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1. INTRODUCTION

In this paper we study the uniform asymptotical behaviour of linear evolutionary
processes defined on Banach spaces, the main restrictions on these processes being
that their norms can increase not faster than an exponential function.

An operator characterization of the uniform exponential dichotomy (Theorem
3.1) is proved. This theorem is an extension of a similar result given by Massera
and Schiffer in [6], Theorem 42B, C.

A necessary and sufficient condition for the uniform exponential stability of a linear
evolutionary process in a Banach space has been proved by Datko in [4]. In this
paper (Theorem 3.2) we extend Datko’s theorem to the general case of uniform
exponential dichotomy. Finally, an integral characterization (with respect to the
second argument of the process) for the uniform exponential dichotomy is also
obtained (Theorem 2.3). This theorem is a generalization of well-known results
about the uniform asymptotical behaviour of the evolutionary processes generated
by ordinary differential equations (considered by Barbasin [1], Coppel [3] and
Lovelady [5]).

The particular case when the process is a strongly continuous semigroup of
operators on a Banach space has been considered in the papers [7] and [8] of the
authors. Thus this paper is in a sense a continuation to [7] and [8].

The purpose of this paper is to give a characterization for the uniform exponential
dichotomy property of linear evolutionary processes which are defined in general
Banach spaces and whose norms can increase not faster than an exponential. The
results obtained are generalizations of well known theorems about the uniform
exponential stability.

2. EVOLUTIONARY PROCESSES

Let X be a real or complex Banach space. The norm on X and on the space L(X)
of all bounded linear operators from X into itself will be denoted by |-|. Let T be
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the set defined by

Tt{(t,s): 0<s=t<o}.

Definition 2.1. A mapping P(-, +): T — L(X) will be called an evolutionary process
iff

(i) P(1,s) P(s, to) = P(t, 1,) for 0 < t, < s < 1
(ii) P(t,7)x = x forall xe X and t > 0;
(iif) P(t, s) is strongly continuous in s on [0, t] and in ¢ on [s, );
(iv) there is a nondecreasing function p: R, = [0, ) — R, such that

[Pt s)| < p(t —s) forall (1,5)eT.

If in addition P(-, -) satisties the condition

(v) P(t,s) = P(t — s,0) forall (1,s)eT
then P(-) is called a semigroup of class C,.

Remark 2.1. If P(-, -) is an evolutionary process then its norm can increase not
faster than an exponential, i.e. we can suppose in (iv) that

pt) = Me”'
where M = 1 and w > 0 are independent of .

Indeed, if M = p(1), w = In M and n is the positive integer such thatn < t — s <
< n + 1, then

[Pt s)| < |P(t,s + n)| |[Pts + nys +n = 1) ... [P(s + 1,9)] £

< Me™ < Me®t™9 |

Definition 2.2. A mapping

P: R% = [0, ©) x [0, ) - L(X)
is called a reversible evolutionary process iff

(j) P{t,r) P(r,s) = P(t,s) for r,s,t 2 0;

(ij) P(t,t)x = x forall t 2 0 and x e X;
(333) P(1, s) is strongly continuous in 7 and in s on R, ;
(jv) there is M = 1 and @ > 0 such that

[Pt s)| < Me®lt™s' forall 1,s=0.
Remark 2.2. If P+, -) is a reversible evolutionary process then there exists
P(t,s)"" = P(s,1) forevery t,5=0.

Example 2.1. Let A: R, — LX) be a strongly measurable function such that

?‘;EJM [A(s)| da < o0 .

t
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Then the unique solution P(+) of the Cauchy problem
P'(t) = A(f) Pt), P0) =1
(where I denotes the identity operator on X) has the property (see [6]) that
P(t,s) = P(t) P™'(s)

is a reversible evolutionary process.
Throughout this paper we suppose that for every t, = 0 the set

X,(to) = {xo € X: P(+, 1,) xo € L(X)}

is a closed complemented subspace of X. Here L‘,‘f)(X) denotes the Banach space of
X-valued functions f defined a.e. on [t,, ), such that f is strongly measurable
and essentially bounded. If X,(t,) is a complementary subspace of X,(t,) then we
denote by P,(1,) the projection along X,(t,) (that is P(t,) € L(X), P{(to) = Py(t,),
Ker Py(t,) = X,(t,)) and by P,(to) = I — P,(t,) the projection along X,(,).

