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INTRODUCTION

Minimal topological groups have been studied for more than fifteen years (cf. [8],
[]]) Basic facts about coarse FLUSH-convergence groups (i.e. the sequential
counterparts of minimal topological groups) were established in [4]. Further pro-
perties of coarse groups are given in [2] and [7] In particular, answering a question
from [4], it is proved in [7] that (under Continuum Hypothesis) an abelian coarse
group need not be sequentially precompact. In the present paper we study products
of coarse groups. In Section 1 we prove that coarseness is preserved by finite products
(this answers another question from [4]) — recall that a product of two minimal topo-
logical groups need not be minimal (cf. [1]) In Section 2 we construct a sequence of
coarse groups the product of which fails to be coarse. The first example showing that
coarseness need not be preserved by countable products was given by D. Dikranjan
(see [2]). In Section 3 we prove that the product of ¢ = 2" copies of the two-point
cyclic group equipped with the pointwise convergence of sequences fails to be coarse.
This implies that the sequential coreflection of a compact (hence minimal) topological
group need not be coarse. The results have been announced at the Conference on
Generalized Functions and Convergence held in Szczyrk (Poland) in 1985.

In notation and terminology we follow [4]. To make the paper more self-contained,
we repeat here some basic facts about coarse convergence groups.

By Z we denote the group of integers, by N the positive integers, by Z(2) = Z[2Z
the two-point cyclic group, and by MON the set of all monotone (one-to-one) map-
pings of N into N. If S = (x,) is a sequence of points of a set G, i.e., if Sis a mapping
of N into G, then for s € MON the subsequence of S the n-th term of which is x,
is denoted by S . s. For each x € G, the constant sequence generated by x will be
denoted by <{x). If G is a group and S and T are two sequences in G, then their product
STis the sequence the n-th term of which is S(rn) T(n) and the sequence S~ ' is defined
analogously. The neutral element of G will be denoted by e. If G is an abelian group
then the additional notation will be used correspondingly and the neutral element
will be denoted by O.

By a convergence group we understand a group G equipped with a compatible
sequential convergence ® — G x G which satisfies the so-called FLUSH-axioms
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or, equivalently, #-axioms (cf. [5]). Recall that H(=.%,) stands for the uniqueness
of sequential limits, S(=2,) means that for all g € G the constant sequence {g)>
converges to g, F(=.,) means that if a sequence converges to a point, then each
subsequence of the sequence converges to this point, U(=.5) denotes the Urysohn
axiom, and L(=%%) stands for the compatibility of ® with the group structure of G.
We say that ® (and also G) is coarse if there is no FLUSH-convergence for G strictly
larger than G (i.e. having more convergent sequences than ®).

Let G be a convergence group. We say that a sequence S of points of G has the
property (C) if either of the two conditions holds true:
(C,) for some se MON, the subsequence Sos of S converges to the neutral
element of G;
or
(C,) for some pe G, p = e, the constant sequence {p) is a product of finitely
many sequences of the type (g U(n)*g~'), where ge G, ee{—1,1}, and
U e G" either converges to e or it is a subsequence of S.
In [4] the following necessary and sufficient condition is given for a convergence
group to be coarse.

Criterion 1. A convergence group is coarse iff each sequence of points of the
group has the property (C).
Further (cf. [4]), if the group is abelian, then (C,) in (C) is equivalent to the fol-
lowing condition:
(C3) for some pe G, p + 0, some finite linear combination of subsequences
of S, with coefficients from Z \ {0}, converges to p.

Throughout the paper we shall use the following fact proved in [4]. Let ® be
a FLUSH-convergence for a group G. Then there is a coarse convergence for G larger
than &. For the sake of simplicity we shall denote by ®, any coarse convergence
for G larger than 6.

As a rule, by an FLS-convergence we understand a convergence satisfying axioms
(F), (L) and (S), and we use the same convention for other sets of axioms.

1. FINITE PRODUCTS

Let G, and G, be groups and let ®; and 6, be coarse convergences for G, and G,,
respectively. Let G, X G, be their product and let &, x ®, be the product FLUSH-
convergence. If Se GY and Te Gj, then S ® T denotes the sequence in G, X G,
the n-th term of which is (S(n), T(n)). Recall that a sequence S @ T &, x ©,-
converges to (x, y) iff S ®,-converges to x and T &,-converges to y.

