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INTRODUCTION

An observation on the intuitive encoding of graphs led the author to the concept
of G, H-separation. A mapping of this type is a kind of characterization of the
structure of the graph H not belonging to the subgraph G of H. This concept turned
out to be fruitful to estimate the dimension of subgraphs of a given graph (chapter
III). This result again is essential for the following considerations (chapters ILI
and IV) which deal with the decomposition and composition of graphs via subgraphs.
Using the technique of amalgamation estimates for the dimension of a “‘complex”
graph can be achieved by its components. However, for lack of examples of graphs
for which the dimension is known this technique cannot be demonstrated impressively
in the very general case. Still we can get quite good estimates if we assume a more
special situation in which all graphs to be amalgamated are full subgraphs of the
same graph. This recognition will be applied (in chapter V) to trees which can be
regarded as amalgams of paths. The derived estimate then is simply based on cal-
culating some invariants for the tree namely the number of vertices of a fixed degree
resp. the maximum degree of the vertices in all spheres around a certain “‘central”
point.

I. BASIC DEFINITIONS

1.1. Conventions and notations. Throughout this paper, a graph G = (V(G), E{G))
is a finite undirected and simple graph. E(G) is also used to denote the symmetric
antireflexive binary relation {(x,y)|{x, y} € E(G)}. The complete and discrete
graph with n vertices is denoted by K,, resp. D,, ne N. K, ,, denotes the complete
bipartite graph, K, ,, = D, @ D,, (cf. 1.4). The path and cycle of length n, i.e.
with n edges, is denoted by P, resp. C,. Define P, := K1 := Dy.

1.2. Numbers.
rt least integer greater than or equal to r; log;} m := (log, m)*

k least prime power greater than or equal to k
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|G| cardinality of the graph G: |G| := |V(G)|
dg(x)  degree of vertex x in G

A(G) maximum degree in G

dg(x, y) distance of vertices x and y in G

diam G diameter of G

1(G) (vertex) chromatic number of G; x(0) = 0
2(G) edge chromatic number of G

1.3. Subsets and subgraphs. The k-sphere S(x) of x € V(G) in G is defined by
Si(x) := {y e V(G) | dg(x, y) = k}, ke N. For X = V(G), Si(X) := U Si(x).
xeX

A subgraph of G is a graph H with V(H) < V(G) and E(H) < E(G) n V(H)®
(X® denotes the set of all subsets of X containing just two elements). If E(H) =
= E(G)n V(H)®, H is called full (or induced, spanned) subgraph of G. H < G
and H < G indicate that H is a subgraph resp. full subgraph of G. For X < V(G)
resp. H < G let G[X ] resp. G[H] be the full subgraph of G induced by X resp. V(H).
The neighbourhood Ng(x) of x in G is the full subgraph of G induced by the “closed”
1-sphere of x, i.e. N¢(x) = G[{x} U S,(x)].

For X < V(G) resp. H < G, N4(x) resp. Ng(H) is induced by X U S,(X) resp.
V() O S,(V(H)).

1.4. Operations. The complement graph of a graph G is denoted by G°. For two
graphs G, H, the intersection G n H is defined by V(G n H) = V(G) n V(H) and
E(G n H) = E(G) n E(H).

The sum Y. G, of a family {G, G,, ..., G,} of graphs is the disjoint union of the
i=1 n n

family. The strong sum @ G; is obtained from ) G, by adding all edges between G;
and G;, i * j. i=t i=1

For G < H, H — G is induced by V\H) — V(G) in H: H — G = H[V(H) —
— V(G)]. For G < H, H + G has those vertices that belong to G and those edges
that belong to H but not to G: V(H + G) = V(G) abd E(H + G) = E{H[G]) —
— E(G).

1.5. Products. The direct (or categorial) product G x H, weak (or cartesian)
product G [ H and strong product G [X] H of graphs G, H is defined by:

V(G x H) = V(GO H) = V(G X H) = V(G) x V(H),

E(G X H) = {{(xh xZ)’ (yla )’2)} | {xI’ yl} € E(G) and {st yl} € E(H)} >

E(GOH) = {{(x1, x2), (¥1, ¥2)}| either {x, y;} € E(G) and x, = y, or x; = y,
and {x,, y,} € E(H)},

E(G [x] H) = E(G x H)u E(G [ H).

Since all products are associative, we can define the direct product X G;, weak

i=1

product [ G; and strong product [X] G; of a family {Gy, G35 ---> G,} of graphs.

i=1 i=1
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If G;=G for all i =1,2,...,n, we shortly write G", GP", GX" for the n-th
direct, weak resp. strong power.

1.6. Mappings. A homomorphism f: G — H is a mapping f: V(G) > V(H) that
preserves edges, i.e. {f(x), f(v)} € E(H) whenever {x, y} € E(G). In the case that H
is a complete graph, f is a colouring of G. If f: G — H is injective and f(G) < H,
i.e. the image of G is a full subgraph of H, then f is called embedding.

1.7. Dimension (cf. [6]). The dimension of a graph G, denoted by dim G, is the
least natural number n such that G can be embedded into N" where N denotes the
complete graph with vertex-set N. An embedding u: G » N" is called (n-ary)
encoding of G and satisfies {x, y} € E(G) iff u/x) =+ u/y) for all i=1,...,n.
Obviously, dim G equals the least natural number n such that there exists an embed-
ding u: G > N".

‘Since discrete subgraphs of G correspond to complete subgraphs of G¢, it is easy
to see that dim G equals the minimum number of equivalences Eq, ..., E, with the
following properties:

(i) L”JEi = E(G°) and

(ii) ﬂ E; = A, the trivial equivalence.

If we do not require u to be injective, i.e. if we drop (ii), we can possibly do with
one coordinate less; such a minimum will be denoted by idim G (intersection
dimension). We define idimK, = 0, ne N.

The concatenation of two (encoding) vectors u, v is simply denoted by uv.

II. SOME FACTS

Proofs of the following two propositions can be found e.g. in [6]. 2.1 and 2.2
are of more fundamental importance whereas 2.3 states some concrete results.

2.1. Proposition. G < H = dim G < dim H. |

2.2. Proposition. Let x!, ..., x*, y', ..., y* be vertices in G with

(i) Vit {x', ¥'} € E(G) and
(i) Vi < j: {x%, '} ¢ E(G).
Then dim G = log; k

2.3. Proposition.
(i) dimK, =1 for n = 1.
(i) dm K, + K, = n for n = 2.
(iii) dim D, = 2 for n = 2.
(iv) dim P, = log; n for n = 3.
(v) dim Cypyp = 1 + logy n < dim Cp,yy < 2 + logf n for n 2 2.
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(vi) If C,, is a cycle of length m 2 5 with one additional chord, then
logy (m — 2) £ dim C,, < 2 + logy (m — 2).

