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Free topological groups have been investigated for over four decades (see [HR]).
The study of sequential convergence in free' commutative groups was initiated by
F. Zanolin in [Z,] (see also [Z,], [Z5]). The noncommutative sequential case was
first considered by J. Novdk in [N,]. He investigated the so-called pointed free
group, i.e., given an infinite set Y equipped with a convergence of sequences, a point
p e Yis singled out and the free group G over Y\ {p} is equipped with a compatible
convergence of sequences subjected to the following restriction: if a sequence of
points of Y\ {p} converges to a point x in ¥, then the sequence converges in G to x
provided x # p and to the neutral element e of G provided x = p (elements of
Y\ {p} are considered as one-letter words in G). In fact, he considered the case when p
is the only nonisolated point of Y.

In the present paper we consider all four types of free groups: commutative, non-
commutative, pointed commutative and pointed noncommutative. For each type
we construct the finest of all compatible convergences of sequences extending the
original convergence for the alphabet set. The idea of the construction is used in
[FZ,]and [FZZ]. The general theory of free sequential convergence groups is outlined
in [FZ5].

In sequential convergence group terminology we generally follow [N;]. Con-
cerning sequences of points, however, the following notation serves better our pur-
pose. Let X be a set. Sequences of points of X (i.e. mappings of N into X) will usually
be denoted by capital letters S, T, U. Letter ¥ denotes the set of all increasing
mappings of NV into N. If S € X" and s € &, then Sos denotes the subsequence of S
the n-th term of which is the point S{s(n)) € X. If X is a group and S, Te X", then
(ST)(n) = S(n) T(n) and S~ *(n) = S(n)~* for all ne N (in the additive notation,
(S + T)(n) = S(n) + T(n) and {—T)(n) = —T(n)).

Recall that a sequential convergence group is a group G equipped with a sequential
convergence & = GY x G satisfying the axioms (Lo)-uniqueness of sequential
limits, (L;)-constant sequences converge, (L,)-subsequences of convergent sequences
converge, (L3)-Urysohn condition, (S*G)-compatibility of the sequential convergence
and the group operation (i.e., if (S, x), (T, y) € ®, then (ST™*, xy ') e ®). It is
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well-known (cf. [Nl]) that, in order to equip a group G with a compatible sequential
convergence, it suffices to start with & = GV x G satisfying axioms (L,), (L1), (L2)
and

(SG) if (S,x),(T,y)e®, thenforsome o€ wehave
(So9) (T o0 xy 1) e 6.

Then the Urysohn modification &* of ® (i.e. (S, x) € ®* whenever for each s € &
there exists ¢ €% such that (Sos. ¢, x)e®) is a sequential convergence for G
satisfying all five axioms for sequential convergence groups. Further, it is known
(cf. [Z,]) that in the definition of a sequential convergence group axiom (L,) can be
replaced by the following weaker one:

(Loo) if (S,x)e® and S(n)=-e forall neN, then x=e.
1. THE COMMUTATIVE CASE

Consider an infinite set Y equipped with a sequential convergence € = YV x Y
satisfying axioms (L,), (L), (L,) and (L;). Choose a point p € Y. Let G be the free
commutative group over X = Y\ {p}. Recall that G can be represented as the set
of all mappings g of X into the group Z of integers such that g(y) = 0 for all but
finitely many y € X, the group operation of G being the usual pointwise addition.

k

It is more convenient to represent each element g of G as Y, A;y;, where 4;€ Z\ {0},
i=1
y;€X, and y; + y; for i # j. For k > 0 such linear combinations will be called

canonical. For k = 0, we get the neutral element e of G. A fundamental role in our
k

construction will be played by sequences in G" of the form > 4;S;, where k > 0,

i=1
;€ Z\{0}, S;e X", and S{n) + S;(n) for all ne N whenever i % j. Such linear
combinations will also be called canonical. We are going to equip G with a sequential
convergence such that G becomes a pointed free group and the convergence is the
finest possible. If p is an isolated point of Y (i.e. no one-to-one sequence converges
to p in Y), then our construction yields the usual free convergence group (cf. (FZ,],
[FZ,]).