We shall also denote

Py(t, 1) = P(t, t,) Py(to) and P,(t, to) = P(t, to) Py(to) .

Remark 2.3. If P(-, -) is a reversible evolutionary process, P(t) = P(t,0), X, =
= X,(0), P, = P,(0) then it is easy to see that for all k = 1,2 and t > s 2 1, = 0
the following equalities hold:

() Pt 10) = (1) P (10

(i) Py(t, 1o) = P\t) PP~ (1o);

(iii) Py, to) = Pi(t, s) Pi(s to);

(iv) X(to) = P(to) X:

(v) Py(to) = P{to) PyP~'(t,) and P,(t,) = P(to) P,P~'(t,) are projections along
X,(to) and X (1,), respectively.

Now we present three helpful results.

Lemma 2.1. Let P(+, +) be an evolutionary process. Then
(1) P(t, 10) X4(to) = X,(2) for all (1, t,) € T;

(it) Py(1, 10) = Py(t,5) Py(s, 1o) for t = s = to;

(iii) there are M > 1 and w > 0 such that

t+

[Pt + 1, 1) xo|| < Me® J 1P(s, 1) xo]] ds

t

for all (t, ty) € Tand x4 € X;
(iv) if Py(1, to) xo % O for every t = t, then P(t, t,) xo + O for all t = t,;
(v) Py(1,15) xo =% O for all (¢, ty) € T and x4 ¢ X4(to).

Proof. (i) If x, € X,(t,) then by definition of X,(#,) we have that
P(, 1) P(t, to) xo = P(*, 1o) xo € L3(X) = L2(X)
and hence P(1, to) xo € X (7).
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(ii) From (i) it follows that Py(f) Py(t, 1) = P,(1, t,) and hence
Py(1,5) Py(s, o) = P(t, s) Py(s) Py(s, to) = P(t, 5) Py(s, to) =
= P(t,s) P(s, to) Py(to) = P(t, to) Py(t,) = Py(t, t,) .
(ii)) The equality follows from
IP(t + 1, t0) xo|| < [[P(t + 1, 8)[[ [|P(s, 1) xo]| < Me®|[P(s, to) xo|
(where M and w are given by Remark 2.1) by integration on [#, ¢ + 1].
(iv) follows from the equality
X,(15) 0 X,(15) = {0} .
(v) If there are s = o and x, ¢ X;(to) such that P,(s, t5) X, = O then
P(1, 1) = P(t, s) P(s, to) xo = Py(t, to) x, forall t=s

and Py(-, t,) xo € L2(X) imply that x, € X,(t,), which is a contradiction.
Lemma 2.2. If there exists N > 0 such that

f " 1Pyt 1) x| di < Njxo|| for every xoeX,

then there is Ny > 0 such that
[Pi(t, t0)| < Ny forall (1,2,)eT.

Proof. Assume that P,(-, ) is not uniformly bounded. Then for each natural
number n there exists (¢, #5) € T such that |Py(z,, #9)| = n. This implies that there
is x, € X with ||x,| = 1 and |[Py(1,, &) x,| = n.

Hence if s € [£2, #,] we can write

n < [Pyt 1) X, < [P(t 5)] [Po(s, ) x| < Me=2[Py(s, 1) x,|
and by integration on [1J, #,] we obtain
n < MNe®t=t:
which implies that ¢, — t° — 0.
Thus we have

which is a contradiction in view of

th

Ptn
e @9 g < MJ ”Pl(s, 12) x,,” ds < MN,
o .

t,° th

. n — —
lim = (1 — e™@"™"9) = o5 .
n—>o W

This completes the proof of Lemma 2.2.
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Lemma 2.3. If there is N > 0 such that
(t = to) |[Pult, to)| SN forall (t,t5)eT
then there exist Ny, v; > 0 such that
[Py, to)| < Nye™™ =" forall (t,t)eT.

