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I get results in the following two directions:

(i) It is well known, see [2], that the interval (— oo, 2 miny K) does not belong
to Spec’ (M?), K being the Gauss curvature. Here, I prove that even (2 max, K,
6 min, K) ¢ Spec' (M?). To accomplish this, I study the more general equation
(4 + 1) @ = 0 of the Schrédinger type with I: M> —» R a function; compare with [1].

(ii) According to [3], the eigenvalues of 4 on A'(S?), S* = S*(1) a unit
sphere, are ‘2, = (k + 1)(k + 2); k=0,1,2,..., and the multiplicity of 1, is
2(2k + 3)/(k + 1). I get the multiplicity of ‘4, = 6 equal to 10 in contradiction to
the just quoted formula.

1. Be given a Riemannian manifold (M s dsz), dim M = 2. In a coordinate neigh-
bourhood U = M, we may write

(1.1) ds? = (0')? + (0?)?,

', w? being linearly independent 1-forms. It is well known that there exists a unique
1-form ®? such that

(1.2) do' = —w? A 0}, do* =o' A 0?;
the Gauss curvature K of (M, ds?) is then defined by
(1.3) do} = —Ko' A 0?.

On M, be given a 1-form w; in U, let us write
(1.4) o= a0 + a,0*.
The covariant derivatives a;; (we write a;; instead of a,;) are defined by
(15)  day — a0} = aj 0! + a,0?, da, + 4,07 = 4,0 + a0 .
The exterior differentiation and the Cartan’s lemma yield
(1.6) day; — (ay5 + a5) 0} = a;,0" + a;,0%,
day, + (ay; — az,) 0] = a;,,0" + a;,,0%,
day; + (a“ - azz) o] = a;,0" + ay1,0°,

2 _ 1 2
dazy + (@12 + azy) ©F = a3,,0" + az,,0%,
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the second covariant derivatives satisfy

1.7 a —a = Ka a — =
(1.7) 121 112 2> 427 aq, I(QI .
Using a further prolongation, we get
1.8 day  — (ay,, + @y + ay) 0} = a ! 2
(1.8) 1 — (@, 121 211) @7 1 11®? togq120%,
2 _ 1
day i, + (agyy — a0 — ay45) ©F = 21® * gy12,0%,
2 1
dagyy + (agyy — ay2p = azp) ©F = 0119+ gy21,0%,
day,, + (ay,, + aya1 — a30,) ©F = ! 2
122 112 121 222) @1 = 4, 0" 2220,
— 2 _ 1
day,, + (alu — Q12 0221) Wy =a, 1@ + azuzwz >
dayy, + (agy, + ayqq — agp,) 0F = ! 2
212 112 211 222) W1 ‘1212160 + az12207,
dayy; + (ayyy + Az11 — G355) @ = a ! 2
221 121 211 222) @03 22119+ gz21207,

2 1
" da222 + (‘7122 + asq2 + a221) wy = azzzlw + ﬂ2222w2
wit

(1.9)  ay121 — agi12 = K(ays + a31), ayzp — asjz12 = K(az; — ayy),
3121 — Q2112 = K(azz - ‘711) s 02212 T @y21 = K(alz + a21)-

The differential consequences of (1.7) are

(1.10)  aypqy = @y121 = Kyay + Kayy, ay21 ~ ai122 = K,a, + Ka,, ,
Ay121 = 2211 = Kyay + Kayy, a3125 ~ a3512 = K,a;, + Kay,,

the covariant derivatives K; = K,; of K being defined by

(1.11) dK = K 0' + K,w?

The Hodge *-operator is defined by

(1.12)  #l =o' A 0?, *x0' =0, 0’ =~p', ! A0?=1,

the codifferential 6 and the Laplace operator 4 by

(113) 6@ =(—1P+"'d*Q for QeA’(M), 4= —(d6 + dd)

resp. For our 1-form (1.4), we get

(1.14) do = (ay; — ag) @' A 0%, S0 = —(ay, + a,3),

(1.15) Ao = (ayqy + @122 — Kay) o' + (ay1, + a3, — Kay) 0®.

Theorem 1. Let (M, dsz)‘be a compact manifold without boundary, dim M = 2,
Let I: M — R be a function and let the 1-form w satisfy

(1.16) ' Md+D)w=0.

