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INTRODUCTION

Many interesting relations between combinatorial properties of a nondirected
graph G and algebraic properties of subdeterminants, the characteristic polynomial,
eigenvalues or eigenvectors of its Laplacian matrix L(G) have been studied by
W.N. Anderson, M. Fiedler, T. D. Morley, J. Sedld¢ek, H. M. Trent, the author and
others [1—7]. The permanent and the permanental characteristic polynomial of
the Laplacian matrix have been investigated recently. At the Czechoslovak con-
ference on combinatorics in 1979, R. Merris conjectured that per L(G) attains its
minimum over connected graphs G if and only if G is the star. This conjecture was
later published in the survey [8] and in a short time affirmed by its author himself
[9] in a rather complicated way. In the present paper three simple proofs of this
conjecture are given as corollaries of Theorems 1, 2, 3. The first two theorems give
lower bounds for per L(G)in terms of the number of vertices and the number of edges
of G. Theorem 3 expresses per L(G) by means of a certain collection of subgraphs
of a bipartite graph G and shows the combinatorial nature of per L(G) in another
way than it has been done for a tree in [9].

PRELIMINARIES

By a graph we understand a finite nondirected graph without loops or multiple
edges. To avoid useless complications with singular cases let us consider only graphs
without isolated vertices. We shall see that this restriction does not cause any loss
of generality. Particularly, a single vertex is not considered to be a tree in this paper.
The number of edges incident with a vertex is called the valence of the vertex.

A graph is called bipartite if its vertex set can be decomposed into two disjoint
nonempty parts such that its edges do not connect vertices in the same part. It is
well known that a graph is bipartite if and only if any of its circuits has even length.
Apparently, trees are a special kind of bipartite graphs. Further, we shall call a graph
monocyclic if it is connected and contains exactly one circuit. It is easy to see that
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a connected graph is monocyclic if and only if the number of vertices equals that of
edges.

Let G = (V, E) be a graph, V = (1, 2, ..., v). We can assign to G the v x v matrix
L(G) whose off-diagonal entries are a, = —1 if (i, k) € E or 0 if (i, k) ¢ E, and the
diagonal entries a;; are equal to the valence of the vertex i. This matrix, usually
called the Laplacian matrix of G, is symmetric and singular (row sums are zero),
det L(G) = 0.

Let A = (ay) be an n x n matrix. The permanent of A4 is the sum

per 4 =), Hlaip(i)

p =

taken over all permutations of the indices 1,2, ..., n. By |4| we mean the n x n
matrix (|ag|).

RESULTS

Proposition 1. Let G be a graph and d(G) the product of the valences of its
vertices. Then
det |L(G)| + per |L(G)| = 2d(G).

Equality is attained if and only if G is the star.
Proof. For any nonnegative n X n matrix M,

det M + per M = 23 T myps)
i=1

where the summation is taken over all even permutations of the indices 1,2, ..., n.
All the summands on the right hand side are nonnegative and one of them is the

n

product of the diagonal entries || m;;. Consequently,
i=1

i=

det M + per M = 2 [ my;.
i=1

For M = |L(G)| we obtain the desired inequality.

If G is the star on v vertices then det |L(G)| = 0, per |L(G)| = 2{v — 1), d(G) =
= v — 1and equality is attained. If G is the triangle then det |L(G)| = 4, per |L(G)| =
= 16, d(G) = 8 and the inequality is strict. In all the other cases there exist two
disjoint edges (p, q), (r, s) in G. The product of two transpositions p <> ¢, r > s is
an even permutation, the corresponding term in det |L(G)[ is positive and the ine-
quality is strict.

Proposition 2. Let G be a bipartite graph and M a principal submatrix of L(G).
Then
det |[M| = det M, per |[M| = per M .
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Proof. Let 0 + K = {1, 2, ..., v}. Take a nonzero product [] m,,; where p is
ieK

a permutation on K and decompose p into cycles. Cycles of length 1 correspond to

the diagonal entries which are positive for both M and |M|. Every cycle of length

greater than 1 has an even length because G is bipartite and so the corresponding

product of an even number of nondiagonal entries is positive in both cases M, [M |
k

Proposition 3. Let ay, a,, ..., a; be positive integers, Y a; = n. Then
i=1

k
[Ta;izn—-k+1
i=1

with equality if and only if a; = n — k + 1 for one index i while the other a;’s are 1.

Proof. The assertion is a consequence of the inequality
(@a+1)(b—1)<ab
which holds for any a = b = 0.

