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1. INTRODUCTION

For any abelian o-group, one may define a dual space which reflects the structure
of the group to the extent that the evaluation map into the second dualis a one-to-one,
order-preserving group-homomorphism. Such a dual space may be defined for any
o-ring and it is natural to ask whether convolution may be used to define multiplica-
tion on the second dual and, if so, whether the evaluation map then preserves multi-
plication. In this paper, we will give conditions on an o-ring which will allow us to
give an affirmative answer to both these questions. In particular, a power series
ring always satisfies these conditions, and because its evaluation map is always onto,
multiplication of power series is always abstract convolution of functions.

In what follows, we assume that all rings are associative. We also adopt the notation
and definitions of [6] which we apply to rings in the following way. An o-ring
(T, +, +, <) is an abelian o-group (7, +, <) and a ring (T, +, *) such that if a < b
and 0 < x in T, then ax < bx and xa < xb. (This definition is somewhat stronger
than the definitions in [1] and [2].) The construction of the dual space in [6] depends
on a Banaschewski function 7. One would expect that in the case of rings the
Banaschewski function and the ring multiplication would have to interact in some
way; the appropriate way turns out to be the following. For t € Tand P € P, we write
t > P to mean that ¢t > p for all p e P, and for P, Q € P, we let

PO Q={zeT|z<xyforall x> Pand y> Q}.

A B-ring (T, +, ., <,7) is then an o-ring (T, +, ., <) together with a function
7: P — D such that (T, +, <, 1) is a f-group (see [6]) and 7 satisfies the additional
condition

(iii) for all P, Q e P, t(P)1(Q) = (P { Q).

The foremost example of a B-ring is the power series ring (pIL4R, +, ., <, %)
formed as follows (cf. [5]): 4 is a totally ordered semigroup which satisfies the con-
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dition: a6 < Bé and Jdo < 6f whenever a, f, § € 4 satisfy « < B. (xII,R, +, <)
is the lexicographically ordered group of functions from A4 to the real numbers R
with inversely well-ordered support (cf. [6]). Multiplication on xIT,R is defined by

(fg)é = Zaﬂ =s\F aﬁfagﬂ)

where the r, ; form a factor system: (i) r, ; > 0 for all a, e 4 and (ii) r,; 5, ; =
= r,pstp.s for all a, B, 8 € A. It is then easy to see that not only is (xII,R, +, <, %)
a strong B-group (cf. [6]) but also (xTI4R, +, ., <, x) is a f-ring.

Suppose finally that T'is a f-ring and let x, y € Tand 4, B, C € A. We use M[x, y, C]
to denote the product of all m(x, U) m(y, V), where U € S(x), Ve S(y), and UV < C;
we use M[x, y, A, B, C] to denote the product of all m(x, U) m(y, V), where U € S(x)
Ve S(y), UV < C,butU + AandV #+ B.(Note that M[x, y, C] and M[x,y,A4,B,C]
are well-defined because S(x) and S(y) are inversely well-ordered by Proposition 2.2
of [6].) It was shown in [7] that if t: P — D for an o-ring T, then (T, 7) is a f-ring
if and only if (i) (T; 1) is a B-group, (ii) for all 4, B e A there exists C € A such that
AB < C and (jii) for all x, ye Tand Ce 4

M[x, y, C] (xy)c = m(xy, A) Y 4pec M[x, y, A, B, C] (x4¥5) -

We will be using this latter characterization of -rings in the proofs of § 2 and hence,
for these purposes, it may be taken as the definition.

If (T, ) is a B-ring and A4, B e 4, then we let [4B] denote the (unique) elemcnt
of A4 containing AB.

