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1. INTRODUCTION

In the past, several authors have defined integrals for set valued functions (multi-
functions). Let us mention Aumann [3], Debreu [17] and Artstein-Burns [2].
Aumann’s integral was defined using integrable selectors, while Debreu considered
compact and convex valued multifunctions and so using Radstrom’s imbedding
theorem he viewed the set valued integral as a Bochner integral. Finally Artstein
and Burns following an idea due to Kurzweil [26] [27], used a Riemann type defini-
tion. Very recently Jarnik and Kurzweil [23], improved the definition of Artstein
and Burns and provided applications to differential inclusions.

The purpose of this paper is to study some properties of the Aumann integral
for Banach space valued multifunctions and to provide applications in control theory
and differential inclusions. In particular we obtain results closely related to the well
known “bang-bang principle” of control theory, for infinite dimensional systems.

2. DEFINITIONS AND PRELIMINARIES

Let (2, 2) be a measurable space and X a separable Banach space. Throughout
this paper we will use the following notations:

P;(X) = {4 = X: nonempty, closed, (convex)}
Piuye(X) = {4 = X: nonempty, (w-)compact, (convex)} .
For A e 2X\ {0}, the norm | 4| and the support function (") of A4 are defined by:

|[A| = sup x| and o,(x*) = sup(x*,x), x*eXx*.
xeA xeA

Also h(-, +) will denote the Hausdorff distance of sets.

*) Research supported by N.S.F. Grant D.M.S. 8403135.



A multifunction F: Q — P/(X) is said to be measurable if it satisfies one of the
following two equivalent conditions:
(i) © = dp)(x) = mf ”x — z|| is measurable for all x € X.

(i) there exist {f,( )},,gl measurable selectors of F(+) s.t. for all w € Q
F(w) = cl {f(w))},»1 (Castaing representation) .

If there exists a complete o-finite measure p(+) on Z, then (i) and (ii) above are
equivalent to:

(iii) GrF = {(w,x) e @ x X: xe F(w)} € £ x B(X) (graph measurable). (Here
B(X) denotes the Borel o-field of X).

Further results on the theory of measurable multifunctions can be found in: Castaing-
Valadier [7], Himmelberg [21], Rockafellar [32] and Wagner [35].

For any multifunction F: Q — 2X \ {0}, let

St = (/)¢ L4@):(0) ¢ F(o) wae.)
If F(+) is graph measurable then Sy is nonempty if and only if inf |x| e L\ (2).
xeF(w)

Also if F(+) is closed valued, then it is easy to see that Sj is a strongly closed subset
of Ly(®). Using this set we can define an integral for the multifunction F(+). So let

fa F(o) du(0) = {[o /(o) du(w): f(+) € St}
where [q f(w) du(w) is the usual Bochner integral. This multivalued integral is known
as Aumann’s integral.

We will say that F: Q — P(X) is integrably bounded if it is measurable and
|F(+)| e L.

Finally suppose that Y, Z are Hausdorff topological spaces and F: Y — 2*\ {0}.
We say that F(+) is u.s.c. (resp. Ls.c.) if for all V = open subset of Z, the set {y € Y:
F(y) € V} (resp. {y e Y: F(y)n V * 0}) is open. If F(+) is both u.s.c. and Ls.c.
then is said to be continuous.

We will close this section with two general results about measurable multifunctions
that we will need in the sequel.

The first is a result about weak compactness in the Lebesgue-Bochner space Ly(2)
and was first obtained by the second author in [28].

Theorem 2.1 [28]. If F: Q — Pwkc(X) is integrably bounded then Sy is a non-
empty, convex, w-compact subset of Liy(Q).

Remarks. (1) If (@, Z, 1) is nonatomic and X* is separable too, then there is
a converse to that theorem (see theorem 4.2 in [29]).

(3) An immediate interesting consequence of the theorem is that [, F(w) dp a)) €
€ P X).

The second result is a rather folklore theorem for people working on multifunctions.
Here we state it and prove it in the most general possible form for Banach space
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valued multifunctions. For a similar result for multifunctions taking values in
a Souslin localy convex space look at[30](theorem 4.1). So let (2, X, p) be a o-finite
measure space with £ being a Souslin family (see Wagner [35]) and X a separable
Banach space.

Theorem 2.2. If F: Q — 2X\{(Z)} is graph measurable and Sy + O then for all
X* € X%, 05, b(x*) = [ 0pw(¥*) dp(®).

