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In [2], the author has introduced the notions of disconjugate and strictly dis-
conjugate linear differential equation with delay. They are generalizations of similar
notions for an ordinary linear differential equation without delay (see Definition 2
and Definition 4 below), and are closely related to the existence and uniqueness of
the solution of multipoint boundary value problems for linear differential equations
with delay (see [2]). The purpose of this paper is to give tests for disconjugacy and
strict disconjugacy of linear differential equations with delays. The paper is divided
in two parts: in the first part we give one criterion for strict disconjugacy and in the
second part one criterion for disconjugacy of an ordinary linear differential equation
with delays. In the sequel we will follow the paper [3] by A. Ju. Levin in which he
deals with the case of linear differential equations without delay.

I

Let us consider the n-th order linear differential equation with delays

(&) w0 + 5 5 af) 2t = 4,0) = 0
i=1j=
with continuous coefficients a;;(¢f) and delays 4,(f) 2 0 on an interval I (i =
=1,2,..,n;j=1,...,m).
For t, € I let us denote by B'(E,, to) the set of all solutions of (E,) with constant
initial functions
do(t), ¢1(2), +..» Pu1(t)

which are defined on the initial set E,,, and by B(E,, t,) the set of all x() € B'(E,, t,)
with ¢o(f) = 0, t€ Ey,.

Let x(t) € B'(E,, to), x(t) % 0. The n-th consecutive zero (including multiplicity)
of x(t) to the right of #, will be denoted by n(x, t,).

Definition 1. (A. Has¢dk [2].) Let a € 1. By the first adjoint point to the point a
(with respect to (E,)) we mean the point

ay(a) = inf {n(x, a): x € B'(E,, a), x(t) % 0} .
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Definition 2. (A. Hai¢dk [2].) The equation (E,) is said to be strictly disconjugate
on an interval J iff for each a € J the following implication holds:

aelJ=ua(a)¢J.
Lemma 1. (A. Ju. Levin [3], see also [1] p. 84.) Suppose y € C" on the interval

I = {a, b) and
y®@®)| £ n for ast=<h,

(1 ¥ao) = y'(a)) = ... = y""Y(a,_,) = 0,
where

2) afaysa;£...2a,_, b

or )

(2') aLa,.1=...2a;,2a,<bh
Then

® " per) s A0k

ol

Lemma 2. Suppose x € B'(E,, ty), t, € {a, b) and

|x®@)| < p for ty<t<b,

fora<t<b; k=1,2,...,n

(4) - x(ag) = x'(ay) = ... = x""D(a,_;) =0

where R

(5) hSa.=ay=...8a,, =D

. to<a,1<..Sa,Sapsh.

Then

(6) Ix("'k)(t)l < _'L‘(ll:i)i -
k-1 k

kf—='|=|

il

orty<ts<bk=12,...,n,and

(6) [0 - 4,()] =

u(b — a)t
k k__l_ k 1
‘ 2 2
fortoy £t<b,k=12,...,nandj=1,....m

Proof. Applying Lemma 1 to x(t) on the interval (t,, b) we get (6). From this
inequality we get that (6') is valid for

to<t—Aft)<b. .
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Further, since x € B(E,, t,), we have
x(t = 441) = x(t0) for t—41) <1,
and thus (6') is valid also for t — 4(t) = b, 1.e. for te (t,, b).
Example 1. The function x(f) = (+ — 1), 1€ €0, 1) is a solution of the equation
(7) X(f) = 2x(t = 1) =0, 10, 1),
with the initial functions @o(t) = 1, ¢4(t) = —2 for te{(—1,0). Thus pu = 2.
By (6) we get

1=x(t—1)§M—=1,

Bl
2 2
i.e. equality in (6) may be really attained.

Theorem 1. Suppose
(®) laif®)] = 4,

for all t in a compact interval I = <a,by (i=1,...,n, j=1,...,m). Then the
equation (E,) is strictly disconjugate on I if

) x(b—a)<1
where

M=

(10) 0. Lo
10 x(h =.=“1 l—':‘——l—
)

Proof. Suppose on the contrary that (E,) is not strictly disconjugate on I. Then
there is a point to € {a, b) such that (E,) has a nontrivial solution x € B'(E,, t,)
with at least n zeros (including multiplicity) in {to, b). From this fact and Rolle’s
Theorem there are points do, dy, ..., a,—, such that the inequalities (5) (or (5')) and
the equalities (4) are fulfilled. The interval (t,, a,-,> is nondegenerate, since x(?)
cannot have a zero of multiplicity n at #, (if x*(t)) = 0, k = 0,1,...,n — 1 then
x(f) is a solution of (E,) with the initial functions ¢,(t) =0, teE,, k =0,1,...
....n — 1, and thus x(¢) is the trivial solution). Let us denote a,_, = c. Applying
Lemma 2 to the interval {t,, ¢) we obtain

(1) max 2 - a i) s L= _

S 1]

p = max |x®(¢)| .

tost=c

where
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However, for some 7 € {ty, ¢) we have
(12) max [x®()] = [x™(z)| = &
<c

fosts

From (12), (E,) and (11) we get
: w= WO = 15§ a0 v - 460)] <

<3 ,SIAUIX‘"‘% - 40|53, ZA _ub=a

[0

—uy — T (b-a).
i=1 [i—1 ' i '
1y —- |- |
2 2
Evidently u > 0, since otherwise x(f) would coincide on {to, ¢)> Wwith a polynomial

of degree m < n and x™(f) would not vanish on (fo, ¢) (but x(a,,) = 0). Hence
x(b — a) = 1, which is a contradiction with (9).

