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1. INTRODUCTION

This paper is concerned with the asymptotic behavior of positive solutions of the
nonlinear ordinary differential equation

N
@ y» o+ _Zlqz'(t)fi(Y) =0
subject to the hypotheses
2) (a) nz2

(b) each ¢;: [0, ) > R, 1 < i < N, is continuous;
(¢) each f;: [0, 0) = (0, ), I < i £ N, is continuous and nondecreasing.
Our attention will be focused on the case where each coefficient g(t) in (1) is oscil-
lating, that is, ¢,(f) changes its sign in any neighbourhood of infinity.
It is known that if, for some integer k, 0 < k < n — 1, there is a constant ¢ > 0
such that

(3) ﬁ:lj?)o t"—k_llql'(t)lfi(Ctk) dt < oo,

then equation (1) has a positive solution y(t) which is asymptotic to the solution £*
of the corresponding unperturbed equation y™ = 0 in the sense that

(4) lim M = const > 0;
o tF

see Hale and Onuchic [1], Kitamura [2] and Svec [5].

In this paper we are interested in the situation in which equation (1) possesses
a positive solution which is asymptotic to none of the solutions of y™ = 0; more
precisely, we want to find criteria for the existence of a positive solution y(t) of (1)
with the property
(%5 lim y_(t_) =0 and lim 0 = o0

tow 1F 1o 71

for some integer k, 1 < k < n — 1. The desired existence criteria, given in Theorems
1 and 2 below, are formulated in terms of the positive part (q;)+ (¢) and the negative
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parts (q;)- (t) of the coefficients q,(t):

(6) (49« (1) = max{q (1), 0}, (q:)- (1) = max{—¢q(1),0}, 1<i<N,

and show that, in case k is such that n % k(mod 2) [resp. n = k (mod 2)], there
exists a solution y(t) satisfying (5) provided the contribution of (g;). () is greater
than that of (g;)- (t) [resp. the contribution of (g;)- (f) is greater than that of
(g:)+ ()] in a suitable sense. Our results include part of the recent results of Kusano
and Naito [3, 4] on the same problem for equation (1) in which all q,(f) > 0 or all
q4t) < 0 on [0, ).

2. MAIN RESULTS

Our first result is the following

Theorem 1. (i) Let k be an integer such that 1 < k<n-—1landn%k (mod 2).
Then equation (1) has a positive solution y(t) satisfying (5) if the following con-
ditions are satisfied:

(7) ifg) ¥ 1(q,)+ (t) fi(at*)dt < o for some a > 0,
i=1

N
®) Y I8t M4q:)- (1) f(bt*)dt < o for some b >0,
i=1
9) 18 M)+ (1) fiolct* ") dt = oo for some iy, 1 £ig <N, and all ¢ > 0.
(ii) Let k be an integer such that 1 <k <n —1 and n = k(mod 2). Then

equation (1) has a positive solution y(t) satisfying (5) if the following conditions

are satisfied:
N

(10) Y [ " Yq;)- (t) fat*)dt < o0 for some a > 0,

i=1

N
(1) Y I8 " ai)+ (t) f(bt*)dt < oo for some b >0,
i1
(12) 18 "7 %4sp)- (1) fig(ct* 1) dt = oo for some iy, 1 < ig N, and all ¢ > 0.

Proof. In either of the cases (i) and (ii) the desired solution of equation (1) will
be obtained, via the Schauder-Tychonoff fixed point theorem, as a solution of the
integral equation

(13)

o e [P T s T S dr ds
y(t)_(k—~1)!+( ! L (k - 1)! j (n —k— 1) 240 () dr ds.

t=T,

for suitably chosen o > 0 and T > 0.
(i) Letk,1 < k < n — 1,besuch that n % k (mod 2). Let ¢, 0 < & < min {a, b},
be fixed, where a and b are positive constants appearing in (7) and (8). Because of (7)
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and (8) there is a constant T > 0 such that