(vii) For the cartesian cube Q,:=K5" one has dim Q, = 2 and dim Q, =
=n—1 for n = 3.

Proof. (i)—(v) see e.g. in [6], (vii) see [4]. Ad (vi): W.lo.g. let V(C,) =

={0,1,....m —1} and for 0<n<m—2, E(C,)={{i,i+1}] i=0,1,...
om =1 u{{0,m — 1}, {n,m — 1}}. m-1
Let u be an encoding of P,,_, with all coordinates m-2 0

in {0, 1, 2} (cf. [6]). Then v is an encoding of C,, if P

one puts: . f

u(x) e, if xe{l1,2,...m — 3} — {n}
where o := xmod?2,

o(x) =<u(x)22, if xe{0,m -2}, \ p
u(n)33, if x=n, , o ,/’
44...401, if x=m—1. ‘ \\.//

O n+1 . n-1

We now want to find a relation between the dimension of two graphs G, H, where G
is a (not necessarily full) subgraph of H. To this end we introduce a new type of
mapping:

2.4. Definition. For G = H, the mapping o: V(G) —» N, is called G, H-separation,
indicated by o: G—" N", iff it satisfies

(i) {x,y} € E(G) = Vi: o(x) + 0y) and

(i) {x, y} e E(H + G) = 3;: 0{(x) = a(»).
For G £ H we define the G, H-separation number o{G, H) to be the minimum
number n such that there exists a G, H-separation o: G -7 N". For G £ H let
o(G,H) = 0.

Equivalent to the existence of a G, H-separation is the existence of a family of
equivalences Ej, ..., E, on V(G) such that

) il_ile,- 2 E(H) - E(G) and
(ii) E(G) mLJIE,- =0.

Hence, o(G, H) is the minimum number of such a family (cf. 1.7).
Let us now state some properties of separations:
A) If G <G < H with V(G)+ V(G) = V(H) and E(G) = E(G)u {{x, y}| x e
e V(H), ye V(H — G)}, then G £ H implies (G, H) = o(G', H) since E(H) —
— E(G') = E(H + G).
B) Let Zy, ..., Z, be the components of H + G, then (G, H) =
= max {O'(H Z H)|i=1,..,k}

C) o(G, H) £ idim G, since U E; = E(G°) implies U E; 2 E(H + G).
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D) 6(G,K,) = idim G.

E) o(G, H) < y*(H + G): For each palrset {x, y} of V(G) x V(G), let {x, y} be
a class of the i-th equivalence iff {x, y} € E(G) coloured i. All other classes are
singletons.

F) o(D,, H) = 1 iff D, £ H. O

2.5. Proposition. G < H = dim G < dim H + o{G, H).

Proof. If u is an encoding of H and o: G—»* N" is a G, H-separation. then the
concatenation uo is obviously an encoding of G. O

Example. If G is an arbitrary subgraph of l] Py, (cartesian product of paths of
lengths ky, ..., k,,), then dim G £ 2m — 1 + Z og; k;. This follows from 3.7 and

the fact that ¢{G, D P,) < m for each Gc D P,,, since if the vertices of D Py,
i=1 i=1

are numbered one- to -one, 0 is a G, E] P,, — separation if one puts for x =

i=1

= (Xyy .00, Xp) € V('[=:|1Pk',) (x;€{0, 1, ...k}, i=1,...,m):

o(x) - {number ofx, if x;=0 or {x,x—e}eEG),
~ loix —e), else,
where e; = (0,...,0,1,0,...,0).
! O
2.6. Proposition.
(i) A(G°) =1=dimG = 2.
(ii) A(G) > 1 = dim G < y°(G°) < A(G°) + L.
If K3 £ G then AIG°) £ dim G = 1 G°) £ A(G°) + 1.
Proof. (cf. [9, 1.5] resp. [6, 2.3]).
This follows from 2.5, the Vizing Theorem, 2.4.E and the fact that the equivalences

induced by the construction in 2.4.E already satisfy 1.7 (ii) if A(G) > 1. If K; £ G°
then each equivalence class contains at most two vertices of G. O

2.7. Lemma.
(i) o (G + H, G ® H) = max {¢(G), x(H)}.
(i) o Z G, ED G) =1+ (x — 1) log, n, where y := max x(G,).

15isn
Proof. Ad (1) oG+ H, G® H) —-mm{nIUE E(G® H) — E(G + H),
U E;nE(G + H) =0 (E; equivalences)} = mm {n |3 homomorphism f:G +
+ H - K,} = max {x(G), x(H)}.

397



Ad (ii): o(} G ®G)=0(Y K6y DKycy =1+ (x—1).log; n ac-
i=1 i=1 i=1 i=1
cording to Corollary 2.5 in [3] and 2.4.C. O

Now it is easy to see that the following is true (Thm 2.6 in [3]):

2.8. Theorem. d1mZG < max dim G; +G(ZG,, @G)<maxd|mG + 1+

i=1 1<iZn =1 1<izn

+ (x — 1) .log; n where y := max x(G)). 0

1<isn

1II. SIMPLE AMALGAMATIONS

3.1. Definition. Let G, H, U be graphs such that U = G n H is proper full sub-
graph of both G and H. Then the amalgam of G and H in U is denoted by %(G, H:U).

b

The restriction on U to be a proper subgraph (i.e. V(G) + V(U) # V(H)) is to
avoid trivial cases and is tacitly assumed in the whole chapter.

A first approach towards the estimation of the dimension of an amalgam by its
“components” is the following: First encode all vertices belonging to one com-
ponent, G, then encode those belonging to the second component, H, and finally
take care of non-adjacent vertices belonging to different parts of the amalgam,
G — Uresp. H— U.

3.2. Proposition.

dim (G, H : U) < dim G + dim H + max {¢(G — U), y(H — U)}.