Proof. Our proof follows Rockafellar [32] (theorem 3A).

From theorem 5.10 of Wagner [35] we know that F(+)admits a Castaing representa-
tion {f,(*)},». Hence:

Try(x*) = sup (x*, f,(®)) = @ = 0, (x*) is measurable .
nx1

Also since for f(+) € SHx*, f(®)) £ p)(x*) p-a.e. and (x*, f(+)) e L' we deduce
that for all x* € X*, @ — oy(,)(x*) is quasintegrable.
Directly from the definitions it is easy to see that we always have:

010 r(¥*) = Jo Opw)(x*) du(w) .

Fix x* € X* and let § < [ 0p(,)(x*) du(w). Our goal is to show that there exists

f(*)e Sk s.t.
B < folx*, f(w) du(w) .

Take {Q,},5; S Zs.t. p(Q,) < 0 and Q = | Q, and let p(+) e L', p(w) > 0 for

all w e Q. For n = 1 define -nzd
A, = {we Q:op,)(x*) < n}n Q,.
Then set:

9u(®) = O (x*) = %p(w) for we A,
= (x*, f(®)) - lp(w) for weQ\A4,.
n

Clearly g,(+) € L'(2) and g,(®) 1 0 5(.)(x*) p-a.e. So an application of the monotone
convergence theorem tells us that for all n = n, [qg,(w)dp(w) > B. Set g(+) =
= g,o(*)- Let R(w) = {x € F(w): g(») = (x*, x)}. Because g(w) < 0p)(x*) p-a.c.,
we see that for all w € , R(w) # 0. Also GrR = {(w, x) e @ x L: g(w) — (x*, x) <
< 0} n GrF e X x B(X). Hence we can apply Aumann’s selection theorem to find
h: Q > X measurable s.t. h(w)e R(w) p-a.e. Clearly h(+) is p-a.e. a measurable
selector of F(+), but it is not necessarily in the space Ly(Q). Furthermore note that:

B < fo(x*, h(w))dp(w).
Next let B, = {®e Q: |h(w)| < n} N A, and define
Fl*) = 18, h(*) + xam, /(+) -
Clearly {f,(*)},=1 = St and
Fo (%, 1)) ) = i, (5% K0) du(@) + fn, (6% /(@) () 2



z [, 9(0) dp(0) + fa, (x*, f (“’)) dy(w) =
= fa9(@) du(®) + [o\p, [x*, f(@)) = 9(w)] du(w)

Recalling that [q g(w) du(w) > B and that u(Q\ B,) | 0 we finally have that for
large enough n

fo (x*, fi(®)) dp(w) > B -
Since f,,() € S}, the proof is completed.
Q.E.D.
Remark. If u() is complete, then X is a Souslin family.

3. THE AUMANN INTEGRAL

One of the major results in the seminal paper of Aumann [3] was that if F: Q —
— P,(R") is integrably bounded, then [, F(w)du(w) = [o conv F(w)du(w). This
result is a consequence of the well known Lyapunov’s convexity theorem and has
important applications in control theory (see Clarke [10], theorem 5.1.6, p. 115).
In infinite dimensional Banach spaces, we know that Lyapunov’s theorem holds only
in an approximate form. So the above result of Aumann must be modified accordingly.
Previous infinite dimensional versions of this result were obtained by Datko [13]
and Hiai-Umegaki [20]. Our theorem extends and sharpens those results.

We will start by establishing the convexity of the Aumann integral. So let (2, Z, p)
be a nonatomic, o-finite measure space, with X being a Souslin family and X is
a separable Banach space.

Proposition 3.1. If F: Q- 2*\{0} is a graph measurable and Sp + 0 then
cl [o F(w) dp(w) is convex.

Proof. Let xy, x, € cl [, Fy(w) du(w). Then given & > 0 there exist f(+), f,(*) €
eSpst. |x; — fofi(w) du(w)]| < &/2 and ||x, — [qof2(w) du(w)] < 2.

Consider the vector valued measure r: X - X x X defined by

r(4) = (Jafi() du(@), [4fx(0) du(@)).

Because p(+) is nonatomic, corollary 1 (p. 98) of Kluvanek-Knowles [25], tells us
that the norm closure of the range of r(-) is convex. Note that r(@) = (0, 0) and
1(Q) = (fof1(w) du(w), [qof(w)dp(w)). Hence for A e(0,1) there exists A€ X s.t.