First, define ® = GV x G as follows:
(PCC) (S,9)e G if either

(PCC,) S isthe constant sequence generated by the neutral element e (i.e. S(n) = e
for all neN) and g = ¢; '

or

(PCC,) S is a canonical linear combination of ®-convergent sequences S;e XY,
i =1,..., k,and g is the reduction of the corresponding linear combination

k
of their pointed €-limits (i.e. (S, x;) € £, and S = ) 1,S;, where 4, € Z \ {0}
i=1
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and Sy(n) * S(n) for all ne N whenever i + j, and (with the same Z; as

above) g = Z Ay, where y, = e for x; = p and y; = Xx; 0therw1se)
Note that if (S, g) € 6 by (PCC,), then the canonical linear combination S =
—‘ZIX,S, in (PCC,) is not unique. E.g., if (T, x) € € and T'is a one-to-one sequence,

define a sequence S as follows: S(n) = T(2n — 1) + T(2n). By (PCC,) we have
(S, 2x) € G, but the sequences S; and S, can be chosen in infinitely many ways.
For each pair of mappings ¢, 5, € & such that {s,(n), 5,(n)} = {2n — 1, 2n} for all
nelN it suffices to put S; = Toog;, i = 1,2, and S = S; + S,. Nevertheless, the
next lemma shows that this type of difference is the only possible.

k [
Lemma. Let S = Z A:S; and R = Z 1;R; be two canonical linear combinations

of sequences in X. If S(n) = R(n) (zn G)for allneN, then k = | and there is a per-
mutation a of the set {1, ..., k} such that for each i€ {1, ..., k} we have

(1) A= Ha(iys

(2) S{n) = Ry(n) for infinitely many neN.

Proof. Since S(1) = 4,5,(1) + ... + A4S(1) and R(1) = p;R,(1) + ... + mR(1)
are canonical linear combinations and S(1) = R(1), necessarily k = I and there is
a permutation b of {1, ..., k} such that 4; = py forallie{l,..., k

For a fixed neN, consider ordered k-tuples (4; Sy(n), ..., 4 S,(n)) and
(s Ry(n), ..., w Ry(n)). We are looking for a permutation a of {1, ..., k} such that
(A1 Sy(n), ..., AkkS,,(n)) = (Hau) Ry1)(n)s + s Magey Ragy(1)) for infinitely many neN.

Even though ) 1;S(n) = Z,ub(,) Ryi(n) and 4; = py for all ie{l, ..., k}, for
i=1

Ay =45 i ], it can happen that Ry (n) = SJ(") and Ry(;(n) = S,(n). Denote
by ¢, the permutation of {1, ..., k} such that (4; Sy(n), ..., 4, Si(n)) =
= (1) ch(b(l))(n): ---a(,ub(k) Rc,.(b(k))("))- Since e, muy = Mppy = A; and there is
a permutation ¢ such that ¢ = ¢, for infinitely many n € N, it suffices to puta = ¢ o b.
This completes the proof.

Second, let G* be the Urysohn modification of ®.

Theorem 1. (The commutative case.) G equipped with ®* is a sequential conver-
gence group.