For a nonempty set § = (G; x G,)¥ x (G; x G,) define proj,($) to be the set
of all (S,x)e GY x G, such that for some Te GY and ye G, we have (S® T,
(x, 7)) € $. Similarly, define proj»($) to be the set of all (T, y) e GY x G, such that
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(S®T, (x,)e$ for some Se G} and xeG,. Clearly, if $ = (G, X G,). is
a coarse convergence for G, x G, such that &, x &, = (G, x G,),, then &, =
6, < proj,(9) and 6, = proj,(9).

Lemma 1.1. (i) If § satisfies axiom (F), then both proj,($) and proj(9) satisfy
axiom (F).

(i) If 9 satisfies axiom (L), then both proj($) and proj,($9) satisfy axiom (L).

(iii) If § satisfies axiom (S), then both proj,($) and proj,($H) satisfy axiom (S).

Proof. The assertions follow easily from the definition of proj,($), i = 1, 2.

Lemma 1.2. Let $ be an FLS-convergence for G, x G,. Assume that ((e) ® T,
(x,y)) € H implies x = e. Then proj,(9) satisfies axiom (H). Similarly, if (S ® <{e),
(x,y)) € O implies y = e, then proj,(9) satisfies axiom (H).

Proof. Assume that (S, x}), (S, x3) € proj,($). Then for some T, T, € G} and
¥1,¥2€G, we have (S® Ty, (x4,)4)), (S® Ta, (x3,),))€9. Consequently,
(SSs H® (T, T2 1), (x4 x3' y1y3')) e implies x; = x,, ie., proj($) satisfies
axiom (H). The second assertion can be proved similarly.

Definition. An FLS-convergence $ for G; X G, is said to be orthogonal if (<e> ®
® T, (x,y))e$ implies x = e and (S @ <e), (x, y)) € H implies y = e.

Remark. Observe that an orthogonal FLS-convergence satisfies axiom (H)
Further, let $ be an FLS-convergence for G, x G,. Then $ is orthogonal iff
((x1> ® T, (x,, y)) € H implies x; = x, and (S ® (¥, (x, y,)) € H implies y, = y,.
Also proj,($) and proj,($) satisfy axiom (H) iff § is orthogonal.

Lemma 1.3. Let G be a group equipped with a FLUSH-convergence ®. Let &, be
a coarse convergence for G such that & < 6. If (S, e)e ®,.\ ®, then for some
s€ MON the subsequence S os of S does not have the property (C) with respect to ®.

Proof. Since (S,e)¢ ® and © satisfies the Urysohn axiom (U), there exists
s€ MON such that for each t€ MON we have (Sosot,e)¢ ®. Consequently,
S o s does not have the property (C,) with respect to ®. But S o s does not have the
property (C,) with respect to ® either. For, otherwise there exists pe G, p + e,
such that the constant sequence {p) can be written as a finite product of sequences
of the form (x» T{x~ '), where x € G and T is either a sequence ®-converging to e
or a subsequence of S » s (hence B -converging to e) — a contradiction with ({p, e) ¢
¢ 66"

Lemma 1.4. Let S be a sequence in ®, and T a sequence in ®,. If one of the se-
quences S and T is constant, then the sequence S ® T does have the property (C)
with respect to &, x ®,.

Proof. Assume, e.g., that S is a constant sequence. Since ®, is coarse, it follows
by Criterion 1 that T has the property (C) with respect to &,. Now, it is easy to see
that S ® T has the property (C) with respect to &; x ®,. We proceed similarly
if T'is a constant sequence.
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Lemma 1.5. The convergence (6, x 6,), is orthogonal.

Proof. Let (e) @ T, (x,))e(®; x 6,),. Then ((x™ ') @ Ky~ '), (e.e))e
€(6; x 6,),. According to Lemma 1.4, for each se€ MON the sequence {x~') ®
® Tos{y~ !> has the property (C) with respect to ®; x ©,. By Lemma 1.3, we
have (x> ® Ty~ '), (e,¢)) € ®; x G, and hence ((x~ '), e) e ®,. Thus x = e.
In the same way we can prove that (S @ <{e), (x,y)) e (G, x 6,). implies y = e.
This completes the proof.

Theorem 1. &, x &, is a coarse convergence for G, x G,.