[H(A4) = 2H(Q)]| <&/4 and [r(@NA)— (1 —2)r(Q)] <¢fd=
= | [ fi(@) du() — 7 fo fi(w) du()] < &/4
[favifilw) dp(@) — (1 = 2) fofi(w) du(o)| < &4
for i = 1,2. Set f = x4f1 + Xo\af2- Clearly f(+) € Sg. Then we have:
|2x, + (1 = 2) x; = [of(w) du(@)] <

and



< 2xy = A fafi(@) du()| + |2 fofi(@) dp() = [4f1(@) duw)] +
+ (1 = 2)x, = (1 = 2) fafa(0) du(@)| +
+ (1 = 2) fofa(0) du(@) = faufa(e) du(@)] <
<2 +efd+(1—A)e2+¢4=c¢.
This proves that indeed ¢l [, F(w) du(w) is convex.
Q.E.D.
Now we are ready for the infinite dimensional generalization of Aumann’s

theorem. Let (Q, X, u) be a nonatomic complete, o-finite measure space while X is
still a separable Banach space.

Theorem 3.1. If F:Q — 2X\{0} is graph measurable and S} + O then
cl [ F(w) dp(w) = ¢l {q ¢l conv F(w) du(w).
Proof. Using theorem 2.2 we have for all x* € X*

Carsar(¥*) = 010 b(x*) = [o 0ru)(x*) dp(@) = fo Tercon rie(x*) dp(e) -

Using theorem 4.4 of Debreu [17] (see also theorem 3.4 of Himmelberg [21]) we
have that w — ¢l conv F(w) is measurable. So a new application of theorem 2.2
gives us: ‘

jﬂ O clconv F(w)(x*) dl’l(w) = Jjgc] convF(x*) = GCIIQF(X*) = Oclfgclconw‘ F(X*)
for all x* € X*. But from proposition 3.1 we know that cl [, F is convex. So finally
we have:
cl fo F(o) dp(w) = cl [q cl conv F(w) dp(w) .
Q.E.D.

This leads us to the first “bang-bang” type result concerning the Aumann integral.
By ext A we will denote the extreme points of the set 4 = X. As before (Q, R y)
is a nonatomic complete, o-finite measure space and X a separable Banach space.

Theorem 3.2. If F: Q — Pwk(X) is measurable and Sy, SL,,r are nonempty
then cl {o F(w) dp(w) = cl [q ext F(w) dp(w) .

Proof. From the Krein-Milman theorem we know that for all w € Q we have
clconv F(w) = cl conv ext F(w). From Benamara [4] we know that @ — ext F(w)
is a graph measurable multifunction. So applying theorem 3.1 twice we get

cl o F(w) dp(w) = cl [ ext F(w) dp(w) .

: Q.E.D.

Remarks. (1) If F(+) is in addition convex valued and integrably bounded then

the above result together with theorem 2.1 tell us that [o F(w)dp(w) =

= cl [ ext F(w) du(w). Also in this case the hypothesis S, Sey ¢ + 0 is automatically
satisfied.

(2) If X has the Radon-Nikodym property (R.N.P.), we can assume that F(+) has
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only nonempty, closed, bounded and convex values (see Diestel-Uhl [18], p. 218).

Motivated from control theory we make the following definition.

We will say that g: Q - X is a “bang-bang” function for F() if and only if
9(*) € Sexer = {set of all measurable selectors of w — ext F(w)}.

Using theorem 3.2 we can prove the following interesting density property that
“bang-bang” functions have. The spaces (Q, ¥, ) and X remain as before.

Proposition 3.2. If F:Q — P, (X) is measurable, Sp,Seyr are nonempty,
f(+)eSp and ¢ >0
then there exists a bang-bang function g(+) for F(*) s.t.

Ifaf(e) du(@) = fo 9(w) du(@)] < 2.
Proof. From theorem 3.2 we know that cl [, F(w) du(w) = ¢l [, ext F(w) du(w) =
= [of(w) dp(w) € cl [, ext F(w) dp(w). So we can find g(+) e Sk, s:t.

[foflw) du(@) - fo g(@) du(w)| < e.
Q.E.D.

An interesting particular case of this proposition, which often appears in applica-
tions, is the following. Suppose {fi(*)}i=; = Li(Q).

Proposition 3.3. If f: Q — X is a measurable function s.t. f(w) e conv {fi(®)}i-,
and ¢ >0
then there exists {A,}i-, a measurable partition of Q s.t.

