p, — co. It follows from (3a) that ¢(X(z, p,)) are nonincreasing
functions of 7. Thus we have
&(p,) = [5” o(X(, ps)) exp (—7) dr = [5 (X (z, pa)) exp (—7) dr =
= o(X(1, pa)) fo exp (=7) dr.

At the same time (see Remark 2), X(1, p,) = co. Hence, by (3d), #(p,) » + co.
We have shown that @ is a Lyapunov function for 4. Moreover, by (3b) and (4),

@ satisfies the condition
(5) &(p) < dist,(p, 4).

Finally, suppose that we have a Lyapunov function @ for 4 defined on D(4) and
satisfying the condition (5). It follows from Lemma that there exists a C*-function

L: D(A)\ A - R* such that
|Z(p) — 9(p)| < 30(p) and X L(p) < 3X &(p)
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(we put in Lemma &(p) = min (3&(p), $X ®(p))). Moreover, by (5),
(6) f,(p) < Cdist,(p, 4) for some constant C.
Now we define the function Lon D(A) by

L(p) = {[eXP( 1/L(p))] L(p) for peD(A)\4,

for peA.

Obviously Lis a Lyapunov function for A4 which is C® on D(4)\ A. We claim that
at points p € A Lis C® too.
In fact, the inequality (6) implies that

L(p) = o((dist,(p, A))*) forall k>0,

‘where o(h*) denotes a function for which

Hence Lhas all derivatives 0 at every point p € A.
This finishes the proof of our theorem.
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