Corollary 1. Equation (7) is not strictly disconjugate on {0,1) and y(1 — 0) = 1.
Thus in general the sign of strict inequality in (9) cannot be substituted by the
sign <.

II
Definition 3. (A. Ha$¢dk [2].) Let a € 1. By the adjoint point to the point a (with
respect to (E,)) we mean the point
«(a) = inf {n(x, a): x € B(E,, a), x(t) % 0} .

Definition 4. (A. Has¢dk [2].) The equation (E,) is said to be disconjugate on an
interval J iff for each a € J the following implication holds:

aeJ=oala)¢J.
" Lemma 3. Suppose x € B(E,, t,), to € {a, b) (and x(t) % 0, t € {t,b)) has at least n

zeros on I = {ty, b)>. Then
i) there are points

Aoy Q15 eeeyop—n
such that _
(13) tyLay=a;=...50a5,,=D,
(14) 0 = x(ao) = x(ay) = ... = x"D(a,_,) = x""(a,_,) =
=x""a,) =...= x'(a2"_3) = x(az,,_z)
and

_ ii) the subintervals {to, a,-17, {ay-1, b) are nondegenerate.
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Proof. Let a{”, ..., a{® be n zeros of x(t) such that

th<a®=<...24d?<b.

Since x € B(E,, 1o), x(t) & 0 we have that t, is a zero of x(t) of multiplicity less than n
(since otherwise x(t) = 0 would hold). Hence x(f) has at least two distinct zeros
in {to, b), i.e.

to=a®¥ <a®=<bh.

By Rolle’s Theorem there are (n — 1) zeros a{®, ..., al”; of x'(f) such that a{® <
<aP<a®,i=1,...,n—1and

tO é a(ll) < afl%—)l é b.

Repeating this process we eventually obtain a zero a{"~" of x~ () between two
zeros a' ™%, a3 of x~?(t). The points

(0)

1 -2 -1 (n—2 1 0
a®, ald, ..., al"=?, g1 G- 1) 0

> dy PRREPR M PR
satisfy (13), (14), and since
o< alD < af "D < b
we have
to£al D xb.
The proof of the lemma is complete.

Corollary 2. i) of Lemma 3 is in fact a consequence of Lemma 2 of [3]

Theorem 2. Suppose that the estimates (8) are valid. Then the equation (E,)
is disconjugate on I = {a, b) if

(15) x(b;“)<1.

Proof. Suppose on the contrary that (E,) is not disconjugate on I. Then there is
a point t, € {a, b) such that (E,) has a nontrivial solution x € B(E,, t,) with at least n
zeros (including multiplicity) in {f,, b). By Lemma 3 there are points ag, ay, ...
..., G,—2 such that (13), (14) hold and the subintervals {t,, a,—1», {a,-1, b) are not
degenerate. Let us denote a,_; = c¢. One of these two subintervals, say <t,, ¢), has
length at most (b — a). Applying Lemma 2 to this interval we obtain

max [x0-9(; — 4,(0)] = —1L =4

ostse 2= ) &
2 |2

k=1,2,...n; j=1,...,m.

where
p = max |x®(t)| .

tost=sc

229



However, for some 7 € {fo, ¢) we have
b= lx("’(f)l = lkZl Zl“kj(f) X0z — Aj0)| =
e

=Y Y AR — 44(x)| =
k=1 j=1

2 A

J

s (b — a)f - j=1 — a).
B

Evidently u > 0, since otherwise x(t) would coincide on {t,, ¢) with a polynomial
of degree m < n and x®™(f) would not vanish on (1o, ¢) (but x™(a,,) = 0). Hence

b—a
. >1,
x<2 )_

but this is a contradiction with (15).

™M=

1}

Corollary 3. In general the sign of strict inequality in (15) cannot be replaced
by the sign < as the following example shows.

Example 2. The function x(f) = —(t — 1)> + 1, t€ <0, 2) is a solution of the
equation

(16) , X))+ x(t—-2)=0, 10,2

with the initial functions ¢o(t) = 0, ¢4(f) = 2 on (—2,0). Since x(0) = x(2) = 0
the equation (16) is not disconjugate on <0, 2>. Nonetheless,

€9

Corollary 4. Lemma 2 may be proved directly (analogously to Lemma 1 (see [1]
p. 84)). By examining this proof we can find out when the equality in (6) and (6')
can hold. This enables us to conclude when Theorem 1 (Theorem 2) is valid provided
the sign of strict inequality in (9) ((15)) is substituted by the sign <.

Corollary 5. Theorem 2 is valid also in the case when Aj(t) =0, te<a, b);
Jj =1,...,m.In this special case it is reduced almost to the well known criterion
of disconjugacy of the linear differential equation without delay of A. Ju. Levin
(see [3], or [1] p. 86): in Levin’s criterion in (15) the sign < occurs.
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