152/(@) du(@) - ¥ (1 /i) du(o)] <.

Proof. Consider the multifunction F(w) = conv {fi(®)};=,. It is easy to see that
this is a Py (X)-valued multifunction which is integrably bounded. Furthermore for
all we Q, ext F(w) < {f(»)}i=1 and also f(+)e S;. So applying proposition 3.2
we get the desired result.

Q.E.D.

Another interesting consequence of proposition 3.2, is the following result, which
has important applications in control theory and optimization. Our proposition
generalizes theorem 3 of Cesari [9].

Proposition 3.4. If {f(*)}i=1 = Ly(Q)
then cl { [, g(w) dp(w): g(+) = ixAkfk(-), {A}k=1 is a Z-partition of Q}

is a convex and weakly compact subset of X.

Remark. If X is finite dimensional, then the closure is redundant. A ,

Actually we can say more about the bang-bang approximations. Assume that
(Q, z, ,u) is a nonatomic, complete finite measure space and X a separable Banach
space.

6.



Theorem 3.3. If F: Q — P . (X) is integrably bounded and ¢(*)€ Sy then we

can find {g,(*)},z bang-bang functions for F(+) s.t.
gu(?) """ g(*) as n—- .

Proof. We need to show that cl,, S}, = S;. From theorem 2.1 we know that Sy
is w-compact in Ly(Q). So cl,, Sty r S St Hence we need to show that given f(+) € Sf,
{u( N1y € [Lx(Q)]* = L3 «(R) and ¢>0 we can find f(*)e Sk, st
|<ui,f ——f}l <egforall i =1,...,m, where -, *) indicates the duality brackets
between Ly and L., . = (Ly)*. To this end let R: @ - P, (R™) be the multifunction
defined by

R(w) = {r = (uj(®), z){-, € R™: z € F(w)} .
A straightforward application of Castaing’s representation theorem tells us that

R(+) is measurable and clearly it is integrably bounded. Then using theorem 3.2 of
this paper and theorem 4 of [3] we get that

fo R(w) dp(w) = g ext R(w) dp(w) .
So there exists 7(*) € Sexix S-t-
fo (@), f(@))i=1 du(@) = fo r(w) du(w).
Consider the multifunction M:  — 28"\ {0} defined by:
M(w) = {x € F(»): (u(w), x)i=; = r(o)} .
Note that (@, x) = (), x)i=; — r(w) is a Caratheodory function from @ x X
into R™ and so it is jointly measurable. Thus
GrM = {(, x)€ @ x X:(uf), x)i~; — r(w) = 0} n GrFe X x B(X).

Apply Aumann’s selection theorem to find f: @ — X measurable s.t. f(w) € M(w)
for all w € Q. Then clearly f(+) e Sy and

(@), J(@))i=1 = r(w)
for all € Q. Our claim is that f(+)€ext S;. From Benamara [5] we know that
ext Sp = Siyp- So if f(+) ¢ ext Sg, then there exists 4 € X with u(4) > 0 s.t. f(w) ¢
¢ ext F(w) for all @ € A. Now consider G: 4 — 2¥*X\ {0} defined by
G(w) = {(x, y) € F(w) x F(w): f(o) = i(x + »)}.
The X-valued map (, x, y) - f(@) — #(x + y) is a Caratheodory map, so it is
jointly measurable. Hence
GIG = {(w,x, y)e 4 x X x X: f(w) — %(x +y)=0}n
NGr(F x F)eZ, x B(X x X).
But B(X x X) = B(X) x B(X). Therefore GrG e X, x B(X) x B(X) (recall Z, =
= X n A). Apply Aumann’s selection theorem to find x, y: 4 — X measurable s.t.
for all o€ A(x(w), y(@)) e G(w) = f(®) = 4[x(®) + y(w)]. But then for we A
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we will have:
) = (u), (x(w) + Y@)izs = Huiw), x(@))i=1 + Hui(@), y(@))i=1
and since (u(o), x(0))r=, and (#(w), y())i: € R(w) we have a contradiction to
the fact that r(+) e ext Sy = Sixir- Therefore we deduce that f(+)e Sk, r = ext Sg
and f(+)eW,, . ""(f) = (o) e Lx: [Kuy, f — vd| <& i=1,...,m}. Since f(-)e
€Sk {u(*)}7=1 € L3.(Q) and &> 0 were arbitrary, we conclude that S; =
= cl,, S.,,r- Since Sy is w-compact, by the Eberlein-Smulian theorem is sequentially
w-compact. So we can find {g,(*)}az1 S Stxer st- g.(+) =" =" g(+) as n — 0.
Q.E.D.