Proof. On the contrary, assume that &, x ®, is not coarse. Let (6, x 6,),
be a coarse convergence for G; x G, such that ; x 6, = (6, x 6,).. Choose
(S®T (x,5)e(6; x 6,)\(6, x 6,). Then cither (S, x)¢ G, or (T, y)¢6,.
According to Lemma 1.5, (6, x ®,), is an orthogonal (FLUSH-) convergence.
Put $, = proj;((6, x 6,),) and H, =proj,((6, x 6,),). By Lemma 1.1 and
Lemma 1.2, H, and 9, are FLUSH-convergences for G, and G,, respectively. Clearly
G, = 9y, (S.x)eHy, 6, = 9H,, (T, y)eH,. Since H, and H, can be enlarged
(cf. [5]) to FLUSH-converges $7 and 93, respectively, we have a contradiction
with the fact that &, and ®, are coarse. This completes the proof.

Corollary 1. The product of finitely many coarse convergence group is coarse.

2. COUNTABLE PRODUCTS

In [2], D. Dikranjan gave an example of a sequence of coarse groups the (con-
vergence) product of which fails to be coarse, In this section we present another
such example. Our construction is based on the properties of FLUSH-convergences
for free groups described in [4].

Example 1. For each natural number k > [ let FC(X,) be the free commutative
group generated by X, = {x,,; ne€ N} U {x,}. Put S, = (x>, T; = <kx,, — x>
and (k) = {T,}. Let © ,, be the minimal FLUS-convergence for FC(X,) in which
the sequence T, converges to zero (see [4]).

Lemma 2.1. 6, is a FLUSH-convergence.

Proof. We are to prove that G, satisfies axiom (H). As shown in [4], it suf-
fices to verify that no nonzero constant sequence ®, -converges to zero, i.e.,
no nonzero constant sequence can be written in the free group FC(X,) as a finite linear
combination z,;T;o58; + ... + z,T; 0, of subsequences T, o.s; of T, such that
z;€ Z\{0} and (Ty o s;) (n) * (Ti < 5;) (n) for all ne N whenever i + j. But this is
an immediate consequence of the definition of the sequence T}, and the properties
of a free group. ’

Let ®, be a coarse FLUSH-convergence for FC(X,) such that ® ,, = ®,. Denote
by G, the free group FC(X,) equipped with &,.
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Lemma 2.2. Let | be a natural number such that | ¢ kN. Then no subsequence of
the sequence IS, = (Ix, ,) converges in G,.

Proof. Contrariwise, assume that for some /e N\ kN a subsequence IS;o s,
s € MON, converges in G, to a point x. Then kIS, o s converges to kx and at the same
time to Ix,. By the uniqueness of limits we have kx = Ix,. Since x, is a generator
of the free group FC(X,), we have a contradiction.

Denote by G the convergence product group H G,. Recall that G is equipped w1th
the coordinatewise convergence.

Theorem 2. The group G fails to be coarse.

Proof. Denote by S the sequence in G the I-th projection of which to G, is the
sequence S; = {x;,», | =2,3,.... According to Criterion 1, it suffices to show
that S satisfies neither condition (C,) nor condition (C,). Since by Lemma 2.2 no S,
satisfies condition (C, ), the sequence S itself fails to satisfy (C,). Now assume that, on
the contrary, S satisfies (C,), i.e., some finite linear combination z;S o s; + ... + z,S o
o §,, of subsequences S o s; of S with nonzero integer coefficients z;, i = 1, ..., m, con-
verges in G to a nonzero point g. Denote by g, the I-th projection of g to G, | =
1 =2,3,.... There are two possibilities. First, if z; + ... + z,, = 0, then for all
1 =2,3,... we have lg, = 0. This would be a contradiction with the assumption
that g is a nonzero element of G. Secondly, if z; + ... + z, & 0, then choose
a natural number k such that k > |z1 + ...+ z,|. Since the sequence k(z,S o
oSy + ... + z,Sos,) converges in G to kg, its k-th projection k(z;Syos; + ...

. + z,Sk o 5,,) converges in G, to kg,. But k(z,S, o sy + ... + 2,5, o 5,,) converges
in G, also to (zy + ... + z,) x, and hence kg, = (z; + ... + z,) X;. This would
be a contradiction with the fact that x, is a generator of the free group FC(X,).

Corollary 2. An infinite product of coarse groups need not be coarse.