Proof. Let (t, %) e T. Then t — t, = 2Nn + r, where n is positive integer and
re [0, 2N).
Then

[Py, to)|| < |Pi(to + 2Nn + r, tg + 2Nn)| . ||P(to + 2Nn, to + 2N(n + 1))|| ...
”P1(to + 2N, tO)” é Mewr(%)n g MCZMw('%)” — MeZMcoe—Zan é

é MeZM(w—I-v)e—v(t—to) — Nle~—v(r—ro) ,

where N; = Me*©@*" and v = In 2/2N.

3. UNIFORM EXPONENTIAL DICHOTOMY

In this section we give necessary and sufficient conditions for the uniform exponen-
tial dichotomy of linear evolutionary processes in Banach spaces. As a particular
case we can obtain a characterization of the uniform exponential stability of such
processes. The uniform exponential stability and the dichotomy property are intro-
duced by

Definition 3.1. An evolutionary process P(+, *) is said to be

(i) uniformly exponentially stable (and we write u.e.s.) iff there exist constants
N = 1 and v > 0 such that

[P(1, 1o)| < Ne™>~™ forall (t,t)eT;

(il) uniformly exponentially dichotomic (and we write u.e.d.) iff there are
Ny, N,, v > 0 such that

(3.1) [Py(t, 16) xof = Nye™ 9P (s, to) xo|
and '
() [P, 10) 5ol 2 Nae" 9] Po(s, t) ]

forall t 2 s>1t,=0and xeX.

Remark 3.1. Clearly, the uniform exponential stability is a particular case
(when X (t,) = X) of the uniform exponential dichotomy. ‘

Remark 3.2. P(+, +) is u.e.d. if and only if the inequalities (3.1) and (3.2) from
Definition 3.1 hold for all t = s + 1 2 s = t, =2 0. Indeed, if t, < s <t <s+ 1
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then
[Py(t, t6) o =< [Pi(t, 5)]| [Pss, to) xo| £ Me®|[Py(s, t0) xof <

< Me®@ Ve VTS ||P1(s, 14) Xo||
and

Ne*[[P(s, 1o) Xo| < [[Pals + 1, 10) Xo)|| < [[P(s + 1. )] - [Pa(t, t0) xo]| =
S Me®|Py(1, to) xo| < Me® e "9 Py(1, to) xo| -
A necessary and sufficient condition for u.e.d. is given in

Theorem 3.1. An evolutionary process P(+, +) is u.e.d. if and only if there are
N, v > 0 such that

(3.1y [1P1(1, t0) xof| = Ne™ =] P(s, to) xo
and .
B2y [P 10) 50l <~ 1) o

forallt=2s =ty = 0and x, € X.

Proof. Necessity. The inequality

v
+mhwmwém+w

.
llul
(see [6], Theorem 11.A) after putting u = P,(t, ty) xo and v = Py(t, ;) x, with
xo # 0, Py(1, t5) xo + 0 and P,(t, ty) xo * O for every t = t, = 0 yields

max { [ul, [|of]} -

u

20pte 1) 5ol 2 i+

This inequality together with

Me?||P(t, to) y|| 2 [|P(t + 1, 10) ¥
for
_ Py(to) Xo | P(to) xo

Jul ol

(3.1) and (3.2) implies
2Me?|[P(1, 10) xo| = Me”|P(t, to) y]| max {Jull, [o]} 2
2 [Pt + 1, 10) y]| max {[ju], o]}, 2
2 ([Poft + 1, 10) ]| = [Pt + 1, 10) y]) max {Jul, [} 2

o (IPae + 1 t0) xoll _ [Polt+ L) xol\ gy
_( [ P2(t, o) xo| IP.(t, 10) xo| ) {ul, 1o} =

2 (Noe* = Nye™”) max {|lu, [0} = N3 max {|Py(t, to) Xo|> | Pa(tss to) Xo||} -
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Hence

124 1) 3ol S Nae™ By, ) o] = 220 600 (s, 1) o]
and
—vt—s) 2M () B .
[P(s, to) Xo|| = e [Patt, 10) xof| = e I P(t, 1) xo
2 N2N3

forallt =2 s = ty, 2 0and x,€X.
The sufficiency is trivial.

Corollary 3.1. If P(-, ) is u.e.d. then there exists N > 0 such that
(3:3) [Pi()| <N and ||Py()] SN forall 1=0.