A special case of the above result generalizes significantly theorem 2 of Datko [12].
Corollary L If {fi(*)}i=;1 € Lx(Q) and f(w) € conv {fi(w)}i-1 u -a.c. then there

exist functions g,(*) :le,,mkfk('), where {A,;}i=y m =1 is a measurable
=

w—Lx!

partition of Q s.t. g,(*) — g(*) as m — 0.

Remark. Even when we specialize to the case X = R", this corollary is more
general than theorem 2 of Datko, who required that the f,’s take values in a compact
convex set K (i.e. for all we Q, fy(w)e K for all k = 1, ..., n).

Another important byproduct of theorem 3.3 is the following:

Corollary IL. If F: Q - P, (X) is integrably bounded

then Sy =cl,extSE =cl,S. ;.

We have two more useful results concerning the extremal properties of the
Aumann integral. So let (Q, Z, u) be a complete, o-finite measure space and X
a separable Banach space.

Theorem 3.4. If F: Q — 2X\ {0} is graph measurable and S}, S.,,r are nonempty

then ext [o F(w) dp(w) € (g ext F(w) dp(w) .

Proof. Let xeext[o F(w)du(w). Then there exists f(+)eSp st. x =
= [of(®) du(w). Suppose f(w) ¢ ext F(w) for all we Ae X with u(A) > 0. Then
this means that f(*) ¢ S{,,r = ext Sy. Hence we can find f,(*), f,(*) € S} s.t. f =
=1f + 3fa = x = % [of1(0) du(@) + 1 [ofo(@) dp(@) = x = 3x; + 1x, with
X1, X3 € [o F(w) du(w), a contradiction to the choice of x.

Q.E.D.

Remark. The above inclusion may be strict as the following simple counter-
example shows. Let @ = [0, 1] with the Lebesgue measure A(+). Let F: Q — Pkc(R)
be defined by F(w) = [0, 1] for all w € Q. Then ext F(w) = {0, 1}. Also

fa F(0) dA(w) = [0, 1] = ext [, F(w) di(w) = {0, 1}
while [, ext F(w) di(w) = [0, 1].
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Our final result on the bang-bang type properties of the Aumann integral is the
following. Now (£, Z, p) is a complete, finite measure space and X a separable
Banach space.

Theorem 3.5. If F,, F,: Q — P, (X) are integrably bounded and
x € [gext {Fy(®) + Fy(w)] du(w)
then there exist unique fi(+), f2(*) € Ly(Q) s.t. fi(w) € ext F () p-a.e.

faw) € ext Fy(w) pra.e. and x = [,(fi(0) + fo(w)) dp(w).

Proof. By definition x = [, f(w) du(w), where f(*) € S, r,+rp. But recall that
Sext(Fi+Fs) = €Xt S 45, Also from theorem 1.4 of Hiai-Umegaki [20] we know
that Sp . r, = cl[S;, + Si,]. From theorem 2.1 we have that S}, and S}, are w-
compact, convex. So cl[Si, + Sp,] = Si, + S, = ext Sp, 5, = ext (S, + S,)-
Applying theorem 1 (p. 5) of Kluvanek-Knowles [25], we get that there exist unique
fi(+)eext Sp, = Siyr, and fy(+)eext Sp, = Slr, st. f=f, +f,. Then x =
= [o(f1(®) + f2(0)) du(w), with f;(w) € ext F (o) p-a.e. and f,(w) € ext F,(w)p-a.c.

Q.E.D.

4. DIFFERENTIAL INCLUSIONS AND CONTROL SYSTEMS

In this section we will prove some “bang-bang” type theorems for differential
inclusions and control systems.

We will start with differential inclusions.

Let T = [0, b], a finite closed interval in B, and let X = R". Let F: T x X —
— 2%¥\ {0} be a multifunction (also known as orientor field). Consider the following
multivalued Cauchy problem:

(%) %(t) e F(1, x(1)) , ae.,
x(0) = X .

By a solution of (*) we understand an absolutely continuous function x: T — X,
which satisfies () almost everywhere. Let S(x,) be the solution set of (*) and let
R(t) = {ze X: z = x(t) for some x(*) € S(x,)} i.e. R(¢) is the attainable (reachable)
set at time ¢, of the differential inclusion.