Proposition 4. Let G be a graph and K(G) the collection of all its subgraphs the
connected components of which are circuits or single edges. (The empty subgraph
also belongs to K(G).) For each H € K(G) denote by c(H) the number of circuits
in H and by d(H) the product of the valences of the vertices of G which are not
contained in H. Then

per |L(G)| = ;(G)zc“” d(H).

Proof. The assertion follows immediately from the definitions of the permanent
and of L(G). Actually, every permutation can be decomposed into cycles and so each
term of the permanent is a product of cyclic products. The nonzero cyclic products
of per |L(G)| mutually correspond:

(1) to circuits in G (each circuit to two oppositely directed cycles with product 1),

(2) to edges of G (each edge to one cycle of length 2 with product 2),

(3) to vertices of G (each vertex to one cycle of length 1 with product equal to the

diagonal entry, i.e. to the valence of the Vertex).
Theorem 1. Let G be a bipartite graph with v vertices and e edges. Then
per L(G) =2 3e —v+ 1.
Equality is attained if and only if G is the star.

Proof. Let G = (V, E) and let d; denote the valence of the vertex i. The empty
subgraph as well as the subgraphs consisting of one edge belong to the collection
K(G) introduced in Proposition 4. According to Propositions 2 and 4,

per L(G) = per |[L(G)| = [Tdi(1 + Y, d;j'd;)=[]d: +e.
i=1 (G K)eE i=1



Obviously, Y d; = 2e and with respect to Proposition 3,
i=1

[[diz2e—-0v+1
i=1
and so
per L(G) = 3e—v+ 1,

Equality is attained if and only if it is attained in all the preceding inequalities, i.e.
for the star.

Theorem 2. Let G be a bipartite graph with v vertices and e edges. Then
per L(G) = 2(2e — v + 1).

Equality is attained if and only if G is the star.
Proof. We have already mentioned that det L(G) = 0. According to Propositions
1 and 2,
per L(G) = per L(G) + det L(G) = per |L(G)| + det |L(G)| = 2 d(G)

where d(G) is the product of valences of all vertices. With respect to Proposition 3,
dG) =2 —v+1
which gives the desired inequality with equality for the star.

Proposition 5. Let G = (V, E) be a graph, V= (1,2,...,v), E = (W, Wy, ..., W,).
Let U be a v x e matrix whose (i, k)-entry is 1 if i € w, and 0 otherwise. Then

L(G) = UU".

Proof. The scalar product of the i-th and k-th rows of U, i =% k, is O for (i, k) ¢ E
and 1 for (i, k) € E.If i = k then this scalar product is equal to the number of 1’s
in the i-th row of U, i.e. to the valence of the vertex i.

Proposition 6 (Binet-Cauchy formula for permanents). Let us denote by G,
the set of all nondecreasing ordered k-tuples of integers 1,2,...,n, G, =
={(ty, 1z, ... )| 1 £ 1, 1, £ ... £ t, < n}. For each k-tuple Te Gy, let m(T)

denote the number of occurrences of the number j in T and m(T) = [ m(T)!.
i=1
Let A = (ay) be a p x q matrix, U = (uy, ..., u,)€G,,, V= (vy,...,0) € G .
Then A(U, V) denotes the r x s matrix whose (i, k)-entry is a,,,.
If Band C are k x n and n x k matrices and K = (1, 2,..., k) then

er BC =
P Te;k‘,. mi T)

Proof. See [10] or [11].

per B(K, T) per C(T, K).

Theorem 3. Let G be a bipartite graph and let S(G) denote the collection of its

¢
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subgraphs H such that H covers all vertices of G and each connected component
of H is either a tree or a monocyclic graph. To a tree with h edges let us assign the
weight 2h and to a monocyclic graph the weight 4. Further, to each H e S(G)
assign the weight W(H) equal to the product of the weights of its connected com-
ponents. Then

per L(G) = Y. w(H).

HeS(G)
Example 1. Let G be the graph
1 L 5
2 3 6

We have
2-1 0-1 0 0
-1 2-1 0 0 0
0-1 3-1 0-1
L) =1_1 0.1 3.1 o
0 0 0-1 2-1
0 0-1 0-1 2)

and per L(G) = 410. The expansion of per L(G) according to Theorem 3 is demon-
strated in Table 1. Each family of isomorphic subgraphs is represented by one
specimen only to make the table less extensive. For instance, the figure

represents six subgraphs

aiol

Proof of Theorem 3. Let G have v vertices and e edges. According to Proposi-
tions 2, 5 and 6,

per L(G) = },

er? UV, T).
TeGy,e m(T) P ( )