If ' o

(1.17) max, [ < 2ming K, .©
then w = 0. !

i
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Proof. Consider the 1-forms
(1.18) T, = 5ija,~ajkw" = (axau + aya,;) o' + (ala‘2 + azazz) o?,
1, = dYa,a;0" = (ayayy + aza;,) o' + (a0, + ayay,) 0?,

— §iJ k 1 2
13 = 0Yaa; ;0" = (ayay; + a,a,,) 0" + (aza;, + aa,,) 0*.
Then

(1.19) dx(t; + 15 — 73) = {(ay;, — a25)* + (ag, + ayy)* +
+ ay(aygy + ay32) + ay(ayy + az5,) + K(ai + a3)} o' A @
From (1.16) and (1.15)
(1.20) ayqy + a2+ (I —K)ay =0, ay; +dyy +(1—K)a, =0;
this and the Stokes theorem applied to (1.19) yield
(1.21)  fa{(agy — a22)* + (ay2 + a51)* + 2K = I)(a} + a3)} o' A 0? =0,
and the Theorem follows easily.
Theorem 2. Let (M, ds*) be a compact manifold without boundary, dim M = 2.
Let I: M — R be a function and let the 1-form w satisfy (1.16). If
(1.22) 2 max, K < miny | < maxy, [ < 6 miny K ,
we have o = 0.
Proof. From (1.20), we get
(1.23) Ai111 + Ay224 +(11 —Kl)al —+—(l-—K)a11 =0,
dy111 + Azz21 + (11 - K{)a, + (l —K)a,; =0,
Ay112 + Ay225 + (12 - Kz) a; + (l - K)all =0,
Az112 + 2225 + ([ — Ky)a, + (I — K) a, =0,
I; being defined by d/ = l,w' + ,w?; see (1.11). We easily get

(1.24) d*d{(a;; — ay,)* + (ay, + a21)*} = (J+ J) o' A &?
with
(1.25) J o= 2ayyy — ay)* + 2a;; + azu)z +

+ 2(ayy; — a222)2 + 2(“122 + ‘1212)2 s

J = 2(“11 - azz) (‘71111 — Q3311 t Ar122 — azzzz) +
+ 2(ay; + ayy) (@y211 + Az111 + Gi222 + A3122) -
We may write

J = (alll — 4331 — dy22 — 11212)2 + (‘1121 + az11 + Ayy2 — a222)2 +
+ (ag11 = @z + G122 + ay12)" + (ar21 + azq1 — Gy1a + a325)%;
using (1.7) and (1.20) in the last two terms, we get

(1.26) J =(ay1; — a3y — Qg5 — ay12)* + (@121 + az1q + ay12 — a235)° +
+ (2K = 1)*(a} + a3).
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Using (1.9), (1.10) and (1.23), we get after elementary calculations
(1.27) J' =2(4K — ) {(ay, — a,)* + (a;, + a51)*} +

+ 202K, — L) {(ay, — ay;) ay + (ay, + ayy) ay} +

+ 202K, — L) {(a,; + ay)) ay — (ay, — as,) a5} -
For f: M — R, f; be defined by df = f,0"' + f,w?. From (1.18), (1.19) and (1.20),
(1.28) dxf(ry + 1, — 13) = {f[(a11 — a22)* + (ay, + a2,)*] +

+ f(2K = I)(ai + a3) + fi[(ay;, — az5) ay + (a1, + a3y) ay) +
+ fal(ays + azy) ay — (ag; — a35) a,]} ' A 0?.

Now, from (1.24), (1.26), (1.27) and (1.28) for f = 2(I — 2K) — r, re R, we get
the final formula

(1.29) d*{d[(ay, = az)? + (a2 + a20)*] + (21 = 4K = 1) (v, + 7, — 13)} =
= {(a111 = G221 — @125 = A212)7 + (@121 + z11 + 11z = A222)° +
+ (4K — 1) [(ay; — a22)* + (a;, + a3)*] +
+ (1 —2K)(2K = I + r)(af + a})} 0" A @?*.

Let us take

(1.30) r = miny K + } max,, [.