Proof. If we put t = s = ¢, in (3.1)" and (3.2)" then we obtain (3.3).
In the particular case of reversible evolutionary processes we obtain

Corollary 3.2. The reversible evolutionary process P(+, +) is u.e.d. if and only if
there is N, v > 0 such that

(34) ”PI(t’ _5)” é Ne‘V(‘—s)
and
(3.5) 1P5(s, 1)) < Ne— "=

forall t =z s =0.

Proof. Suppose that P(-, -)isu.e.d. and let xe X and t = 5 = 1, = 0.
The identity x, = P(t,, 5) x, the inequality (3.1)" and the preceding theorem yield
|Pu(t, 5) x|| = [|P() PP~ (to) Xo|| = [[Ps(t: to) x| <
< NeT* I P(s, 1) xo| = Ne™™“™x, |,
which implies (3.4).
Similarly, the inequality (3.2)' for x, = P(t,, t) x shows that P(-, +) satisfies (3.5).
Conversely, if P(+, +) verifies the inequalities (3.4) and (3.5) then

[Pt ) x| = Ne™¢™2x]
and

[Pa(s, ) v = Ne™ 2y
for all (¢, s) e Tand x, y € X.

In particular, for x = P(s, 1) x, and y = P(t, 1,) X, we obtain the inequalities
(3.1)" and (3.2)', respectively. Theorem 3.1 implies that P(-, -) is u.e.d.

Remark 3.3. The above characterization of the uniform exponential dichotomy
is a generalization of a similar result for the case when P(', ) is an evolutionary
process generated by a differential equation, given by Massera and Schiffer in [6],
Theorem 42 B, C.
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Theorem 3.2. The evolutionary process is u.e.d. if and only if there exist m, N > 0
such that

(3.6) J 1Pt 10) xo| df = N]xo]l,
(37) [ " 1Pys, 1) xol df < NP1, 10) xo
(3.8) [Po(t + 1, 10) Xo| = m||P,/1, 10) X,

Sor all (t,1,)e T and x,€ X.

Proof. The necessity is simply verified. Now we prove the sufficiency. Let t, =2 0,
X, € X be fixed.

From Lemmas 2.1 and 2.2 we have
1P, 16) xo|| = [[P1(4, 5)[| [Pi(s, t0) Xo| = Ny[[Pi(s, to) xof
and integration on [ 1o, 7] yields
(1 = 10) [Pt 10) %o S NN
On the basis of Lemma 2.3 we have that there are N, > 0 and v > 0 such that
P46 5) x] £ Nae 09

for all (t, s)e Tand x € X.

In particular, for x = Py(s, t,) X, we obtain the inequality (3.1) from Definition
3.1.

Now we consider the function

filte, ) > B, f(1) = jw [[Ps, 10) Xol| ds .

to

We observe that
J(6) < N /(1) = N|[P(t, 10) xo|
and by integration on [s + 1, 7] we obtain )

f(s + 1) DN < fit) < N|[Py(t, 1) o]

s
1.C.
rs+

1
(3.10) J [P, t6) xof| du =5~ DIN < N|P,(1, 1) o
to

forallt =5+ 1 = t,.
On the basis of (3.8), Lemma 2.1 and (3.10) we have

sz(s, 10) -\'o” et < i ”Pz(S +1, 10) _\.0“ eU=aIN <
m
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a s+ 1 0
§M§ym@[|m@%nmmgﬂiwmwg+ng
m

m R

MN (w+ )N
,,,,,‘E;_ . ||P2(T, fo) XOH

[IA

forallt =z s+ 12=s = t, Remark 3.2 implies that P(-, ) is u.e.d.

Remark 3.4. Theorem 3.2 is an extension of Corollary from [ 8] where the particu-
lar case of a semigroup of operators is considered.

Remark 3.5. In the particular case when P,(t,) = I the preceding theorem yields
Datko’s characterization of the uniform exponential stability given by Theorem 1.1
from [4]. Thus Theorem 3.2 is a generalization of Datko’s result. We remark that
our proof of characterization of the uniform exponential dichotomy is not a general-
ization of Datko’s proof of characterization of the uniform exponential stability.

As a consequence of the preceding theorem we obtain another characterization
of the uniform exponential dichotomy of reversible evolutionary processes.

