Czechoslovak Mathematical Journal

Francesco Catino
On complete a-ideals in semigroups

Czechoslovak Mathematical Journal, Vol. 40 (1990), No. 1, 155-158

Persistent URL: http://dml.cz/dmlcz/102366

Terms of use:

© Institute of Mathematics AS CR, 1990

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/102366
http://dml.cz

Czechoslovak Mathematical Journal, 40 (115) 1990, Praha

ON COMPLETE «IDEALS IN SEMIGROUPS

FrANCEsco CATINO, Lecce*)

(Received May 30, 1988)

By X* we denote the free monoid over an alphabet X. Let S be a semigroup.
By 2(S) we denote the semigroup of all subset of S under set product with the unity .
For ae{0,1}* we shall define f5: 2(S) » 2(S) as follows: f3(4) = A4, ... 4,
if @ = o005 ... &, ; € {0, 1}, where

A fol o; =1
A = S for” o; =0
We put A = {0, 1}*\{1}* and f, := f3. Let a € A. A subsemigroup M of a semi-
group S is called an a-ideal of S if f,(M) = M (see [6]). If, especially (M) = M,
then we say that M is a complete a-ideal of S.

In this note we shall characterize the semigroups in which every a-ideal is complete.

For the undefined notions and notations we refer to [1].

It is well known (see [6]) the following

Lemma 1. Let a, f € A and A, B non-empty subsets of a semigroup S.
(i) If A = B then f,(A) = fB);

(i) fup(4) = fu(4) S5(4);

(iii) Af(A) = fA) and f,(4) A < f.(A);

(iv) f{A4) fd4) < f.(A);

(v) fA v [4)) € fulA).

The following lemma is an extension of Lemma 1 (v).

Lemma 2. Let o € A and k a positive integer. If A is a non-empty subset of a semi-
group S, then

flAv A2 U ... AU f(A)) S fA).

Proof. At first we prove that

) fl{AuvA*v ... 4" < f(A4)

by induction on the length I(a) of a. It clear that the result is true for I(a) = 1.
Assume now that /(o) = 2 and the result holds for every word B such that I(f) =
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= Il(a) — 1.

Casel:o = 18.Then fe Aandf(A U ... U A*) = f,(A). Using Lemma 1 (ii), (iii)
flAvA?v. .. ud)=(AuAu.. . UA)f(Au A U...u 4 c
S(AuAu. .. UAf(A) = AfA)U A% fi(A) U ... U A fi(A) =
= Af(A) v A(Af)(A)) U ...0 AT ASYA)) S ... = Af(A4) =
= f15(4) = £(4) .

Case2:a=08.If Be 4,
fldvAa>u. .. ud) =S Au A’ 0. 04" = Sf(A) =f(A).

If ¢ A, « = yl with y € A. This is dual to case 1.

Now, by Lemma 1(i), (v) and by (1),
flAuvA?u...u4duff4)
cffdvA*u.. . vAuf(Adudiu.. v 4 c
cf(duvAa®u...u 4 cf(4).

Theorem 3. Let A be a non-empty subset of a semigroup S. Then AU A% U ...
U AT G f(A) is the smallest a-ideal of S containing A, where I(«) is the
length of a. -

Proof. Since (AU A2U...0 AP Uf(4) (AvA?U...0A®1f(4)
SAVAU.UAPTTUADUAS(A) U (AP U A f(A) ...

U (APO72 0 AT fA)) U (fA) AU .. U f(A) AP U f(A) f(A) =
CSAUA V.. VAP UL UAMOT2Uf(A) S 420 .. VAT U f(A)

we see that AU A> U ... U A'@~1 U f(A) is a subsemigroup of S containing 4. By
Lemma 2 it is an a-ideal of S. Moreover, let B be an a-ideal of S containing A. Then
Au...uA@ 1O f(A) = BUf(B) < B.

If A is a non-empty subset of a semigroup S then 4 U A> U ... U A'@71 U f(4)
is called the a-ideal generated by A and denoted by (A),, where /(o) is the length of a.

Let « € A. A semigroup S is called a-semigroup if every a-ideal of S is complete.

Theorem 4. Let o € A. A semigroup S is an a-semigroup if and only if a efa({a})
forallaes.

Proof. Suppose that every a-ideal of S is complete. Let a € S. Then, by Theorem 3

) — ) —1)

and Lemma 2, ae {a} u ... u {a'® '} U f,({a}) = f({a} u...uia'( mrufl{a}))s
< f{a}).

Conversely, if 4 is an a-ideal of S. Then, by Lemma 1(i), a € f,({a}) < f,(4) for
alla € A. Hence A is a complete a-ideal of S.

Remarks. 1) If o = 10 then any a-ideal of S is a left ideal of S. By Theorem 4,
every left ideal of S is complete iff a € aS for all a € S (see [2]).

2) If = 101 then any o-ideal of S is a bi-ideal of S. By Theorem 4, every bi-ideal
of S is complete iff S is a regular semigroup (see [7]).