2. CONVOLUTION

Let T be a B-ring and let T" " be its second dual. One may define convolution
on T** as follows ([3], page 262). For te T and fe T*, define ,f e T" by ,f(x) =
= f(tx). For GeT**, define G™: T*->T" by G~ (f) () = G(.f) for teTand feT".
For F,Ge T"", define F¥*Ge T"", the convolution of F and G, by F*G(f) =
= F(G™(f)) for fe T". We show below (Propositions 2.3, 2.6, and 2.9) that this
series of definitions makes sense for any f-ring T, and hence that convolution is
a well-defined operation on T*". Our proof shows immediately that (T*", +, *
<,t*")is a B-ring (Theorem 2.10). It is then easy to see that the evaluation map
E: T— T"* always preserves multiplication (Theorem 2.11). In particular, it follows
that the map =: ,II,R — (,IT,R)" " is an o-B-isomorphism of rings (Corollary 2.12).

Note: To avoid double subscripts in the following proofs, we will sometimes use
x(A) in place of x,.

Lemma 2.1. Let te T, fe T", and Be A. Let

(tBf) = {4 e S(t)| AB e Supp (f)} .
(a) (tBf) is finite;
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(b) forall xeT

,f(x) = liMger ) pegr m(x, D)™! ZAs(th) m(t, A1 f(tAxD) ’
where @* = {D e S(x) | AD € & for some A e S(1)};
(c) for all ae 4,

zf(a) = ZAs(th) m(t, A)—l f(tAa) >
where the sum is zero if (tBf) is empty.

Proof. (a) if (¢Bf) is not finite, it has an infinite descending chain 4, > 4, >
> A3 > .... Then A;B > A4,B > A3;B > ... is an infinite descending chain in
Supp (f), a contradiction. :

(b) Since fe T*, we have by (a)

,f(x) = f(tx) = limgpep ZCe(b m(tx’ C)_l f((tx)c) =
= lim@epzce¢ m(tx, C’)“1 M[t, X, C]_lf[m(tx, C)Z[AD]=CM[t9 X. A, D, C] tAxD] =
= ]im@el: Z[AD]E¢ m(t, A)~1 m(x, D)_l f(tAxD) =
= limgep Zusw* m(x, D)_l ZAe(th) m(l, A)_ ! f(tAxD) .
(Here the limit is taken over the directed set F — see [4], pages 77—78, ““Integration
Theory, Junior Grade”.)

(c) Since (¢Bf) is finite, the set E, of all C € Supp (f) such that [4B] = C for some

A€ S(1), is finite. Then for all @ € F containing E,
ZDE¢* m(a, D)~! ZAe(th) m(t, A4)~1 f(tAaD) = ZAe(th) m(t, A)"f(tAa) .

Part (c) then follows from part (b).

Lemma 2.2. If fe T" and 0 < ae A€ A, then ,fe T".

Proof. Clearly the function x — ax is a f-homomorphism of T into T. Its dual
map takes fe T* to ,f and hence Lemma 2.2 follows from Theorem 4.2 of [6].

Proposition 2.3. Let fe T* and te T. Then ,f € T" and for all Be A,

(f)pr = Yacimp [m(t, )" wa(fasy~)] -
Proof. (I) Clearly ,f is a well-defined group-homomorphism from T to R. (II) By
Lemma 2.2, for any Be A4,

Yacamry m(t, A7 €T,
and by Lemma 2.1 (c),

s = [aeann mt: A~ a5 -
Hence ,f|5 is comparable to 0 with respect to <. (II) If B Supp (.f) and [4B] e
€ A\ Supp (f) for all AeS(t), then (tBf) = 0 and by Lemma 2.1(c) ,f(b) = 0
for all b e B, a contradiction. Thus for all B € Supp (.f), there exists 4 e S(t) such
that [AB] e Supp (f)- Suppose that B, > B, > Bs > ... is an infinite descending
chain in Supp (.f), and let {4;' = S(¢) be such that [4,B;] e Supp (f) for all i.
Since S(t) is inversely well-ordered, we may assume A; = 4, = A3 = ... by picking
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a cofinal subset if necessary. Then [4,B,] > [4.B.] > [43B3] > ... is an infinite
descending chain in Supp (f), a contradiction. Thus S(:f) is well-ordered. (IV) By
Lemma 2.1 (b) and (c), we have for all x e T}

S (%) = limoep Y peo m(x, B) ™' Y s m(t, Aty (taxg) =
= limger Y peas m(x, B) ™" S (x8)

and therefore ,f € T*. The characterization of (,f)z~ then follows from Lemma 2.1 (c).