Corollary 3.3. Let P(-, *) be a reversible evolutionary process. Then it is u.e.d.
if and only if there exists N > 0 such that

9] to
(3.11) J”A@@ﬂm+juﬁ@QWM§Nh“
. to 0
for all ty = 0 and xe X.
Proof. Necessity is obvious from Corollary 3.2. Conversely, if P(-, +) satisfies

(3.11) then
| Ipite 0 ol a5 Wil

to

and

J‘ [Pa(s, t5) xo| ds = f [ Pa(s, 1) Py(t, 15) x| ds <

i
ty to

gfwumﬁﬁ%pﬂmgwA@@%”

for all (1, 1) € Tand x, € X.
Since in the case of reversible evolutionary processes the inequality (3.8) is satisfied,
we obtain by Theorem 3.2 that P(-, +) is u.e.d.

Theorem 3.3. A reversible evolutionary process P{:, ) is u.ed. if and only if
there is N > 0 such that

(3.13) jwa@%m+JWm@%mgw

t

to

forallt = t, = 0.
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Proof. The necessity is trivial.

For the sufficiency part, we considert = s = tpand xe X — {0} Then the function

" dr
fils =R, flu =J T
=) e
satisfies the inequality
t
1P 106170 5 [ [Pte ) du s
to
and hence
(3.14) f() = Nf(1).
By integration on [s + 1, {] we obtain

(3.15) f(t) =z et UNf(s + 1).
On the other hand, for u € [s, s + 1] we have

1P1(u, 1) x|

and by integration on [s, s + 1] we deduce

I\

[P, ) Pas, o) x| = Me?[P(s, 10) x|

This inequality together with (3.14) and (3.15) implies

e 1 MNe®
eUTSTUN ___— < Me®f(t) £ MNe® f'(t) = —————,
|1P+(s 10) x| |1Py(t, to) x|

ie.
(3.16)  [[Py(t, 1) x|| < Nye " )| Py(s, to) x| forall t=s+ 1252t
where Ny = MNe®*!/N 'y = 1/N.

This proves the inequality (3.1) from Definition 3.1. For the second inequality
we consider the function

. _ o du

i)~ 70 o) = | T
Then

un@mwwméij@@wugN
implies '

g(t) = —Ng'(1),
which by integration on [s, ] yields

et Ng(1) < (gs) .
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Hence

N

Jrr+l ¥Adi _QUTIIN < olt=s N g’t) < g(s) < N
- T T P o) x]

o IPa(10) x|
For uet,t + 1] we have
[Pa(u, o) x| = Me”|[Py(t, 1) x|,

hence the preceding inequality implies

et =N MNe®
< —
P21, to) x| — [[Pals, o) x|
i.e.
(3.17) [Pa(s, 1) x| < MNe“e™ /NP1, 1,) x|

forallt=s=1t, = 0.

This completes the proof.

Remark 3.6. The above characterization of the uniform exponential dichotomy
for the case of reversible evolutionary processes generated by ordinary differential
equations has been given by Coppel in [3] This characterization for the particular
case of the uniform exponential stability has been considered by Barbasin [1] and
Lovelady [5]. For the finite dimensional case R. Conti has proved that the inequality
(3.13) is a characterization for the admissibility of the pair (L*, L) (see [2]).

Remark 3.7. Theorems 3.2, 3.3 and Corollary 3.3 remain valid if the power 1
from (3.6), (3.7), (3.11) and (3.13) is replaced by any p e [1, o), i.e. the inequalities
(3.6), (3.7), (3.11) and (3.13) can be replaced, respectively, by

(3.6) [ sl s v,

(3.7 jl [Py's, 1) xo[7 ds < N”Pz(t, to) Xo”,

(3.11) Jﬂm@%pwm+jWg@%nwmgwpw
and

(3.13) memgwm+me@gwagN.

The proofs follow almost verbatim those given in the case p = 1.

In the light of the above considerations and Theorem 3.3 the following open
question seems to be natural.
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Question 3.1. Does the condition:

Jv ”Pl(t, 5) x” ds + Jx “PZ(r, s) x“ ds < N”xn , forall (t,1)eT

to t

and x € X, (where N is independent of t, t, and x) imply the uniform exponential
dichotomy of P(+, +)?
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