We will call a solution of (*), a “bang-bang” solution if its derivative almost all
time instants lies on the extreme points of F(, x(*)).

We can prove the following “bang-bang” theorem for the inclusion ().

Theorem 4.1. If F: T x R" — P, (R") is a multifunction s.t.
1) (1, x) - F(t, x) is measurable

2) for all te T, x - F(t,x) is u.s.c.

then for every z € R(t), there exists a bang-bang solution

y(+) of (¥)st. z=y(t).



Proof. From theorem 4.2 of Davy [14] we know that for all te T, R(f) + 0.
Let x(+) € S(xo) s.t. z = x(t). Consider the map

¢: S}T(.,x(.)) - R"
defined by:
&(f) = xo + [o/(s)ds .

Because of hypothesis 1) and theorem 2.1, S]F(,,x(.)) is w-compact and convex
in L)(T). Also ¢(+) is affine, continuous when Sg. x.) has the relative weak Lj-
topology. Then applying theorem 3.2 of Artstein [1] (although for the result priority
should be given to Benamara [5], corollary 1.7, p. 39), we can find g(-)e
€ eXt Sk x(e) = SextFextey St #(g) = z = ¢(X). Let y(z) = x4 + [§ g(s) ds. Then
y(*) is a bang-bang solution and y(t) = z.

Q.E.D.

Another important subset of the solution set S(x,) of (*) are the extremal solutions.
Recall that x(+) e S(x,) is said extremal at time te T, if x(t) e 0R(t), where R(+)
is the attainability multifunction. As before T = [0, b] and X = R".

Theorem 4.2. If F: T x R" — P,(R") is a multifunction s.t.
1) forallxeR", t > F(t, x) is measurable and

orum < K(|x|? + 1) ae.
2) for all te T, x — F(t, x) is u.s.c.

3) the attainability multifunction R(+) has convex values and if {x,(*)},z1 S
< S(x,) are extremal at {t,},>, and x,(t) > x(7) for all e T.

then there exists t€ T s.t. x(+) is extremal at t.

Proof. Since {,},; = T and T is compact, by passing to a subsequence if neces-
sary we may assume that t, — t € T. Also from theorem 2 (p. 184) of Kikuchi [24]
we know that S(x,) is a compact subset of C,(T) with the uniform convergence
topology. So once more without any loss of generality we may assume that x,( *) —Cn
- x(+) € S(xo) = x,(t,) > x(t) as n - oo. Furthermore from theorem 4 (p. 184)
of [24] we know that the attainability multifunction R(+) is continuous. Note that
R(t) = e/S(xo)) where e,: C,(T) » X is the evaluation map at time t. But e(*)
is continuous (see Dugundji [19], theorem 1.4, p. 260) and S(x,) is compact in C,(T).
Thus R(+) is compact valued. Hence R(+) is Hausdorff continuous. Then proposition
2.1 of DeBlasi-Pianigiani [16] tells us that dR(+) is Hasudorff continuous. So
R(t,) >" 0R(t) as n — 0. Since x,(t,) € dR(t,) n = 1, we conclude that x(t) € dR(t)
ie. x(+)is extremal at te T.

Q.ED.

Remarks. (1) Conditions under which hypothesis 3) is satisfied are provided
by Blagodatskikh [6]. Specifically if for all t € T, F(t, -) is concave i.e.for all x, z e X
and A€ [0, 1] AF(t,x) + (1 — A) F(t, z) < F(t, Ax + (1 — A) z), then R(¢) is convex
forallteT.
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(2) Density results of the set of extremal solution in S(x,) were obtained under
stronger hypotheses by Cellina [8] and DeBlasi-Pianigiani [15].

(3) An extremal solution is a bang-bang solution if F(-, +) has strictly convex
values.

Now we pass to control systems.

First we will consider the following nonlinear control system defined on T = [0, b]
and X = separable reflexive Banach space. By X,, we will denote X with the weak
topology.

() (1) = £t x(0) + gl x(0) u(0),
u(*)e Sy, x(0) = x,.
The following assumptions will be made concerning ().
First about the multifunction U(-).
(Ay) U: T P, (X) is integrably bounded.

Next for the vector fields f: Tx X - Xand g: T x X - R.