Lemma 2.4. Let Ge T*"*, fe T", and Aec A. Let
(AGf) = {Be A| B" € Supp (G) and [4B] e S(f)} .
(a) (AGY) is finite; ’
(b) forall xeT,
G (/) (x) = limger Ypegr m(%, D) ™! Ypeiner) Gyl fiom+1) »

where ®** = {4 e S(x) | [AB] € Supp (f) for some Be ®};

(c) forall ae A,

G (f) (@) = Xaewcr) Gl framr]) >

where the sum is zero if (AGf) is empty.

Proof. (a) Suppose that (4Gf) is not finite. Since Supp (G) is well-ordered and
the map C — C" reverses order (Proposition 3.1 of [6]), AGf must contain an

infinite descending chain B; > B, > B; > ... . Then[4B,] > [4B,] > [4B;] > ...
is an infinite descending chain in Supp ( f), a contradiction.

(b) Clearly ®** = |Jp.p (xBf) and hence by Lemma 2.1 (a), ¢** is finite. It is

easy to see that Supp ([ fior1+]) = {B} and hence by Proposition 2.3 and part
(a) of this lemma,

G™(f) (%) = G(f) = limocr Ypeo G([./15~) =
= limger Y 5w peensy (%> D)™ Glumy[ from») =
= limger ZD@** m(x, D)_l ZBE(HGJ)G(X(D)[f[DB]A) .
(c) If [AD] e A\Supp(f) for all De A, then (AGf) = 0 and hence by (o)
G~ (f) (@) = 0. Otherwise, for any @ € F for which 4 € ¢**,

Yopeors m(a, D) Ypewes) Clamy [ from1r]) = Lpewasry Glal fiamn]) -
Part (c) then follows from part (b).

Lemma 2.5. If Ge T*" and 0 < ze C" € A", then G™(z) e T*.

Proof. If A4 forms a multiplicative group (instead of merely a semigroup), then
the function x - .z is a f-homomorphism whose dual maps G - G~ (z) and hence
(by Theorem 4.2 of [6] G™(z) € T". However, without this assumption, the function
need not be dense, and hence we must check the definition directly. (I) Clearly G~ (z)
is a group-homomorphism of T into R. (II) Let 0 < de De A and suppose that
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G (z)(d) > 0. Then G(,z) > 0 and hence ,z # 0. Thus there exists B € 4 such that
[DB] = C. We then have 0 < ,ze B* and hence 0 < G|z.. Now let 0 < we D.
We have 0 < ,zeB" and thus G (z) (w) = G(,z) > 0. Therefore 0 < G (z)|
We conclude that for all D € 4, G™(z)|p is comparable to 0 with respect to <. (III)
Suppose that D; > D, > D3 > ... is an infinite descending chain in Supp (G (z)).
We noted above that for each D € Supp (G~ (z)), there exists B € 4 such that [ DB] =
= C and B" € Supp (G) For each D,, let B,e A satisfy these conditions. Then
B, < B, < By < ... and hence (Proposition 3.1 of [6]) By > B, > By > ...,
a contradiction. Thus Supp (G~ (z)) is well-ordered. (IV) Clearly z; 5. * 0 exactly
when [DB] = C. Thus by Lemma 2.4,

G (2) (x) = limocr 3. peaws m(x, D)™ Ypeiwery Gluwo) Ziom1) =
= lim¢EF Zbeqzu m(X, D)_— 1 G—(Z) (XD) .
Therefore G™(z) € T..
For Ge T** and B e 4, note that Gz..: T* - T" is defined by Gy. .(f) (x) =
= GBA »\(xf).