(14) 317 07 (Dol + 1) a1 5 o
and
1) 307 rHa)- (0ot + 1)1 < 4o

Let C[T, oo) be the locally convex space of all continuous functions on [T, oo) with
the topology of uniform convergence on compact subintervals of [T, oo), and con-
sider the closed convex subset of C[T, o) defined by

k—1 k—1 k
(16) Yz{yeC[T,oo):L— < () £ o +%t'—, th},

2k - 1! (k= 1)
Define the mapping F: Y — C[T, o) by
(17)
_ a1 ¢ (t _ s)k—-l (r__s)n k-1 N N de y
FA) (k — 1)!+L(k-1)z L( k-1 Lafy())drds, t=2T.

It can be shown that F is a continuous mapping which sends Y into a compact
subset of Y.

(a) F(Y) = Y. Noting that q,(t) = (4:)+ (1) — (4:)- (#) and using (14), we have
for yeY

a1 C(t— s [P (r— syt X <
(9 Bl = 2 +j B 3 (@) (Vo) ar ds

r (k=1 ) (n=k—1)
=(k_1)!+L (k — 1)! di;L (n_k_l)!(q.)‘»()f:(( + 1)) dr <
§£i3+1_w+m > T,

On the other hand, y € Yimplies

o o =[S B ot

_ ottt _ (t )k 2 po oo(r_s)n k-1 N . )
k-1 Jr (k—2) J.T C—k— A 2 (a)- (/i (M) drds 2

at”t 1 (t = o)t 2 (r—s)" k=1 . ) )
= (k- 1) JT (k — 2)! Z L J Y (49)- (NSfie(r + 1)) drds
for t 2 T. Since, by (15),

(20) Z J Er 1)' (q) (r) filor + 1)) drds =

\
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=2P«J%jl%‘)@)®“w+nmv+
3 [ 205 a)@- 0net + p)ar =
we see from (19) that for ye Y
(21) Bz -2 o AT et
Tke—-1) 2k—1)! 2k—1)!" T

In deriving (21) from (19) we have assumed that k > 2. It is simpler to verify that
(21) also holds for k = 1. It follows that y € Y implies Fy € Y, that is, F(Y) = Y.

(b) Fis continuous. Let {y,} be a sequence of elements of Y converging to ye Y
in the C[ T, o) topology. We then have

) = 50| = 5 [ #75 S0l 00) = 60

for t = T. The integrand on the right hand side of the above tends to zero pointwise
on [T, ©) as v - oo and is bounded by

2r"_k_1i§1[(51i)+ (r) + (g:)- ()] falr + 1))

which is integrable on [T, o0) by (7) and (8), and so the Lebesgue dominated con-
vergence theorem shows that Fy(t) — Fy(t) as v — oo uniformly on each compact
subinterval of [T, oo). Therefore, Fy, —» Fy as v — oo in C[T, c0), which implies
the continuity of F.

(¢) F(Y) is relatively compact. This follows from the observation that, for ye Y,
(Fy) is given by

«ww—j‘r S a0, k=1,

(Fy) (1) = %%+ T(zk__s)zk)_!zj Er:sz Zq(r)f.(y(r))drds k=2,

and satisfies

|Fy) ()] = J7 r"‘zl_/:‘N:llqi(r)[fi(a(r +1)9)dr, k=1,

” e © k=1 S . .
= (k %) + = 1)!'[1 r i;[qi(r)lfi(a(r + 1)) dr, kz2.

Therefore the Schauder-Tychonoff fixed point theorem is applicable to F and there

I(Fyy ()] =
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exists an element y € Y such that y = Fy. This function y = y(t) satisfies (13), so
that it is a positive solution of equation (1) on [T, ).
To study the asymptotic behavior of y(f) we note from (13) that

y(k—l)(t) - +.[ J' Er s)" "1)1‘ li q; (r)fl(Y(r)) drds, t=>T
and
YO = j *ﬁg{ 0 S ) fo)ar, 12T
It is obvious that y®(f) — 0 as t — oo. Use of (20) shows that
e = a3 [T - o) e+