Proof. For y := max {)(G — U), y(H — U)} let/:G — U > X,,g:H — U > K,
be homomorphisms, let ug and uy, be encodings of G resp. H and let a: V(G — U) —
- Ny, B: V(H — U) > N, and y: V(U) > N, (N, = {ne N|n = k}) be enumera-
tions, where k is sufficiently large, i.e. larger than y and all coordinates of the en-
codings u; and ug. Then u defines an encoding of A(G, H : U) by

uG(x) ox)...o(x) f(x)...f(x), if xeV(G-U),

u(x) = B(x) ... B(x) uy(x) g(x) (9(x) + 1) ...(¢(x) + x — 1), if xeV(H —U),
ug(x) ug(x) y(x) ... 9(x), if xeV(U),
where addition is modulo . O

An improvement of the estimate is attainable if one applies the technique of
separation:

3.3. Proposition. Let G, H, U, K be graphs, U = G H proper full subgraph
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of both G and H and let hg: G —» K, hy: H — K be injective homomorphisms Which
equal on U (i.e. h(x) := hg(x) = hy(x) for each x € V(U)). Then
dim (G, H : U) < dim K + a(h4(G), K) + o(hy(H),K) +
+ max {y(G — U), yH — U)}.

Proof. Let uy be an encoding of K, a,: hg(G) =K N7#6(@:K) and g,: hy(H) -
K NothaK) be a ho(G), K-separation resp. hy(H), K-separation and let f: G —
—U-K, and g:H — U - K, be homomorphisms where y := max {x(G - U),
wWH—-U)}. Let a: V(G —U)>N,, B:V(H—-U)-> N, and y: V(U)—> N, be
enumerations as in 3.2 (or anything else to fill the “gaps” of the encodings; essential

point is that these coordinates do not destroy adjacency), k suff. large. Then u
defines an encoding of A(G, H : U) by

ug(hg(x)) o4(x) ox) ... o(x) f(x) ... f(x), if xeV(G—U),
ug(hy(x)) B(x) ... B(x) o2(x) g(x) (9(x) + 1) ... (9(x) + x — 1),
if xeV(H-"U),
ug(h(x)) o4(x) a2(x) p(x) ... p(x), if xev(U),
where addition is modulo y. O
Observe that h(H) need not be a full subgraph of K. In 3.2 and+3.3 the last y co-

ordinates result from the fact that no vertex of G — U is adjacent to any vertex
of H — U whence we can replace y in the estimate by

o((G — U) + (H - U), (G — U) ® (H — U)).

ulx) =

Corollary. Let G, H,U be graphs, U = Gn H be a proper full subgraph of
both G and H and let h: G - H be an injective homomorphism (i.e. G is iso-
morphic to a subgraph of H) with h(u) = u for each u € V(U). Then

dim (G, H : U) < dim H + o(h(G), H) + x(H — U). O
Example. Let 3 <m<nand 0 < k < m — 2. Then
dim %A(C,,, C,: P,) < 5 + logy (n — 2).
Proof. Let K = C, be the cycle C, with one additional edge {0, m — 1}; let the

m-1 n-1
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vertices of U = P, be numbered {0, 1,...,k}. Then o(G,K) = o(C,, C,) =0,
o(H,K) = ¢(C,, C;) = 1 and max {yC,, — P,), xC, — P)} = 2. According to

2.3 (vi) we have dim C, < 2 + log} (n — 2) which completes the estimate. O

If we do not only demand that U is a common full subgraph of G and H but also
that all its adjacent vertices belong to both G and H then we can slightly improve
the estimate:

3.4. Proposition. Let G, H, U, K be graphs, U = G n H be proper full subgraph
of G and H and let hg: G - K, hy: H— K be injective homomorphisms which
equal on U (i.e. h(x) := hg(x) = hy/x) for each x e V(U)) such that N h'U)) A
A K[V(hg(G)) v V(hy(H))] is a full subgraph of both hg'G) and hy{H). Then

dim %A(G, H : U) < dim K + max {¢{G, K), o(H, K)} +
+ max {y(G — U), x(H — U)}.

Proof. Here we demand in addition to 3.3 that
(i) {ho(x) | x€ V(G - U), {x,u} e H(G)} =
= {hy(x)| x e V(H — U), {x, u} € E(H)} for each u e V(U);
(ii) EK[VIN((U)) O (V(1o(G)) U V(a(H))]) — E(he!G) — E(hy(H) = 0.
One can apply the same encoding instruction as in 3.3 except that in this situation
g, and o, can both be concatenated simultaneously to u, which is obvious from (i),
(ii) above. O

Corollary. Let all assumptions from 3.4 be satisfied and suppose in addition
that he(G) and hy(H) be full subgraphs of K. Then dim (G, H : U) £ dimK +
+ max {3((G — U), y(H — U)}. O

Further improvements of the estimates are possible if we restrict the relations
among the two structures G and H. In the case where & in 3.3 Corollary is an embed-
ding, we get dim U(G, H : U) < dim H + y(H — U), since o(h(G), H) = 0. But
this can be done better:

3.6. Theorem. Let G, H, U be graphs, U = G n H be_proper full subgraph of
both G and H, let h: G - H be an embedding with h(u) = u for each u e V(U)
and let H' := H[Ny(h(G)) — U]. Then dim %A(G, H : U) = dim H and

(i) x(H) > 1 = dim A(G, H : U) < dim H + yx(H') — 1;

(ii) x(H') = 1 = dim %(G, H : U) < idim H + 1.

Proof. Let uy be an encoding of H, f: H — K, be a homomorphism and
@ V(H — H') > N, be an enumeration with k sufficiently large (cf. 3.2).

If x(H') > 1, then u defines an encoding of A(G, H : U) by

ug(h(x)) f(x) ... f(x), if xeV(G-"U),
(x) = o) (700 + 1) (F05) +2) ... (F(x) + () = 1), if xe V().
ug(x)a(x)...a(x), if xeV(H — H'),
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addition modulo y(H’), since for x € V(G — U), y e V(H — U), either {x, y} ¢ E(H),
whence the first dim H coordinates meet in one coordinate, or {x, y} € E(H) implying
f(x) + f(y). If (H') =1, then {x, y} € E(H) with xe V(G — U), ye V(H — U)
can never occur, whence additional coordinates obtained by a colouring (With one

colour) are superfluous. On the other hand, an additional coordinate is necessary

to distinguish between the encodings of x in G — U and h(x) in H — U.
Examples. (1) Let 0 < p; < m; < n, and 0 < p, < m, < n,, then

dim Q[(Kmx,mz’Knn,nz :pr,pz) = dim Kyim, + X(Km—pl.nz—pz) -1=3

m;- p, P MNPy
P, S — e

0la+1)0 080 012 002  Ofa+1]1 01

106+ 1)1 1¢1 1(r+1)3 163 1(6+1)0 150
N N — e Ve
mz'pz Pa, n,-p,

(a:=py, Br=my, y:=ny, d:= n; + p,y, 6:= ny + my, {:=ny + ny).
(2) Let 0 < p < my < ny and 0 < m, < n,, then

dim WK, s Koy ¢ Dp) = dimK,, ,, + X(Knx—p.nz) -1=3

0(3+1)0 0y0

my-p
1lp+1)0___ 100 112

+1)1 13
N ——
n,~p

o(B+N1 0561

m,
(@:=my; B:=ng; y:= ny + ny; 6:= ny + my).