Then (1.22) implies

(1.31) 4K — r = 4K — miny, K) + 4(6 min,, K — maxy [) > 0,

I — 2K = (I = miny I) + 2(max, K — K) +
+ (miny I — 2 max, K) > 0,
2K — | + r = 2(K — miny K) + (maxy | — [) +
+ (6 miny, K — max, [) > 0,
and our Theorem follows from the Stokes theorem applied to (1.29).
2. Let (M, ds?) = (S%(1), ds3) be a unit sphere in the Euclidean 3-space E* with
the induced metric ds3. To each point m € S? (in a coordinate neighbourhood) let

us associate an orthonormal frame {m; Uy, Vs, 03} such that m + v5 is the center
of S2. Then we may write

(2.1) dm = o'v, + 0?v,, dv, = 0?v, + w'v;,
dv, = —0?v, + 0?0y, dvy = —0'v, — @?v,.
Let V3 be the vector space of E3, and let Q: V3 > R be a I-form. At the point
meS?, let v =ve(m)eV; o, B,... =1,2,3; be a vector and Q(v) = Q*. The

I-form Q being fixed, we easily find dQ, — Q0 = 0, i.e.,
(22) dQ; — 2,0} = Q0', dQ, + Q0] = Q?, dQ; = —Q0' — Q,0*.
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Denote by w, the restriction of Q to S, i.e.,
(2.3) 0y = Q0" + Q0%
Using (2.2), we get the covariant derivatives Q;; = Q;.;, Q;; = Q;;jx as follows:

(24) Qll = Q3 > le = 921 = 0, QZZ = Q3;
Q= —91, Q=02 =0, Q5;, = -Q,.

From (1.15),

(2.5) (4+2)we=0.
Further, .

(2.6) 0o = —Q,0' + Q,w?
and, similarly,

(2.7) (44+2)*wy,=0.

Theorem 3. Let S? = E* be a unit sphere and w a 1-form on S? satisfying
(A + 2)w = 0. Then there are 1-forms Q, Q': V* —» R such that

(2.8) 0 = 0y + *0g .
The multiplicity of the eigenvalue 2 € Spec! (Sz) is thus 6.

Proof. From the formula (1.21) for K = 1, | = 2, we get ayy — ay, = d;5 +
+ ay; = 0. Thus the equations (1.5) take the from

(2.9) da, — a,0} = an! — dw?, da, + a,0} = d0' + av?.

Using the usual prolongation procedure, we get the existence of functions b, b’, ...
... [, f" such that

(2.10) da = (b —1a)) @' — (b' + ia,) 0?,
da' = (b — ta,) @' + (b + %a,) 0*,
(2.11) db + bwi = (c — ta)w' — (¢ + 1a') @0,

db’ — bwi = (¢’ — 3a') o' + (¢ + }a) &*,
de + 2c0} = e — fw?, d¢’ — 2co? = o' + ew?,

de + 3¢l = (f+c)o' — (f = ¢) 0?,

de’ — 3ew? = (f' + ) o' + (f — ¢)0*.
Further,
(212) 0= [ #d(c® + ¢?) =4 [na(e* + €% + 2 + P o' A 0%,
ie,e=¢ =c=c = 0. The equations (2.1, ,) reduce to
(2.13) db + bo? = —i(a0' + d'0?), db’ — bo} = —i(d'0! — aw?),
and the system (2.9 + 10 + 13) is completely integrable. Now, take
(2.14) Q =3a,—b, Q= da,+b, Q=a,

O =t~ b, &

’ .
—%a, —b, Qy=4d;
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it is easy to see that Q,, Q, satisfy the equations of the type (2.2). Thus we get two
1-forms @, Q': V3 — R with

(2.15) wo = (Ya; — b) o' + (3a, + b') 0?,
wo = (a, — b)) o' — (3a; + b) w?,
and (2.8) follows. QED.