156



3) If « = 1011 then any a-ideal of S is a (1,2)-ideal of S (see [3]). By Theorem 4,
every (1,2)-ideal of S is complete iff S is a completely regular semigroup (see [4]).

Now, we remark that in general the intersection of complete a-ideals of a semi-
group S need not be complete (see [2]).

Theorem 5. Let ae€ A. If A, B are complete a-ideals of a semigroup S, then
(4 U B), is a complete a-ideal of S.

Proof. By Lemma 1(i), AU B = f,(4) U fy(B) < f(A4 U B). Thus, by Lemma
1(iii), (4 U B)* < f,(A4 U B) for all positive integers k. Hence (4 U B), = (4 L B) U
V(AUB)PuU...u(AUB)® U f(AuB) < f(AU B)c f((4v B),).

It is clear that the product of two a-ideals of a semigroup, in general, will not be
an a-ideal (see [6]). We will prove that the product of two complete a-ideals of a semi-
group is an a-ideal when o € A and « containing a 1. But we first need some auxiliary
statements.

Let o € A. If « = 0" for some n positive integer, we put o* = 0. If @ = oy, ... @,
and there exists j > 1 such that «; + «; we put

ot = o400t ff o, F o
ay; i o, = o

We remark that o* € {0, 10, 01, 101, 010}.

Lemma 6. Let « € A and let A, B be complete a-ideals of a semigroup S. Then
f{AB) < f,{(4B).

Proof. Let & = oo, ... «,. If a; = 1 then there exists j > 1 such that a; = 0.
Thus f,(AB) < ABf,, ,,_(AB)Sf,,., . .(AB) < ABSf,(AB).

If o, = O then f,(AB) < ABS = f,(AB). If @, =1 then f,(AB) € ABSAB =
= f.(AB).

Now, we suppose that a; = 0. If a; = 0 for all je{2,...,n} then evidently
f{AB) € S = f,(4B).If a, = 1 for some h > 1, then f,(4B) < SABYf,,,, .(AB) <
< SABSf, (AB) if there is r such that h + 1 < r <n and «, =0 or f(4AB)
< SABf, (AB). Thus f,(AB) < SABS = f,[(AB)if a, = 0 and f,(4B) < SABAB <
C SAB = f(4B)if , = 1.

Lemma 7. Let a € A, a* = 0 and let A, B be complete a-ideals of a semigroup S.
Then f,«(AB) < AB.

Proof. If a* =01 then « = 0o’ with o €{0, 1}*. Thus f,(4B) = SAB =
= Sf(A)B = SSf,(A)B < Sf,(A)B < f(A) B = AB. The case «* = 10 is dual
to the preceding case. If oa* = 010, then f,«(A4B) = SABS = Sf,(A)f(B)S <
< f{A)f.(B) = AB. If a* = 101, then f,{(A4B) = ABSAB = ABSB =
= Afa(B) Sfat(B) = AfaOa(B) S Afax(B)faz(B) "'fa,(B) ~'-fa..(B) Sfax(B)
co-Ja)B) ... fu(B) S Af(B) = AB, where a = a,a, ... .

Lemma 8. Let a € A, a* + 0 and let A be a complete a-ideal of a semigroup S.
Then f(A) = A.
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Proof. If o* = 010 then f.(4) = SAS = Sf(A)S < f(4). The cases a*e
€{01, 10} are similar. If a* = 101 then f«(4) = ASA = f(A) S f(A) = f.0d4) =
S f4).

Moreover, by the proof of Lemma 6, f,(A) S f,{(A). Thus A = f,.(4).

Theorem 9. Let o € A, a*+ 0. The product of two complete a-ideals A, B of a semi-
group S is an a-ideal.

Proof. We prove that AB is a subsemigroup of S. If a* = 010 then, by Lemma 8,
ABAB = ABASBS = ASASBS = ASBS < AB. We proceed similarly if o*e
€ {01, 10, 101}.

Furthermore, by Lemma 6 and Lemma 7, f,(AB) < AB. Thus AB is an a-ideal of S.

We remark that if « € A4 and a* % 0, in general, the product of two complete
a-ideals will not be complete and if «* = 0, the product of two complete a-ideals
need not be an a-ideal.

Let e A, o* & 0 and let S be an a-semigroup. Let F, be the set of all a-ideals
of S. By Theorem 9 F, is a semigroup respect to the set product.

Theorem 10. Let o € A, a* # 0. A semigroup S is an a-semigroup if and only if F,
is an a-semigroup.

Proof. Let S be an a-semigroup and let 4 be an element of F,. Then 4 = f,(4) e
efx5({A}). Thus, by Theorem 4, F, is an a-semigroup. Conversely, if A4 € F,, by
Theorem 4, A € f,*({A4}). Hence 4 < f,(A).

Remarks. 1) If « = 101, then by Theorem 10, S is regular iff the semigroup of
all bi-ideal of S is regular (see [7]).

2) If o = 1011, then by Theorem 10, S is completely regular iff the semigroup of
all (1,2)-ideals of S is completely regular (see [5]).
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