O

O

Now we will demonstrate how the technique of amalgamation works for weak

and strong products of paths.
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3.7. Proposition. Let be n = 2, ky, ..., k, = 1. Then

n—1 n n
Y log, (1 + k;) + log, k, £dim O P, < n—1+ Y log; k;.
i=1 i=1 i=1
Proof. Let B,(xy, ..., x,) be the full subgraph of [ P,, induced by X X;, where
x;e{a; a;}, a; 20, and i=1 i=t

X = {0,1,...,a;}, if x;=a;,
T Yapa;+1,..,2a), if x,=a;.

Let us note some properties of B, which are needed in the sequel:
(i) B(1,1,...,1) ~ K" = Q,, cf. 2.3 (vii);

(1) Bo(X1s -es Xim gy @iy Xig 15 wvor Xp) O By(Xgy oy Ximy gy Xiigs o0y X,) &
& B, ((Xgs ooy X gy Xip 15 es Xn)s

(1) By(X1s «vvs Xim 15 205 Xigs oves Xp) = WBY(X1, coey Xim 1, @iy Xi g5 -oes Xi)s
Bo(Xgseeus Ximgs Gy Xig1s oor Xu) 2 Bu(X 15 ooy Xim gy @iy X gy ooey X,) O
A By (Xgy ey Xio gy gy Xiggsoer X))y @ 2 15

(1V) Bu(X1s wvvs Xim gy @iy Xig gy oees %) = (Bu(X15 oy Xim gy @iy Xipgy o0y Xp) O
O By(X1y vy Xi gy @iy Xig1soees Xn) = Bo(X15 ooy Ximgs @3 = 1, Xii g or X,)s
a; 2 1; n

(v) x(By(ky, ..., k,)) = 2, since f: [ijk,, — K,, defined by f((vy,...,0,)):=

i=

:=Y v;mod 2, (vy,...,v,) € V([ Py), is a homomorphism.
i=1 i=1

00 12 o1

First, let n = 2. dim B,(1,2) = 2:

Suppose, oy > 0, a, > 1: 11 03 10
dim B,(2*,2%) = dim A(B, (21,2271,

B2, TT) £ By(2%, 247 ) 0 By(2%, B50)) <
< dim B,(2*,2%7") + 2 — 1 = dim By(2*,2) + a, — 1,

= dim A(B,(2* 71, 2), B,(2x1-1,2) :B,(271,2) N By(21-1,2)) <
<dimB,(2* 1, 2) + o, —1+2—-1= ...
. £dimBy(1,2) + oy — 14+ 0y =1+ 0oy +a,,

consequently: dim P, [] P, < 1 + logj k; + log; ka.
Now, assume n > 2.

dim B,(2%, ...., 2 = dim A(B,(2%, ..., 21, 2% 1) |
B"(\zau, e 21,._;’ 2u,.—1) . Bn(zan’ ey zan-x’ 2an—1) A B"(zax’ . zan—l, 2a,.-1)) é

402



< dim B,(2%,...,2%7,2%7") £ 2 — 1 £ ... < dim B,(2", ..., 2", 1) +
+a, < ... =dim B,(2",...,2""2, 1, 1) + a,_, +

+a,<...<dimBy(1,1,...,1) + Zai =dim Q, + Y a;,
=1 i=1

consequently: dim [] P, <n-—1+ Z logs k

i=1 i=1

For the lower estimate apply Proposition 2.2.
n—1

Let dy,...,dp, m:= H(l + k;), be all (n — I)-tuples of X{O 1,..., k}. Put

=1
xiTim = d,j, y'“’” = d ] +1) for i=1,...,m, j=0,. k,, — 1. Obviously,
the vertices x!, ..., x™» yl .. y™= satisfy

i

{x, y} e E(OP,,) forall i=1,...,mk,,
i=1

{x,}¢E(OP,) forall i<j,
i=1
whence

n n—1
dim [ P,, = log} mk, = log; k,.T](L + k;) =
i=1

i=1

n—1
2 ) log, (1 + k;) + log, k, . O
i=1

In the same fashion an estimate for the strong product of paths can be attained.
3.8. Proposition Let be n =2 2, ky,...,k, = 1. Then
(a) dim [X] . P ,s1+(27'—1). Z(mm {1,log3 k;} + (2 + (1/(2""* = 1))).
. max {0 log2 k; — 1}),
(b) (i) dim [X] P, = .iIIng k
(i) Let p:= |{k]k; > 1}|. Then dim E':jl P, z2"P (2P —1).

(iii) If k; > 2 for some i, then dim [X] P, = 2"
i=1

Proof. Let be B(xy, ..., x,) < [X] P,, defined as in 3.7.
i=1

(i) BJ(1,1,...,1) @ KE" ~ K,,.
(i) —(iv) the same as in 3.7.
(v) x(B(ky, ..., k,)) = 2", since f: [X] . P, - Kz,., defined by f((vy,..., v,)) 1=

i= ) (nymod 2). 2771, (vy, .. ,v ) e V( . P,.), is a homomorphism.
i=1
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dim B,(2%, ..., 2%) = dim AB,(2%, ..., 2%-1, 2%~ 1) |
B,(2%, ..., 21, Za=1) 1 B,(2%, ..., 21, 2% 1) 1y
A B,(2%, ..., 2%, 20-1)) < dim B,(2%, ..., 271,27 1) 4
+2"—1<...<dimB,(2%,...,2%1,2) + (@, — 1)(2" — 1) =
= dim A(B,(2%, ..., 2, 1), B,(2%, ..., 21, 1) : B,(2™, ..., 21, 1) A
nB,(2%, .., 27 T) + (o, — 1) (2" = 1) <
< dim B,(2%, ..., 24, 1) + y(By(2", ..., 2271, 0)) — 1 + (o, — 1) (2" — 1) =
= dim B,(2%, ..., 2, 1) + 2771 — 1 4 (o, — 1) (2" = 1) =
= dim B,(2*,...,2""', 1) + min {1, log; k,} .(2""* — 1) +
+ max {0, log; k, — 1)} .(2" = 1) <
.. £dim B,(2",...,2*-%, 1, 1) + (min {1, log} k,_,} +
+ min {1, log; k,}).(2""* — 1) + (max {0, log} k,_; — 1} +
+ max {0,log} k, — 1}).(2" = 1) £ ... = dim B,(1, 1, ..., 1) +