Let ¥: ¥V x V— R be a bilinear symmetric form. Its coordinates at the point
me S? be ¥,5 = ¥(v(m), vy(m)); we have ¥,, = ¥, and

(2.16) d¥,, — ¥ ,0) — ¥,05 =0,
ie.,
(2.17) d¥,, — 2¥,,07 = 2¥, 0",

d¥,, + 2¥,,07 = 2¥,;0%,

d¥,, = —2¥ 0! — 2¥,,07,

d¥,, + (Tu - ¥,) 0} = ¥,30" + V0%,
d¥; — q’zs‘”f = (q’ss - Y’“) o' = ¥,,0%,
d¥,5 + ¥507 = —¥PL0" + (Vi — ¥,,) 0.

The form ¥ generates the I-form wy on S? as follows: Let m € S?, t € T,,(S?), vs(m)
the normal unit vector at m; then

(2.18) wy(t) = Y(vs(m), 1).

In the coordinates,

(2.19) 0y = V30! + V0.

From (2.17), we get the covariant derivatives

(2-20) ‘1'13;1 =¥53— ¥, Yis =%,
Y30 = —¥ia, Vs = ¥a3 — ¥yy5
T13;11 = —4¥;, T13;22 =—-Y¥,
¥Yos01 = — Va3, W30 = —4¥03.

Thus, see (1.15),

(2:21) (4 + 6)wy =

Analoguously, we get

(2.22) (4+6)*wy=0.

Theorem 4. Let S*> = E® be a unit sphere and w a solution of (4 + 6)w = 0
on S%. Then there are bilinear symmetric forms ¥, ¥': V x V — R with vanishing
trace such that :
(2.23) © = 0y + *0y. .

The multiplicity of the eigenvalue 6 € Spec! (S?) is thus 10.
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Proof. In the integral formula based on (1.29), take K = 1, I = 6, r = 4. Then
(2'24) Aygq — Apaq — Gypp — 312 =0, ayp + Ay + Ayq2 — 32, =0
from this, (1.10) and (1.7), we get the existence of functions 4, A’ such that (1.6)

become
(6.25) da;, — (ag; + ay) 0} = (4" = 3a,) 0" + (4 — }a,) 0?,

day, + (a;, — a)wi = (4 + 3a,) 0" — (4" + 3a,) 0?,
day; + (ay, — ay) @ = —(4 + 3a,) o' + (A" + 1a,) 0?,
day, + (a, + ay)0f = (A" — 3a;) @' + (4 — 3a,) @*.

The prolongations yield the existence of functions B, B/, ..., E, E’ such that
(6.26) dA + A'w} = {B + Hazy — apn)} @' — {B' + Hay; + a3,)} 0?,
dA’ — Aw} = {B' — 3(a,, + a35)} @' + {B — }(ay, — a,,)} 0?;

(6.27) dB + 2B'w} = (C — A) o' — (C' + A) »*,
dB' — 2Bw} = (C' — A) o' + (C + A) 0?;
(6.28) dC + 3C'w} = Do' — D'w?,

dC' — 3Cw?} = D'o! + Dw?,
dD + 4D'w} = (E + 3C) ' — (E' — 3C') 0?,
dD’' — 4Dwi = (E' + iC) o' + (E — 3C) 0.
From this,
(6.29) 0 = [o52*d(C? + C?) =2 [ [2(D* + D?) + 3(C* + C?)] 0' A 0?,
and (6.27) reduce to
(6.30) dB + 2B'w} = —Aw' — A'0?, dB — 2B = —A'o' + Aw*.
The system (1.5) + (2.25 + 26 + 30) is completely integrable. Now, define
(6.31) ¥, = 5(4B — Say, + ay;), Pa = —35(4B — ay, + Say,),
Vi =Magy + ay), ¥Yio=¥y = 13(4B — 3a;, — 3a3,),
Vs =Wy = =324 — 3a,), ¥y =¥ = —H24 - 3a,);
Wi = —15(4B + aj, + Say,), Wi, = 5(4B + 5a;, + ayy),
Y35 = %(6121 —ay), Yi=¥,= 712(43' + 3ayy — 3a3,),
Vi, = ¥4 =324 +3a,), Yis= Vi = —324" + 3a,).
By definition, they satisfy (2.17) and generate tWo symmetric bilinear forms
Y P V3 x V3 5 R with zero trace. Now,
(6.32) wy = —H24" — 3a;) 0" — 24 — 3a,) 0,

oy = 324 + 3a,) o' — 24" + 3a,) @?,
and (2.23) follows.
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