11



Tab. 1

number of

) isomorphic contri-

He S(G) w(H) graphs bution

- 4 7 4

- 4 2 8

I 4 4 16
&o———0©

&—o—» 10 8 80

I I I 10 6 60
>——q —o

— ¢ o 10 7 10

1] ‘2 2 1

e—o

o— o I 6.2 12 144
*>——e—=»

R o 4.4 3 48

I I I 2.2.2 3 24

perL(G] = 410

Each v-tuple of edges Te G, ., can be regarded as a multigraph T with v vertices and v
edges. If some connected component of T contains more vertices than edges or more
edges than vertices then U(V, T) contains a zero p X g submatrix where p + g > v

12



and per U(V, T) = 0. Consequently, if per U(V, T) # 0 then each connected com-
ponent of T consists of an equal number of vertices and edges and per U(V, T) is
equal to the product of the permanents of the square submatrices of U(V, T) cor-
responding to the connected components of T. Obviously, m(T) is the product of
the values of m for the connected components of T as well. As to the connected
components of T with per U(V, T) = 0 there are only two possibilities:

(1) A monocyclic graph. The subpermanent is 2 and m has the value 1.

(2) A tree with one double edge. The subpermanent is 2 and m has the value 2,
A simple computation completes the proof.

Corollary. If G is a tree on v vertices then
per L(G) = 2(v — 1)

with equality if and only if G is the star.

Proof 1. Put e = v — 1 in Theorem 1.

Proof 2. Put e = v — 1 in Theorem 2.

Proof 3. The star is the only tree T such that the collection S(T) from Theorem 3
contains T only.

Theorem 4. Let G = (V, E) be a bipartite graph and let Li(G) denote the principal
submatrix of L(G) corresponding to § + K = V. Let S¢'G) denote the collection
of the subgraphs H of G such that H covers at least the vertices of K and each
connected component of H is either

(1) a tree with vertices in K, or

(2) a monocyclic graph with vertices in K, or

(3) a tree with exactly one vertex out of K.

To a tree of type (1) with h edges let us assign the weight 2h, to a monocyclic graph
the weight 4 and to a tree of type (3) the weight 1. Further, to each H e Sg(G)
assign the weight w(H) equal to the product of the weights of its connected com-
ponents. Then

per Lg(G) = Y. w(H).
HeSx(6G)

Proof. The argument is the same as in the proof of Theorem 3.

Remark. It is well known that det Li(G) is equal to the number of the subgraphs
from Sg(G) whose all connected components are of type (3). In other words, det Li(G)
equals the number of the subgraphs H € Sk(G) such that w(H) = 1.

Example 2. Let G be once more the graph

1 4 5
1]
2 3 6
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Tab. 2

He€S,3,6) (G w(H]
R

Je—e6 1.2
1
IZ 3 6 1
1 e—04

36— 1
1
12 od— of 1.2
1 5
2 3 16 1.1
To——o04
o2 ol o6 1.1
1 4
IZ I;?__.G 7.1
1 4 5
) 3 IE 1.1
1 5
wle | o
1 o—04 5

.LIG 1.1
7 4 5
IZ 13 Ib‘ 1.1.1
lo— o4 5
ol &3 16 1.1.1

per L(f,B,G) (G) =14
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Tab. 3

number
H of iso- contri-
€ St1,2,3,4,5(6/ wlH) morphic bution
graphs
4 1 4
[
I__0 8 2 16
r I 8 2 16
I ] 2.4 3 24
[ ..
lL——-’——-—-O 3 3
G
i 3 3
[
2 2
3 3
2 2

HHEA]




1 4 .1 1 4
o——9
i I 6.1 5 30
I —
! o 2.1 4 8
I I 2.1 3 6
— o o
e——o——0 4.1 2 8

|G B S PP ; 12

per L(f,2,3,‘r,5)(6} =147

Table 2 demonstrates the expansion of

2 0 0
per L 36(G) =per [0 3 —1)=14
0—-1 2
and Table 3 the expansion of
2-1 0-1 0
-1 2-1 0 of
per Ly z3,4,5(G) =per| 0 -1 3 —1 0f=147
-1 0-1 3 -1
O 0 0-1 2

according to Theorem 4. The vertices of H € S K(G) are drawn full if they belong to K
and empty if not. Notice that there are 10 subgraphs H with w(H) = 1 in Table 2
and 15 of them (spanning trees) in Table 3. Indeed, det L 3,6 (G) = 10 and
det Ly,3,3,4,5(G) = 15.
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