Proposition 2.6. Let Ge T"" and fe T". Then G"(f)e T" and for all A€ A,

G (f)an = Y secacr) Gan~(framn) -

Proof. (I) Clearly G™(f) is a well-defined group-homomorphism from T to R.
(I1) By Lemmas 2.4 (a) and 2.5,

Y seacr G (fiapy-)e T* forany Aed.
By Lemma 2.4 (c),
Gv(f)IA = [ZB&(AGf) G‘(f[AB]A)]lA

and hence G ~(f)| 4 is comparable to 0 with respect to <. (III) Let 4 € 4 and suppose
that whenever [AB] e Supp (f), B* € A* \ Supp (G). Then G (,[fiup~]) = O for
all Be 4 and a € 4, and hence by Lemma 2.4 (b), G~ (f) = 0. Thus, we may assume
that if 4 € Supp (G™(f)), there exists Be 4 such that B* € Supp (G) and [4B]e
€ Supp (f). Now suppose that A, > 4, > A, > ... is an infinite descending chain
in Supp (G~(f)) and for each i let B; € 4 be such that B; e Supp (G) and [4,B;] e
€ Supp (f). But Supp (G) is well-ordered and hence, picking a co-final subset if neces-
sary, we may assume that B < B < B; < .... By Proposition 3.1 of [6], we
have B; 2 B, = By 2 ... and hence [A,B,]| > [4,B,] > [43B;] > ... is an
infinite descending chain in Supp (f), a contradiction. Thus, Supp (G~ (f)) is well-
ordered. (IV) By Lemma 2.4 (b) and 2.4 (c), we have for all x e T,

G_(f) (x) = limgcr zueda** m(x, D)h ! Zneucf' G(x(D)[f[DB]“]) =
= limger Y.peos Mm(x, D)1 G~(f) (xp) -

Therefore G~(f)e T*. To see that the equation holds, note that if a € 4, then
ol fras1-] € A* and hence

G'(f[AB]A) (a) = G(a[f[AB]'\]) = GB'\'\(a[f[AB]'\]) = Gg. '*(f[AB]") (a),
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On the other hand, if 4 = De A and d € D, then 4[fias+] = 0 or [f;5.] € E*,
where [ DE] = [AB], and since D + A, E + B. In either case,

Gaos(fuam») (d) = Gpun(d[ framn]) = 0.
The equation then follows from Lemma 2.4 (c).

Lemma 2.7. Let F,Ge T"". ‘

(a) For Ce A, there exist only finitely many pairs (A, B)e A x A such that
[AB] = C and FAAA OGB—AA = 0.

(b) Forall feT*,

F(G“(f)) = limger ZCedi*** Z[AB]=C Fy. A(GB_A "(fC’\)) s

where @*** = {C e Supp (f) | [AB] = C for some A€ & and B" e Supp (G)}.

(c) Forall zeC* e 4",

F(G™(2)) = Yam=-c Far (Gras(2)) -

Proof. (a) For F,.. o Gz.. * 0, we must have A* & Supp (F) and B € Supp (G).
These sets are both well-ordered and hence there can be only finitely many such (4, B)
with [4B] = C.

(b) Since Supp (F)and Supp (G) are well-ordered and & is finite, ¢*** is also finite.
Since Fe T**, we have by Proposition 2.6,

F(G™(f)) = limger Youco Fan s([G™(N)]an) =
= limgcr ZAE(D ZBEAF[ Fy. A(GB_A A(f[AB]A)) =
= limgcr Zcmm Z[AB]=C Fy. A(GBA A (fCA)) .
(c) If [AB] # C for all A€ 4 and B* & Supp (G), then F(G™(z)) = 0 by part (b),

and the sum in part (c) also clearly equals 0. Otherwise, for any & e F such that
C e P***

ZDE(D"‘ Z[AB]=D Fy. A(GEA A(ZD)) = Z[AB]=C Fyn A(G;A (Z)) .
Part (c) then follows from part (b).

.Lemma 2.8. Let FeT"" and 0 < He B*"* € A*". Then F*He T"".