+ Y min {1, log; k;} . (2" — 1) + Y max {0,log} k; — 1} .(2" — 1) =
i=1 i=1

=1+ (@21 -1)Y <min{1, logy k;} + (2 + 5:11_—1> max {0, logy k; — 1})
i=1 —

For the lower estimate apply Proposmon 2.2. n
Let x':=(xi,...,x}), y'i=(y,....,y)eV( . Xl P) (i=1,...,]]k) where
yir=xb+1 (j = 1,..., n) be numbered in the followmg way: -
= (0,0, ...,0),
followed by those x' with Zx =1 (of course, such that y'e V( [X . P,,), those

Jj=
with Zx = 2, and so on.
j=1
It is easy to see that all vertices are numbered such- that {x v} ¢ E( . P,)

whenever i < j, because all y/ adjacent to x* fulfil Z yisn+ Z xi and therefore
1=1 =1

Jj=i Wlog let be ky,....k, > 1, p<n. Then K; + Kyu-pip-1) < D P,
induced by

{2,2,..,2,1,.., 1)} v U {(err s 8im1, 0, 1445 .. 8,) | £,€ {0, 1}} .
— i=1

4

If k; > 2 for some i, then K; + K,. < Pk induced by

E

{(0,0,..., 1 0)} V) {(sl, 8| 8€{0,1}}.
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In the special case where k; = ... = k, = 2, we get
2 —1<dimPE" <1 +n.(27 - 1).
The first lower estimate of the proof above also holds for dim X P,,. On the other

hand, since P,, < K¥% i if k; > 2, dim X P,, < ¥ log} k;. Thus

i=1 i

3.9. Proposition. Let be n = 2, ky, ..., k, = 3. Then

n i=1

1

log, k; < dim X P,, < ¥ logj k;. O
=1 i=1 i=1

In [2, 6.1] we have proved that, for k; = k, = ... = k, = 2, there holds: n <
< dim P} £ n + 1. (The upper estimate follows from the fact that P} is the sum
of 2"~ ! complete bipartite graphs which can be encoded in principal according to

2.8 but with one coordinate less since all summands are isomorphic to subgraphs
of one of them (cf. [3, 2.6 Remark])).

IV. MULTIPLE AMALGAMATIONS

In the last chapter we have developed estimates for the case where two graphs
are glued together. Now we shall investigate the situation where several graphs are
amalgamated via the same subgraph, and then investigate the case where graphs
are amalgamated in different subgraphs.

4.1. Definition. Let G,, G,, ..., G,, n = 3, and U be graphs such thatU = G;n G,,
i * j, is proper full subgraph of G;, i = 1, ..., n. Then the amalgam of G, ..., G,
in U is denoted by U(Gy, ..., G, : U).

In analogy to Proposition 3.2 using Lemma 2.7, we get the following rough
estimate:

4.2. Proposition.
dim (G4, ...,G,:U) £ Y dimG; + o ), (G, - U), @ (G, — U))
i=1 i=1 i=1

< 'Zldim Gi+ 1+ (x—1)log n, where y:=maxy(G;—U). ]

1<ign

The generalization of Proposition 3.3 and improvement of Proposition 4.2 now
reads:
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4.3. Proposition. Let G, ..., G,, U,K be graphs, U = G;n G;, i * j, be proper
full subgraph of G; (i = 1, ..., n) and let h;: G, — K be injective homomorphisms
which equal on U (i.e. h{x) = hj(x) for each x € V(U)). Then

dim A(G, ..., G, : U) <
< dimK + Y o(h{G),K) + o( Y. (G; — U)
i=1

’
i=1 i

@ =

(G: = V). O

1

4.4. Proposition. Let Gy,...,G,, n =3, U and K be graphs, U = G;n G,,
i + j, be proper full subgraphs of G, (i = 1, ..., n) and let h;: G; > K be injective
homomorphisms which equal on U (i.e. h(x) := h{x) = h;x) for all i,je {1, ..., n}

and x e V(U)) such that NJ/h{U))n K[ U V(h{G))] is full subgraph of h/G)),
i=1,...,n. Then i=t
dim A(G,, ..., G,:U) =

n

< dimK + max o(h{Gy), K) + o( 3. (G, — U), @1 (G; — U)).

1<ign i=1

Proof. This is obvious from the fact that V(U) n V(K = G;) = 0(i = 1,...,n). O

4.5. Corollary. Let all assumptions of 4.4 be satisfied and suppose in addition
that h{G)), i =1, ..., n, be full subgraphs of K. Then

dim %(G,, ..., G, : U) < dimK + o( (G, — U), & (G, — U)). 0
i=1 i=1

Example: Let 3 = m; £ m,

2= W(Cmys Camps +-+> Camy * P)-

e My Mn

IIA

.Em, and 0k <2m; — 4, A:=

<~ my, 0 my,_4+ 0

K <P, OP, _, with V(K)=1{0,1,...,2m — 1} and E(K)= {{i,i + 1}|i=
=0,1,....2m =2} u{{m;+ 1, m;+2}|i=1,..,n}u{{0,2m — 1}}.
Then o(K, Py (0 Py-1) = 6(Cypp Py O P, -1) =1, i =1,...,n (24.E), thus
dmK £dimP.OQP,, _, + oK,P,dP,, 1) <2+ logy (m, — 1)
and
dim A < dimK + 1 + 1 + log} n = 4 + logf (m, — 1) + log; n. 0
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The best results can be attained in the case that all G; are full subgraphs of say G,,
since then each G, can be encoded in the first dim G, coordinates by the encoding of
the image of G; in G, and one of the last coordinates can be dropped:

4.6. Theorem. Let Gy,...,G,, n =3, and U be graphs, U = G;n G, i * ],
be proper full subgraph of G;, i =1,...,n, let h;:G;, > G, i =1,...,n — 1,
be embeddings with h(u):= h(u) = u for each ueV(U), i=1,..,n — 1, and

n—1

let G, := G[ U V(Ng(h{(G)))) — V(U)]. Then
i=1
(i) x(G,) = 1 =dim A(Gy,...,G,:U) < 1 + idim G,;

n—1
(ii) xG;) > 1 =dim AG,,...,G,:U) <dim G, + o ), (G, = U) + G,
n—1 i=1

®(G, - U)®G,) — 1 =dimG, + (2(G,) — 1) logyg,\n- O

i=1

Examples. (1) Let 1 < my,...,m,_; <m,—2 and v be an end-vertex of
pP,,...,P,, _,. Then

dim %A(P,,, ..., P, _,,C, :v) <dimC,, + log; n.

e
K C ><
\\ mp '|
e
Frn-1
(2) Let 1 < p<my,....,my_y < m, and m := m, — p. Then

dim (K, ..., K, :K,) <1+ (m— 1)log; n.