3. UNCOUNTABLE PRODUCTS

It is known that every compact topological group is minimal and every abelian
minimal topological group is precompact (cf. [6]). On the other hand, every se-
quentially compact convergence group is coarse, but an abelian coarse convergence
group need not be sequentially precompact (cf. [7]).

Consider the discrete topological group Z(2) = Z[2Z. Denote by G the product
of ¢ = 2" copies of Z(2) equipped with the coordinatewise sequential convergence.
Then G is a convergence group (cf. [5]) and it is the so-called sequential coreflection
(modification) of the compact topological group Z(2)".

Theorem 3. The convergence group G fails to be coarse.

Proof. According to Criterion 1, it suffices to find a sequence S in G which does
not have the property (C). Observe that, in fact, it suffices to show that for each finite
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linear combination T = z;So5s; + ... + z,S o5, where z; is a non-zero integer
and S.s; are mutually disjoint subsequences of S, there is a subsequence of T which
does not converge in G.

The sequence S is defined as follows. Arrange the set of all sequences ranging
in Z(2) into a one-to-one net {S,; « € ¢). Let S be the sequence in G the a-th projection
of which is S, (i.e. S(n) = (S(n); xec) for all neN). Clearly, S is a one-to-one
sequence. Let z,S o s; + ... + z,S o s, be a finite linear combination of subsequences
of S with nonzero integer coefficients. First, in view of the algebraic properties
of Z(2), if we put u; = 1 whenever z; is odd and u; = 0 whenever z; is even, i =
=1,....k, we have z;Sos; + ... + zxSo s, = u;Sos; + ... + uS o s, Second,
there exists t€ MON such that each two subsequences Sos5;0t and Sos;0t are
either disjoint (we identify each sequence with its graph, so two sequences are
disjoint whenever their graphs are disjoint) or identical and, moreover, ¢ can be
chosen in such a way that the sets {s/((n)); i = 1, ..., k} and {s(t(m)); i = 1,..., k}
are disjoint whenever n, m € N and n # m (even more, max {s,(t(n)); i = 1, ..., k} <
< min {s(t(m)); i = 1,. ,k} whenever n < m) Consequently, to prove that S
does not have the property (C) it suffices to show that for each k € N and for each
k-tuple (sq, ..., s;), where s;€ MON (i =1, ..., k) are mutually disjoint and such
that the sets {s(n); i =1,...,k} and {s{(m); i = 1,..., k} are disjoint whenever
n, meN and n # m, there exists a € ¢ such that S,(s;(n)) + ... + Sy(si(n)) = 0
for infinitely many n € N and, at the same time, S,(s;(n)) + ... + Sy(si(n)) = 1 for
infinitely many n € N; observe that the sequence S o s; + ... + S o 5, cannot converge
in G to any g € G. Since {S,; o € ¢} is the set of all sequences in Z(2), such a does
always exist.

Corollary 3. The sequential coreflection of a compact topological group need not
be coarse.

References

[1] Dikranjan, D.: Minimal topologies on Abelian groups. Seminar notes, Universita Padova,
Padova 1983.

[2] Dikranjan, D., Frié, R. and Zanolin, F.: On convergence groups with dense coarse subgroups.
Czechoslovak Math. J. 37 (112) (1987), 471—479.

[3] Fri¢, R. and Zanolin, F.: Coarse convergence groups. Convergence Structures 1984, Pro-
ceedings of the Conference on Convergence held in Bechyné (Czechoslovakia) September
24—28, 1984. Mathematical Research 24, Akademie-Verlag, Berlin 1985, 107—114.

[4] Frié, R. and Zanolin, F.: Sequential convergence in free groups. (To appear.)

[5] Novdk, J.: On convergence groups. Czechoslovak Math. J. 20 (1970), 357—374.

[6] Prodanov, J. and Stojanov, L.: Every minimal Abelian group is precompact. C. R. Acad.
Bulgare Sci. 37 (1984), 23— 26.

[7] Simon, P. and Zanolin, F.: A coarse convergence group need not be precompact. Czechoslo-
vak Math. J. 37 (112) (1987), 480—486.

[8] Stephenson, R.: Minimal topological groups. Math. Ann. 192 (1971), 193—195.

Author’s address: 040 01 KoSice, Zdanovova 6, Czechoslovakia (Matematicky ustav SAV,
pracovisko Kosice).

290



		webmaster@dml.cz
	2020-07-03T06:12:52+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