(A;) For all xe X, t — f(1, x) and t — g(t, x) are measurable and ||f(t, x)| < a(2)
a.e., |g(t, x)l < M where a(+)e L',.

{(A;) For all teT, x - f(t, x) is continuous from X,, into X,, and x — g(t, x) is
continuous from X, into R.

(A,) For all u(+) e Sy, (*+) admits a unique solution x(-, u).

By R(t) we will denote the attainable set at time ¢ of (xx), while by R(t) we will
denote the attainable set at time 7, when we use only bang-bang controls (i.e. u(t) €
eext U(t) a.e.).

We have the following approximate bang-bang theorem.

Theorem 4.3. If (A,) to (A,) hold and x € R()

ihen there exist {x,},>; S Rt) s.t. x, >* x. In fact R(t) = cl,, R(t).

Proof. Because of hypothesis (A,) we can define a single valued map ¢: (S}, w) —
— Cx,(T) by ¢(u) = x(+.u), where (S5, w) is the set Sy endowed with the weak
topology. We will show that ¢(+) is in fact continuous. Note that the range of ¢(*)
is in the solution set S(x,) of the differential inclusion

X(1) e f(t, (1)) + g(t, x(1)) U(2)
x(0) = x,
and S(x,) is compact and metrizable in the relative Cy,(T) topology (see [7] and
[31]). Also S§ being a w-compact subset in the separable Banach space Ly(T),
is metrizable. So we can work with sequences to show.that ¢(+) is continuous. Let
u,(*) —w-Lx! u(+). Then we have:
x(t, u,) = X(1) = £(t, x,(t)) + g(t, x,(1)) u,(t) ae.
A straightforward application of the Dunford-Pettis compactness criterion tells us
that {%,(+)},z, is relatively w-compact in Ly(T). So by passing a subsequence if
necessary we may assume that x,(+) """ z(+) e LY(T). Thus for all t € T we have
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that
[6 Xu(s) ds =™ 5 z(s) ds =
= x,(t) = xo + [6.1(5, xa(5)) ds + [§ g(s. x,(5)) u,(s) ds =™ x(¢)
where x(t) = xo + [§ z(s) ds. On the other hand because of (A;) we have
6. £(s, x,(s)) ds + [ (s, x,(s)) un(s) ds =™ 6 f(s, x(s)) ds + [& g(s, x(s)) u(s) ds =
= x(t) = xo + [6/(s, x(s)) ds + 5 g(s, x(5)) u(s) ds = x(+)
solves (#x) for the admissible control u(*) .

Since S(x,) is compact, metrizable in Cy (T), we can find {x,,(*)}iz1 S {X.(*)}nz1
s.t. x,(+) >w x(+). Because every subsequence has a further subsequence that
converges in Cx (T) to x(+) = x(+, u) we conclude that x,(+) - x(+) = ¢(*) is
continuous.

Next let x(+,u)eS(xo) s.t. x = x(t,u). Let {u,(*)}sz1 S Sexr = €xt Sp sit.
u,(+) ="~  u(+). This is possible by corollary II of theorem 3.3. Then we have
that x(+, u,) > x(+, u) = x(t, u,) >* x(r, u) forall t € T. But x,, = x(t, u,) € R¥(¢).
So the first conclusion of the theorem follows. Since R(r)e P,,(X) the Eberlein-
Smulian theorem tells us that R(f) = cl,, R(t).

Q.E.D.

Remark. Conditions under which hypothesis (A,) is satisfied can be found
in Cramer-Lakshmikantham-Mitchell [11] (theorem 3.2).
Assume that the same set of hypotheses is in effect. Let

(142 (1) = £(0,5(0) + ot x(0) ()
u(*)eSiuu, x(0) = x,.
Call the solution set of (xx,), S%(x,). Then from the proof of theorem 4.3 we get
that:

Theorem 4.4. S°(x,) is dense in S(x,) for the Cx (T)-topology.

We continue our investigation on the properties of the control system (+*). Assume
X =R", f: T x R" — R" is jointly continuous, locally Lipschitz in x and integrably
bounded, g(+, *)e C,(T x R"), is locally Lipschitz in x and integrably bounded
U: T— P,(R") has strictly convex values with nonempty interior and is Hausdorff
continuous and integrably bounded and finally 0 € f(t, x) + g(¢, x) int U(t) for all
(t,x)eT x X.