)Tkt

’ Z J T J grff oy (s () dr =

> (r r r))drds =
22 [ [T @l ) ard

Zg+J‘T(L(n::TI):):k(qm)+()fm<2(kk1 ) r, t=T,

which, combined with (9), implies that y*~!(t) > oo as t » oo. Thus, the solution
y(t) satisfies lim y®)(f) = 0 and lim y*~1)(t) = co which is equivalent to (5) by
t— o0 t—

L’Hospital’s rule. This completes the proof of (i).
(ii) Let k, 1 < k £ n — 1, be an integer such that n = k (mod 2). Let «, 0 <
< o < min {a, b} be fixed, take T > 0 so large that

igN:l 7 7))~ (O filedt + 1)) dt <
iéij? " q:)+ (1) filet + 1)¥)dt £ Lo

and dcfine the operator F by
a1 ¢ (t _ S)k—l (r__s)n k—1
Fy(t) = — | ? qdr)fiy(r)drds, t
0= 20 [ [ Basee)
Then, applying the same argument as in the preceding case, we obtain a fixed point y

of F in the set Y defined by (16), which gives rise to a positive solution of equation
(1) existing on [T, o) and having the asymptotic behavior (5). This finishes the proof.

T.

v

Example 1. Consider the mixed sublinear-superlinear equation
(22) "+ o)y + ¥(1) y* =0,
where n 22,0 <y < 1,8 > 1and ¢, y:[0, 0) - R are continuous.
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Conditions (7) and (8) reduce, respectively, t0
n—k=1+ks (1) dt < o0

(23) [ k1*Rr g (1)dt < o0, j°°t

and ) .

(24) [ 0k ()t < o, @Ry dE< o,
and condition (9) is equivalent to requiring that either

(25) [ @Gy o () dt = o0

or

(26) joo k(= 1)8 l//+(t) dt = o0 .

It is easily seen that (26) and the second condition of (23) are not consistent because
(n—k—1+kd)—(n—k+(k—1)5) =38 — 1> 0. Therefore, by (i) of Theo-
rem 1 we conclude that if k is an integer such that | £ k £ n — land n =% k (mod 2),
then conditions (23), (24) and (25) are sufficient for equation (22) to have a positive
solution y(t) satisfying (5). Similarly, the conditions

(27) [o k-t g ()dt < o0, [*r R Y_()dt < o,
(28) [ R ()dt < o, [T YL()dl < o0
and

(29) [kttt g (1) dt = o

guarantee the existence of a positive solution y(¢) satisfying (5). It should be noticed
that Theorem 1 cannot be applied to the purely superlinear case of (22).

Theorem 1 is a local existence theorem in that the solution is guaranteed to exist
on an interval [T, «0), T > 0 being sufficiently large, that is, in a “small” neigh-
borhood of infinity. Under stronger sublinearity hypotheses on fi(y) the global
existence of a solution satisfying (5) can be established as the following theorem
shows.

Theorem 2. Suppose that, for each i, | < i < N, y~' f(y) is nonincreasing and
satisfies :
(30) limy ' fy)=0.

y—

(i) Let k be an integer such that 1 £k<n—1 and n%k (mod 2). Then,
condition (7), (8) and (9) are sufficient for equation (1) to have infinitely many
positive solutions y(t) which exist on [0, 00) and satisfy (5)

(ii) Let k be an integer such that 1 <k <n — 1 and n = k(mod 2). Then
conditions (10), (11) and (12) are sufficient for equation (1) to have infinitely many
positive solutions y(t) which exist on [0, o) and satisfy (5).

Proof. We only prove the statement (i), since the statement (ii) is proved similarly.
Suppose that k satisfies 1 S k <n—1 and n k(mod 2)‘ Let o, 0 < ax <

N
< min {a, b}, be fixed. Then, by (7), the function Y "~*"*(q;), (f) fi(a(t + 1)¥)
i=1
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is integrable on [0, ©©), and, in view of the nonincreasing nature of y~! fiy), B>«
implies
N N .
B2 M) (0 F(B(e + 1)) = a7t Y 7 (g0)+ ()it + 1)),
i=1 i=1
t=0.