Proof. If A forms a multiplicative group, then the function f — H(f) is a f-
homomorphism whose dual maps F - F*H and hence F*He T"". However,
without this or some similar assumption, we must check the definition directly.
(I) Clarly F*H is a group-homomorphism. (II) Let 0 < z € B* € A* and suppose
that F*H(z) > 0. We wish to show that F*H(w) > 0 whenever 0 < w € B". Since
F(H™(z)) > 0, H(z) # 0 and hence there exists 4 € 4 such that [AB] = C and
H(z)(a) = H(,z) > 0 for all 0 < a € A. Thus we have 0 < H (z) € A* and hence
0 < F|,. because FeT"*. But also H(w) (a) = H(,w) > 0 for all a € 4 and hence
0 < H™(w)e A*. Then F*H(w) = F(H~(w)) > 0 and we conclude that 0 < F*H|..
Therefore F*H|c, is comparable to 0 with respect to <. (III) Suppose next that
C{ > C3 > €} > ... is an infinite descending chain in Supp (F*H). We noted

100



above that for each i, there exists A; € A such that A} e Supp (F) and [4,C] = C;.
We have C; < C, < C3 < ... in 4 and hence A; < A, < A3 < .... Then A] >
> A3 > A} > ... in Supp (F), a contradiction. Thus, Supp (F*H) is well-ordered.
(IV) Finally, by Lemma 2.7 (b), for all fe T*, we have

F*H(f) = liMoep Y ceamer Y rap1=c Far »(Hpr a(fcr)) =
= limgper ZCEW** Z[AB]=C Fyn ’*(H_(fCA)) =
= limaer Y ccome (F*H) (fe.) .
We conclude that F*He T"".
Proposition 2.9. Let F,Ge T""*. Then F*Ge T"" and for all C € A,

(F*G)cnn = Y tami=c Far *Gpgan .

Proof. (I) Clearly F*G is a well-defined group-homomorphism from T* to R.
(I1) By Lemmas 2.7 and 2.8, Y 4p1=c F4» +*Ggrn € T** for any C € 4. By Lemma
2.7(c), .
F*GICA = [Ytasi=c Far+*Gga 1]
and hence F*G|c. is comparable to 0 with respect to <. (III) Suppose that C{ >
> C; > C3 > ...is an infinite descending chain in Supp (F*G). By Lemma 2.7 (c),
there exist A/ € Supp (F) and B;' € Supp (G) such that [4,B;] = C; for all i. Picking
cofinal subsets if necessary, we must have Ay < 42 < A3 < ... and B} £ By =
< B} <....Then [4,B,] 2 [A,B,] 2 [43B3] = ...in 4. Butin 4, C; < C, <
< C; < ..., a contradiction. Thus Supp (F*G) is well-ordered. (IV) By Lemmas
2.7(b) and 2.7 (c), we have for all fe T*

F*G(f) = lim¢eF ZCE¢*** Z[AB]:C FAI\ A(GB—A A(fCA)) =
= limgep anp*** F(G_(fCA)) .

Therefore F*G e T**. The characterization of (F*G)c. . then follows from Lemma
2.7 (c).

CcA

Theorem 2.10. (T"*, +, *, <, t" ") is a p-ring.

Proof. By Propositions 2.3, 2.6, and 2.9, convolution is a well-defined operation
on T"*. Clearly, for 4,B,Ce A, AB < C if and only if A***B** = C... Thus,
by Proposition 2.9 and the discussion in § 1, (T**, +, *, <, t**) is a f-ring.

Theorem 2.11. The evaluation map E:T— T"" is an o-B-monomorphism of
B-rings.

Proof. By Theorem 5.1 of [6], Z is an o-f-monomorphism of f-groups. It is easy
to check that Z(xy) = Z(x)* Z(»).

Corollary 2.12. For any totally ordered power series ring xI1,R, the evaluation
map Z: xTI,R — (xII,R)" " is a o-B-isomorphism of B-rings.

Proof. The corollary follows from Theorem 2.11 and Proposition 6.8 of [6].
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