(3) Let T < P, [0 P, be the opposite tree and let v be the vertex top left. It is
easy to see that (T, P, O P,) = 1.

T
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Thus
dim (T,..., T:v) £ dim T+ log; n < dim T + logf n <5 + logj n.
ey~

n-times

According to Proposition 5.1 we have

dim A(T; ..., T:v) = log; (187 + 1) = 4 + log; n. O
4.7. Corollary. Let U < G and x(G) > 1. Then
dim A(G, ..., G :U) £ dim G + (xG — U) — 1) log; gy - O
\-—“‘/——J
n-times

Let us now turn to the problem that graphs are glued togethet in various subgraphs
and examine when this can be done in one step.

4.8. Definition. Let G;;, U; (i =1,..,n2 2;j =1..,m = 1) and H be graphs
such that U; = Gy;, 0 G, = G5, n H, j; * j,, is proper full subgraph of G;;
(j=1,...,m;) and H (i = 1,...,n). Then the amalgam of Gy, ..., G;, and H
inU,; (i = 1, ..., n) is denoted by

im;

A= WGy, .0y Gimy Uy . Gogy ooty Gopy 1 U, oo Gy ooy Gy 2 U, L H)

If we want to amalgamate all graphs in one step we have to guarantee that the
graphs except H are not “too large”. Else we have to apply 4.2—4.4 several times
(at most n times).

4.9. Proposition. Let G;;,U; (i=1,..,n22; j=1,..,m;=1), H and K
be graphs such that, for each i = 1,...,n, U; = G;;, n G;;, = G;;, n H, j, * j,,
is proper full subgraph of G;(j =1, ..., m;) and H. Let h;;: G;; - K be injective
homomorphisms which equal on U, (i.e. hfu):= h;;(u) = h;;,(u) for each ue
€ V(U))) and let h: H — K be an injective homomorphism with h|, = h;. Moreover,
let for all i, j, v, s, i + j, be satisfied:

(Nk(hi(Gir — U))) — B{(Uy)) 0
N (NK(hjs(Gj, - J)) - hj(Uj)) =0= hi(U,.) N hj(Uj) .
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With

2= max (AN H)), 2N U Gy = U)) = (U))

we get m;
’ dim % < dimK + o(h(H),K) + ma o(hi(G)), K) +
+ max o(H + z(c ~U)LH® §§(G,,. (G, — U)) <

1<isn

< dimK + o(h(H), K) + max Zd(h,,\ i) K) +

1<isnj=1

+ 1+ (x — 1)log; (1 + maxm,).

1<isn
If in addition, for each i = 1,...,n, Ne(h{U)) n K[ U V(hif(Gy)) v V(KH))] is
full subgraph of h(G;;) (j = 1, ..., m;) and h(H), then 7=
dim U < dim K + max {o(h(H), K), o(h;(Gy;),K) |1 S i<n, 1 £j<m} +
+ 1+ (x — 1)log; (1+maxm) a

_..l’l

If we furthermore restrict the relation between all G;; and H, we get:

4.10. Theorem. Let G;;,U; (i=1,..,n=2; j=1,..,m;21) and H be
graphs such that U; = G;;, 0 G;;, = G,.j1 N H, j, % j,, is proper full subgraph
of Gi (j=1,. M) and H (i = 1,...,n) and let h;;: G;; > H be embeddings
which equal on U (1 e. hj{u) := h,“(u) = hy;,(u) for each ue V(U))).

Let H':= H[ U U V(Ny(hif(Gi; — U))) — U)] and let be satisfied for all
i+ j i=tj=1

(gl V(Nﬂ(hip(Gi" - Ui)) - Ui)) N (U V(NH(hIP(Gjp - Uj)) =0

Then (i) x(H') > 1:dim A < dim H + (x (H’) — 1) logyg, (1 + max m,);

(il) (H) = 1:dim A < 1 + idim H. sisn O

Example. TN T - P
4 - '
4 [l
£ u :
] S~o ]
i e D

E Crm E e P“m

||‘ - - /.- eu
\ 1’4 E
\ 1
'\ ~~_ :

NS —op
2n

H=C, m26,G;=P,k;=zl,i=1andj=1,..,0resp. i=2andj=
=1,...,8, wlo.g. oz>ﬂ, let d := dy(u,v) (Em[2) andu -maxku,z=12
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Assumeeltherx1+x2+d+3 morx, +1=dand %, +d + 1 £ m. Then
log; ( Zkll Zk21+m B —7) < dim A(

szﬂ v. C)<d1mC + logy (« + 1), where y =3 if d = 1, y—41fd>1
Inthecasewhenm=2n+4 n>l;a=p=2* —1L,kz1l;d=1andk; =
for all i, j, then:

kll""’Pkl ‘u. szl""

k+1+1logyn<

<dimUAP,, .., P, :u. Py .. Piv.Cous) Sk+1+1logi(n+1). O
N ——’ N—————
a-times a-times
V. TREES

In this chapter we want to apply the techniques developed in III and IV to find
upper bounds for the dimension of trees. Before we start with the investigation we
state a lower bound which is useful to get an idea how good the upper bounds are,
at least in special cases.

In the sequel T shall always designate a (finite) tree with diam T = 2.