Moreover, by (30), the left hand side of the above tends to zero as f — oo pointwise
on [0, ). So, the Lebesgue dominated convergence theorem shows that

(31) llmB Z fo 7% Xqy)+ (1) f(B(t + 1)¥)dt =0,
and similarly
(32) ﬁl:m B! ;jg‘f " Mq;)- (1) fi(B(t + 1)¥)dt = 0.

Because of (31) and (32), a constant , > 0 can be chosen so that

é‘lﬁ’o "N gy) . () fi(B(r + 1)) dt £ B

and
T 0 Ha)- (0 £iB(x + 1) de <

for all p = B,. If we define, for a fixed f = B,,

Y= {yec[o »): (ﬁk_ll) =) = (fti_;)'Jrﬁtk, IZO}

o pr! = syt (r - s) -
B = L o j i z () fO() drds, 120,
and proceed as in the proof of (i) of Theorem 1, then we can show that F has a fixed
element y € Yand that this element gives a solution of equation (1) existing on [0, o)
and satisfying (5). Since any positive number f greater then B, can be taken in
defining Y and F, there exist infinitely many such solutions of (1). This completes
the proof of the first statement of the theorem.

[N
=

Example 2. Consider the differential equation

(33) y® + q(t) y'[log (1 + )]* =0,

where n 22,0<y<1,0<y+ 6 <1, and ¢: [0, o0) > R is continuous. This

is a special case of (1) in which N =1, g(t) = q(t), f1(y) = y'[log (1 + y)I°.

Clearly, y~* f;(») is nonincreasing for y > 0 and satisfies lim y~' f;(y) = 0. Con-
y—®

ditions (7), (8) and (9) for equation (33) reduce, respectively, to

(34) [ 1 (log 1)’ g, (1) df < o0,

(35) [= =% K(log 1)’ g_(1) dt < oo
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and
(36) fo T T D((k — 1) log 1)’ q.(t)dt = o0 ;
conditions (10), (11) and (12) can be formulated by interchanging the role of q.(t)
and g_(t) in (34), (35) and (36).
If in particular, n = 2, k = 1, and ¢(t) is given by

s—ln(log 1) for sin(logt) =0, i.e., for teU[eZ‘" e@ithr]

(37) () =

sin(log 1) for sin(log?) 20, ie., for te U [e@i-Dm e2in] |
t i=1

then conditions (34) — (36) are satisfied, because

J t'(log 1)’ q. (1) dt < j. (log t) dt < w0,
© 5 ( og t)
J.e t)"" (lOg t) q_(t) dt < J. —t;tr dt <

e

and
e(2i+1)m

o MRi+1)n
J’ tq.(t)dt = ZJ‘ Sli(lo}i)dtzZJ~ sinsds = o .
1 i=0

2in
Consequently, by (i) of Theorem 2, equation (33) with n = 2 and ¢(¢) defined by
(37) possesses infinitely many positive solution y(t) which exist on [e, c0) and have
the asymptotic behavior
lim (1) =0 and limy(f) = .

t>o 1 1>

Remark 1. Condition (7) and (8) [resp. (10) and (11)] clearly imply
N
DS t""‘”llqi(t)lf,-(at") dt < w
i=1

for k, 1 £k'<n—1, such that n % k(mod2) [resp. n = k (mod 2)], where
« = min {a, b}. It follows that, under the hypotheses of Theorems 1 and 2, equation
(1) also has a positive solution y(t) satisfying (4):

lim y(t)[t* = const > 0.

t— oo
Remark 2. If assumption (2 — ¢) is replaced by
(2) (¢') each fi: R > R is continuous and nondecreasing and y f{y) > 0 for
y#0,
then one can easily formulate criteria for the existence of a negative solution y(t)
of (1) with the property

1 2 lim y( —0 and lim ﬂ

- 1o tF71
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