Proof. Axioms (L), (Ly) and (L,) follow immediately from (PCC) (note that
axiom (L,) follows from Lemma). It remains to prove axiom (SG). Suppose that
(S, 9), (T, h)e . If any of the two sequences converges according to (PCC,),
axiom (SG) is trivially satisfied. So, suppose that G-lim S(n) = g and 6-lim T(n) = h

K
according to (PCC,). Then S and T are canonical linear combinations Y. 4;S; and
1

i=1

Y. 4;T; of 8-convergent sequences S;e XV (i = 1,...,k) and Tje X" (j=1,..., 1),
=1
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respectively, and g and h are the corresponding linear combinations of their pointed
L-limits. We are looking for a mapping s € & such that the sequence (S — T)o 4
is a canonical linear combination of £-convergent sequences in X and g — h is the
corresponding linear combination of their pointed £-limits. Clearly it suffices to
show that there is a mapping s € & such that for each pair (i, j) of indexes
ie{l,...,k} and je{l,..,I} we have either S;o0 = T;o. or (S,.9)(n) =*
+ (T; o 3) (n) for all n e N. But this can be easily achieved. The mapping o is a super-
position of k. I elements of & constructed as follows. Consider the sequences S,
and T,. Either for some € & we have (S; o 2) (n) # (T o 2) (n) for all ne N and
then put 4, = ¢, or there is a natural number m such that we have S,(n) = Ty(n)
for all n > m and then define 4, € & by vy(n) = n + m. Now consider the sequences
S, 09, and Ty o g;. Similarly as in the preceding step, there is a mapping 4, € &
such that either the sequences S, o g5 0 9, and Tj o 9y o 4, are identical or (S, 0 95 o
o 93)(n) = (Ty o 91 0 9,) (n) for all n e N. This way we proceed up to the sequences
Siodgo...ogand T odyo...0q. Further,forie{l,...,k} and je{l,...,l — 1}
we consider the sequences S; o g3 0 ... 09, j;—;and Tjo gy o ... 0 g ;4 ;—; and choose
a mapping 4 ;+; €< such that either the sequences S;o 4y 0...09 ;4; and T;o
091 0... 09 +; are identical or (S;ody0...00 ;44 (1) F (Tjo oy ... o jsi) (n)
for all n e N. Finally, put s = 4; o ... o g, ;. After collecting A,(S; o ) and p;(T; o o)
whenever S;os = T;04, we get (S — T) oo as a canonical linear combination of
L-convergent sequences in Y and g — h as the corresponding linear combination of
their pointed £-limits. This completes the proof.

Let us identify the neutral element e of G and the point p € Y. Then Y can be con-
sidered as a subset X U {e} of G.

Theorem 2. (The commutative case.) &* restricted to Y coincides with & and &*
is the finest of all sequential group convergences for G the restriction of which
to Y coincides with &. If p is an isolated point of Y, then X is sequentially closed
in G.

Proof. The assertion is an immediate consequence of (PCC).

2. THE NONCOMMUTATIVE CASE

Let Y be an infinite set equipped with a sequential convergence € = Y¥ x Y
satisfying axioms (L,), (L,), (L,) and (L;). Choose a point p e Y. Let G be the free
group over X = Y\{p}. Recall that if x € G, then x is either the empty word e, or
x = x{' ... x{, where for i =1,...,k we have x;eX, ¢;e{—1,1}, and ¢; = ;4
whenever x; = X;4; such words are said to be reduced. Denote by o(yy, ..., y;) the
product of elements y, € G, i = 1, ..., k. We are going to equip G with a a sequential
convergence such that G becomes a pointed free group and the convergence is as
fine as possible. Again, if p is an isolated point of Y, then our construction yields
the usual free convergence group over X (cf. [FZ,], [FZ,]).
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Define & = G" x G as follows:
(PC) (S,9)e® if either

(PCI) S is the constant sequence generated by the empty word e and g = e; or
(PC,) S is a reduced product of @-convergent sequences S;e X", i =1,...,k,
and g is the corresponding product of their pointed €-limit symbols (i.e.
(Spx)e® ge{-1,1}, i=1,..,k S(n) = Si(n)...S¥n) is a reduced
word for all neN, and g = o(y}, ..., yj¥) with y; = x; for x; + p and
y; = e for x; = p).
Let G* be the Urysohn modification of ®.

Theorem 3. (The noncommutative case.) G equipped with &* is a sequential
convergence group.