5.1. Proposition. dim T > log; (|T| + 1 — ny(T))
Proof. Let P, be a maximal path in T, i.e. k = diam T. Set
T_y :=0, T,:= P,

T,H:—{erT)|3yeT {x,y}€eE(T)} - Ti-, (i=1k-1),

T® :=UTj (i=1,...k).
i=0

Let the vertices o, ty, ..., 7, of T, be numbered such that {t;_y,t;} € E(T) (i =
=1,..,k). Put x':=1t, y':=1t,_y, i=1,...,k Hence (Prop. 2.2) dim T, =
= dim P, = log; k = log} (|To| + 1 — nl(To)). For TV we have |[T| =k +
+ 14Ty, ny(T®) =2+ ||, and therefore dim T™ 2 log; (]T“’] +1-—
— ny(TW)) = log; k = dim T,. Suppose the statement is true for T, ..., T®),
iz1. If T;.{ =0, then T® = T and the proof is completed. Otherwise we have
T, = T} w T?, where T} = {xe T;| 6 x)— 1}. Let T? = {t,, ..., t,}, p = |T}| =
=|T| — IT’l Put x** = ¢, y** = ye T if {t;, y} € E(T), j = 1, ..., p, where
o = IT(l)l +1— nl(T(')) NOW IT(:’+1)| |T(x)| + ' +II n (T(H-l)) =n (T(!)) —
=T + T + [Ty o + p = [TO] + 1 — ny(TO) + p = [TD] + 1 -
— ny(T*Y) and dim TE+D = logs (o + p). O

Poljak and Pultr proved in [10, 2.1]
dim T = log; u(T)
where u(T) is the matching number of T. Since w(T) < |T| — n4(T), the above
bound is stronger. :
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Let us now turn to estimate from above. The most important tools will be Theorem
4.6 and Theorem 4.10.

Using Theorem 4.6 we get a first quite rough result:

5.2. Proposition. dim T < log; diam T + Y, n(T) (logy i — 1).
i=3

Proof. If we start the encoding procedure by a maximal path P (of length diam T)
we ensure that all paths that can be amalgamated to P in a vertex of P are subgraphs
of P( in the sense of Thm. 4.6). If, in addition, we make sure that all paths which are
amalgamated in subsequent steps to the already existing subtree of T are as large
as possible we maintain the ‘“‘subgraph property”, since we started with a maximal
path. Thus we can apply Thm. 4.6 at each step of amalgamation. Since the number
of paths that can be amalgamated in a certain vertex v is determined by d;{v) = 3
the upper bound increases at each step by

logy @ = log; o;{v) — 1.

Hence we get the following estimate for dim T

dim T < logy diam T+ Y (logy 64{(v) — 1) <
veT ’
or(v)23

< log;y diam T+ ) n(T).(logy i — 1). O
i=3

Example. Let S, , be the star consisting of g paths of length p, ¢ = 3, p = 2.

-'/.
1" ‘
9<: i
X q:
R :
Seal '
S '
\
Obviously, S,, = W(P,, ..., P,:x), diam S, , = 2p, n,(S,,) = 1 and n(S,,) =0
N —

g-times

fori = 3,i # q. Thus, by 5.1 and 5.2:
log; (¢(p — 1) +2) = dim S, , < log; p + log; 4.

This estimate can be derived, of course, directly from Thm. 4.6, the above proposi-
tion, however, allows to give an estimate simply by calculating some numbers for T.
0

An approach towards a more refined estimate is the application of Theorem 4.10.
Similarly as in 5.2, we start with a maximal path P and fix the midpoint x of P if P
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is even and one of the two central points if P is odd. In a first step we amalgamate
to P in x all those 6;{(x) — 2 paths that start in x, are pairwise disjoint and disjoint
to P except in x, and are as long as possible. Because of the choice of x and the maxi-
mal length of P we can apply Thm. 4.6 which says that the dimension increases
after the amalgamation by at most

(
log; o) _ logy 6-(x) — 1.

We continue by working off simultaneously all vertices y in Sl(x) satisfying
S7(y) > 2, i.e. we amalgamate all 6(y) — 2 paths starting in y and not yet being
amalgamated. According to Theorem 4.10 the dimension increases by at most
logy max {1, max {6(y) | dr(x, y) = 1} — 1}.

This procedure is repeated with the 2-sphere S,(x) if S,(x) + 0 and so on.

Hence we get the following

5.3. Proposition. Let P be a maximal path in T, i.e. of length diam T, and let x
be its central point if P’s length is even and anyone of its two central points else.
Define Ay 1= (x),

A= {max {6(y) | dr(x, y) = k} — 1, if this set is non-empty, K1,
1, else,
Then

dim T < log; diam T + ) logy Ak — 1. O
k=0

The concept of “sphere-wise” encoding is too rigid. There is no reason for not
amalgamating simultaneously in different spheres around x. It is therefore easy to
see that the following is true; instead of a proof we will give an algorithm for encoding.

5.4. Proposition. Let P be a maximal path in T, i.e. of length diam T, and let x
be its central point if P’s length is even and anyone of its central points else.
Define

So(x) :={x}, Ap:=dr(x),
Si(x) := {yeV(T) | 6-(y) > 2 and if there is a z € V(T) with dr{x, z) < dr(x, y)
then either 6(z) = 2 or z € §;(x) for some j < k},

A, = max 6;(y) | ye§i/x)} =1, if S(x)+0, k=1
1, else,
Then w
dim T < logy diam T + ) logy A, — 1. O
k=0

Before we develop the algorithm we have to introduce a certain set of 0, 1-vectors
which is needed in the encoding procedure.
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Let t,(i,j), p= 1, i 2 0, je{0, 1}, be recursively defined in the following way:
1,(0,0) = t,(1,1) = 0, £,(0, 1) = #,(1,0) = 1,

tei(inf) = t,(i,j) t,(0,j), if 0=i<2?,
p+1(l,J - tp(i~2”,j)t1(1,j), if 27 <i<2rtt,

5.5. Algorithm.

Al:

A2:

Uy

Let P,,, my = diam T, be a maximal path in T. Let V(P,,.) = {X00, Xo1, - - -» Xomo}
be numbered such that {x,;, xo;+} € E(T). Encode P, by u.

Put x = x,, Where o = m,[2 if m, is even and o = (m, — 1)[2 if m, is odd.
Set k:= 1. If §7{x) = 2, set A, := P,, and continue with A3. Let be P, ,
i=1,...,07{(x) — 2, be all the paths starting in x, that are pairwise disjoint
and disjoint with P, except in x, and have maximal length. Since P, is maximal
in T and x is in the center of P,,, m; < mo[2 resp. m; < (my — 1)/2 for all
i 2 1. Let Py, = {Xpmo> Xmy1s -+ > Xmiq;} Where X,.0=x and {X,j, Xmjs1} €
€ E(T)for all i, j. Then u, is an encoding of Wy := (P, Ppis -+ s Prspey—2:%)
if one puts:

u(x)22...2, if y=x,

u(xg4-j) t(myjmod2), if y=x,,;, i,j*+0 and m; even
u(Xo44j) t(myjmod2), if y=x,,;, i,j+0 and m; odd,
u(xo;) t,(0,jmod 2), if y = x,;,

(») =

where p := log; d7(x) — 1.