Theorem 4.5. If the above hypotheses hold and x(-,u) is an extremal solution

of (++)

then x(-,u) solves (xx,) i.e. u(*) is a bang-bang control.
Proof. Consider the following multivalued Cauchy problem

(%) X(1) e F(t, x(1)) ,

x(0) = x,,
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where F(t,x) = f(t,x) + g(t, x) U(t). Clearly x(-,u) solves (##x). Furthermore
from Stefani-Zecca [33] we know that the attainable sets for (xx) and (##x) are the
same. Thus x(-, u) is an extremal solution for (x**) too. Then let (t,, x,) — (¢, x)
in T x X. Then we have:

B(F(t, X,), F(t. %)) = h(f(t, x,) + 9(ta, x,) U(1,), (2, x) + g(t, x) U(2)) <
< £t %) = f(6 x)| + hlg(ta, x,) U(r), g(t. x) U(1)) <
< £t %) = 16 )] + hlg(ta x,) U(1,). 9(t, x,) U(1)) +
+ h(g(t, %) U(1), (1, x) U(1) = [ f(tnr x,) = S(1, x)]| +
+ g(t,, x,) W(U(1,), U(1)) + Ig(t,,, x,) — g(t, x)l |U(t)|

and this tends to 0 as n — . So F(-, ) is Hausdorff continuous. Thus we can
apply theorem 3.4 of Grasse [22] and get that

%(1) e 0F(t, x(1)) a.e.
But by hypothesis F(-, +) has strictly convex values and so all boundary points are
extreme points. Hence we can write that
%(t) e ext F(t, x(1)) a.e.
= x(t) e ext [f(1, x(1)) + g(t, x(1)) U(t)] a.e.
= %(t) e f(t, x(1)) + g(t, x(1)) ext U(t) a.e.
= x(t)e xo + [6/(s, x(s)) ds + [§ g(s, x(s)) ext U(s) ds = x(+) = x(, u)

with u(+) being a bang-bang control.

Q.E.D.

Remark. In general the attainable sets of (x+) and (#xx) are not the same as the
following simple counterexample illustrates:

x(t) = x()u(t) xeR, ueR,
x(0) =0.

Then for ¢ > 0 the attainable set for (xx) is Ry(f) = {0}, while the attainable set
for (xxx) is Ry(f) = R.

We will conclude this paper with a bang-bang result concerning infinite dimensional
linear control systems. We will show that all extremal attainable states can be reached
using bang-bang controls.

Let X be a separable Banach space. By #(X) we will denote the space of continuous
linear operators from X into itself. Also let A(f) be a time dependent, linear not
necessarily bounded operator on X which generates an evolution operator @: 4 =
={(t,s)eTx T:0 < s £t < b} » L(X) (see Tanabe [34]) s.t. [&(t, s)| < M,
B: T— #(X) is continuous for the strong operator topology and U: T — P, (X)
is an integrably bounded multifunction. Consider the linear control system governed
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by the following evoution equation:

(#xx) x(t) = A(t) x(t) + B(t) u(?),
u(*)e Sy, x(0) = x,.

We will assume that for each u(+)e Sy, (*+**) admits a mild solution. Finally
let R(+) denote the attainability multifunction of (sxxx).

Theorem 4.6. If z € ext R(t)
then z = x(t, u) where x(-, u) solves (x+**) and u(+) is a bang-bang control.
Proof. By hypothesis we have:

x(t,u) = o(t,0) xo + fo D(t, s) B(s) u(s) ds
and note that
R(t) = &(1,0) xo + [ ®(t,s) B(s) U(s) ds =
= ext R(t) = &(1,0) xo + ext fo ®(t,s) B(s) U(s) ds .

Note that &(t, s) B(s) U(s) € P,,,(X) and if {u,(+)},5, is a Castaing representation
for U(+), for all y € X we have:

dogi,spisues(Y) = ;Efl [y = @(t, 5) B(s) u(s)| = s > doe.oneoyues(y) is measurable
=5 - 9t 55 B(s) U(s) is measurable and clearly integrably bounded .
Then we can apply theorem 3.4 and get that
ext R(t) = (1, 0) xo + [oext &(1,5) B(s) U(s) ds <
< &(t,0) xo + [6 (1, s) B(s) ext U(s) ds .

Let u(*) € Siyp st x(t) = &(1,0) xo + 4 (1, 5) B(s) u(s) ds = x(-, u) solves (xxx)
with u(-) being a bang-bang control.
Q.E.D.
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