Proof. It suffices to show (cf. [N, ]) that ® satisfies axioms (L,), (L,), (L,) and
(SG). In the noncommutative case all three axioms (L,), (L;) and (L,) follow
directly from {(PC). It remains to prove (SG). Suppose that (S, g), (T; h) € 6.
Similarly as in the proof of Theorem 1, we consider only condition (PC,). Let S
and T be reduced products S5 ... S and T?*... T} of 8-convergent sequences S;e X~
(i=1,...k)and T;e X" (i = 1,..., I), respectively, and let g and h be the cor-
responding products of their pointed £-limits.

Clearly, (T™', h~ ') € 6 according to (PC,). Hence it suffices to show that there
is a mapping s € & such that the sequence (ST). s is a reduced product of £-con-
vergent sequences in X and (g, h) is the corresponding product of their pointed
L-limits. Consider the sequences St and T/'. If there is a mapping z € & such that
(Sg<o2)(n) £ (TP, 2)(n))™"! for all neN, it suffices to put s = 2. Otherwise
there is a natural number iny such that Sp<(n) = (T{'(n))”* for all n > m, and hence
(€-lim S(n))* = (€-lim Ty(n))™"". In this case consider sequences S,_; and T,.
Proceeding in this way, in j steps, 0 < j < min(k, I), we get a mapping s€.%
such that Soo = S{os... 8P} o aT}i% 0u... T} o5 is a reduced product and,
putting y; = €-lim S;{(n) provided p + £-lim S{(n) and y; = e otherwise, or z; =
= @-lim Ty(n) provided p + &-lim T(n) and z; = e otherwise, by the associativity of
the operation o we get a(g, h) = 6(y3, ..., yij, 202, .., 2)). For j = k = 1,(ST) oo
is the constant sequence generated by the empty word. This completes the proof.

Let us identify the neutral element e of G and the point p of Y. Then Y can be
considered as a subset X U {e} of G.

Theorem 4. (The noncommutative case.) &* restricted to Y coincides with
and &* is the finest of all sequential group convergences for G the restriction of
which to Y coincides with &. If p is an isolated point of Y, then X is sequentially
closed in G.

Proof. The assertion is an immediate consequence of (PC).

P. Kratochvil pointed out in [K] that a free group G (over X = Y~ {p}) equipped
with the sequential group convergence introduced in [N,], denote it by M* (this
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convergence is actually denoted by % in [N, ] and [K]), fails to have the properties
of a free object (recall that M* is constructed only in case when, in our notation,
p is the only nonisolated point of Y and p is identified with e € G). Namely, for each
space Y with the only nonisolated point p he constructed a continuous mapping f
of Yinto the group R of real numbers such that f cannot be extended to a continuous
homomorphism of G equipped with 9* into R. We present a general construction
shedding more light on the nature of M*. The following statement describes the rela-
tionship between MM* and G* and yields another general construction showing
that 9* fails to be the free convergence.

Theorem 5. Let Y be an infinite set equipped with a sequential convergence £
satisfying axioms (L,), (Ly), (L,) and (Ls). Let p € Y be the only nonisolated point
of Y. Then &% is strictly finer than M.

Proof. Let S be a one-to-one sequence in Y such that (S, p) € 2. Define a sequence
Te G" as follows: for ne N put T(n) = S(2" — 1)... S(2"** — 2). From the de-
finitions of M* and G* we get (T, e) € M* \ G*. (In fact, observe that the length
of the word T(n) tends to infinity )

Example. Let f be the canonical mapping of Y equipped with £ into G equipped
with 6%, ie. f(p) = e and f(x) = x for xeX = Y\{p}. Then, by Theorem 4,
f is a continuous mapping. The identity mapping of G is the only extension of f
to a homomorphism of G into itself. Since it follows from Theorem 5 that the identity
mapping of G equipped with M* into G equipped with G* is not continuous, f cannot
be extended to a continuous homomorphism of G equipped with M* into G equipped
with ®*.
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