A3:
A4:

AS:

Set Si(x) = {Xk1» X2» s Xpr,}- Set i = 1 and p := log; A,.
Let be P, j = 1,..., 67(x;;) — 2, be all paths starting in x,;, being pairwise
disjoint and disjoint with 2, _, except in x,; and having maximal length, Set
zo = X;; and denote z;e V(A,_;) such that dq{x,z;) = j + dr{x, Zo) and
{zj-1,2;} € E(T) for all j = 1.Set P$) = { V05 Vmj1> -++s Yimyq;} WHET€ Ymjo = 2o
and {y,us» Yms+1} € E,T) for all j, 5. Define

we—1(zo) BB ... B, if y =z, where B:=2 + (di(x, 2o) Mod 2),
u(y) = qu—(z,) 1,(0,jmod 2), if y=1z, j=*0,

- 1(z)) t(mg, jmod2), if y=y,; j*0.
Set i « i+ 1. If i < r,, repeat A4.
For all vertices y from 2, _, for which u, is not yet defined, set

uy) = w—4(y)BB... B, where B =2+ (df(x, y) mod?2).
Now u, is an encoding of

W := AP, .., PLxy, o PI9, .., P,(,ffr) * X - AWe—y)
k
and it holds:
dim U, < dim A,_; + logF A, .

Set k « k + 1. If §,(x) =+ 0, continue with A3.
STOP. O
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Example.

§,(x) = {J’byz, J’3} =7 =4,

S:))%) ={z,2;, 23,2} = A, =2=>5<dimT< 7

Al: A2:
012 0122
101 100 1010 1611 1001 1000
020 021 0201 0200 0210 0211
111 110 1110 1111 1101 1100
000 001 0001 0000 0010 0011
A3-AS5, k= 1:

012222

100133 100033

10103 101133
020r101 029111 02).{22 021022 21122
1 111 1 11A1 101 110010—11 1 11001 10000
111‘010 111000 1 1f,11 'lw101 110 10\0 ol - Ofo \]\.

¢

000111 000000 000010 001000 001110 001100
A3—AS, k= 2:
0122222
1010333 109333 10Q1333 1000333

0201012 0201112 0200272 0210222 0211222
1110103 111000171110000 1111113 1111013 1101113 11Q1013 1100103-1160073 1100113 1100003

3 ?o y 00103-1160073 100

0000000 0000101 0010000
0001110 0001111 CO00COT * 0000100 > 0010001 * 0011102 0011002

a

Remark. Let r be such that §,(x) + 0 and S(x) = @ forall s > r. If §,/x) contains
only those vertices which are adjacent exclusively to end-vertices of T, then one can
put A, = 2 in the above formula, since it is possible to encode all the end-vertices
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by only one additional coordinate (cf. [10, 1.5]). Example:

170 021 100

00i 01j
O

Finally, we want to apply Proposition 5.3 to the following type of symmetrical tree T’
with diam T = 2n, in which all vertices of a fixed sphere around the root x have
same degree:

Op(x) =2%%1 | 4y 2 0; = A, =2%"",
or(y)=2%+1, 0420, if dix,y)=ke{l,...on—1}; =A, =2%,
(0:(y) =1, if dgx,y)=n).

Define mg, := 1,
mk:z 21+ao+a|+...+ak_1 (k= 1’”" Vl).

Then Thas ) my, vertices, m, of which have degree 1. This implies the lower bound
k=0
according to Proposition 5.1
n—1 n—2

dimT2=logy (1 + Y m) =2+ o,
k=0

and the upper bound according to Proposition 5.3

1 n—1

dim T < log; diam T+ Y log; A, — 1 =1 +logy n+ Y, o. 0
k=0 k=0

References

[1] P. Alles: Estimation of the Dimension of Some Types of Graph by Means of Orthogonal
Latin Squares, Preprint-Nr. 749, TH Darmstadt, 1983.

[2] P. Alles: On the Dimension of Sums, Amalgams and Weak Products of Graphs, manuscript,
1983.

[3] P. Alles: The Dimension of Sums of Graphs, in: Discrete Math. 54, 1985, p. 229—233.

[4] P. KFivka: On the Dimension of Odd Cycles and Cartesian Cubes, in: Coll. Math. Soc. J.
Bolyai 25, 1981, p. 435—443.

[5] P. K¥ivka: Dimension of the Sum of Two Copies of a Graph, in: Czech. Math. J. 31 (106),
1981, p. 514—520.

415



16] L. Lovdsz, J. NeSettil and A. Pultr: On a Product Dimension of Graphs, in: J. of Comb.
Theory, B 29, 1980, p. 47—67.
[7] J. Nesetfil: Representations of Graphs by Means of Products and their Complexity, in:
Mathematical Foundations of Computer Science, LN in Comp. Sci. 718, 1981, p. 94—102:
[8] J. NeSetfil and A. Pultr: A Dushnik-Miller type Dimension of Graphs and its Complexity,
in: Fundamentals of Computation Theory, LN in Comp. Sci. 50, 1977, p. 482—493.
[9] J. NeSetfil and A. Pultr: Product and other Representations of Graphs and Related Charac-
teristics, in: Coll. Math. Soc. J. Bolyai 25, 1981, p. 571—598.
[10] S. Poljak and A. Pultr: On the Dimension of Trees, in: Discrete Math. 34, 1981, p. 165—171.
[11] S. Poljak and A. Pultr: Representing Graphs by Means of Strong and Weak Products, in:
Comm. Math. Universitatis Carolinae 22, 3, 1981, p. 449—465.
{12] S. Poljak and V. Rodl: Orthogonal Partitions and Coverings of Graphs, in: Czech. Math. J
30 (105), 1980, p. 475—485.

[13] S. Poljak and D. Turzik: A Note on Dimension of Pj, in: Czech. Math. J. 31 (106), 1981,
p. 484—487.

Author’s address: Technische Hochschule Darmstadt, Fachbereich Mathematik, Arbeits-
gruppe Allgemeine Algebra, Schlossgartenstr. 7, 6100 Darmstadt, West Germany.

416



		webmaster@dml.cz
	2020-07-03T05:21:03+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




