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JOINT ESSENTIAL SPECTRA
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Introduction. The essential spectrum of a bounded linear operator A on a Hilbert
space is the spectrum of the canonical image of A in the Calkin algebra. This has been
discussed by Fillmore, Stampfli and Williams [3]. Dash [1] has discussed the joint
essential spectrum of an n-tuple of bounded operators and has extended some of the
results of [3]. A bounded operator 4 on a Hilbert space is said to be Fredholm if
the null spaces of 4 and A* are finite dimensional and the range of A is closed.
By Atkinson’s theorem [4, problem 142], a bounded operator A is Fredholm if and
only if zero does not belong to the essential spectrum of A. In this note we study the
generalization of the notion of a Fredholm operator to an n-tuple of closed operators
with the same domain which is dense in a Hilbert space. The result analogous to
Atkinson’s theorem will be proved and some other characterizations for an n-tuple
of operators in a Hilbert space to be joint Fredholm will be discussed. Also Weyl’s
theorem for an n-tuple of commuting normal operators will be proved.

In what follows, H denotes a complex separable infinite dimensional Hilbert
space, B(H) denotes the algebra of all bounded linear operators on H. Let K be the
ideal of compact operators on H, 2 the quotient (or Calkin) algebra B(H)[K and

the canonical quotient map of B(H) onto 2. Let H” = Y @ H,, (H; = H) and let
i=1

T = (Ty,..., T,) be an n-tuple of closed linear operators Ty, ..., T, with the same
domain D(T), dense in H. We define an operator T™: D(T) —» H™ by T®"x =
= (Tyx, ..., T,x), (x € D(T)). Further, if Ty, ..., T," have the same domain, then we
shall denote (T}, ..., T,) by T*. Let T™* be the usual Hilbert space adjoint of T™.
Then T™* T™ is a positive self-adjoint operator. If G = (T™# T™)!/2 then D(G) =
= D(T) and 21(7}x, Ty) = (T™x, T™y) = (Gx, Gy); x,ye D(G) = D(T) [5, p.

334]. The null space, the range and the closure of an operator A from H to a Hilbert
space K will be denoted by N(A), R(A) and 4, respectively.

Definition 1. Let T}, ..., T, be closed linear operators in H defined on the same
dense domain D. Suppose that Ty, ..., T also have the same domain D*,
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(1) The joint left spectrum Sp(T) of T = (Ty, ..., T,) is the set of (z,, ..., z,) € C"
(n-fold Cartesian product of the complex plane C) such that for no n-tuple

(By, ..., B,) of operators in B(H), Y B(T; — z,I) = I holds.
i<

(2) The joint right spectrum Sp,(T) of T = (Ty, ..., T,) is the set (Sp(T*))*, where
*=(T{,..,T)) and for K = C", K* = {(Z,, ..., Z,) : (23, ..., 2,) € K}.

(3) The joint spectrum Sp(T) is the set Sp,(T) U Sp,(T) [6, Definition 1.1].

Definition 2. The joint left (right) spectrum Spy(a) (Spi(a)) of an n-tuple a =
= (al, o a,,) of elements aj, ..., a, of a unital Banach algebra U is the set of all
z=(zy, ..., Z,) in C" such that the left (right) ideal generated by {a, —z1e, ..., a,— z,e}
is proper in 2. The joint spectrum Spy(a) of a is the set Spy(a) U Spi(a).

It is obvious that if A is a Banach*-algebra, then Spy(a) = {(Z, ..., 2)
(245 -+ 24) € Spy(ay, ..., ay)}.

Definition 3. An n-tuple T = (T, ..., T,) of closed operators with the same domain
which is dense in H, whose adjoints also have the same domain in H, is called joint
upper Fredholm (in short j.u.F.) if N(T™) is finite dimensional and R(T™) is a closed
subspace of H™. T'is called joint lower Fredholm (in short j.LF.) if T* is ju.F.. Tis
called joint Fredholm if T'is both j.u.F. and j.L.F..

Definition 4. The joint left (right) essential spectrum Sp;e(T) (Sp.e(T)) of T is the
setof all z = (zy, ..., z,) € C" such that (T; — z41, ..., T, — z,) is not j.u.F. (jLF.).
The essential spectrum Sp,(T) is the set Sp;(T) U Sp,(T).

Characterizations of an n-tuple to be j.u.F. The following theorem is a result analo-
gous to Atkinson’s theorem.

Theorem 5. Let T = (T}, ..., T,) be an n-tuple of closed operators with the same
domain D(T) dense in H. Then zero does not belong to Sp,(T) if and only if there

exist By, ..., B, in B(H) such that ) B;T, — I is a compact operator.
i=1

Proof. Suppose zero does not belong Sp,(T). Then T'is j.u.F. So R(T™) is closed
and N(T™) is of finite dimension. Also T maps N(T®)* n D(T) one to one onto
R(T™). It is not difficult to see that T™ is a closed operator. Hence there exists
a bounded operator B: H™ — H such that BT™ < Iy zcm,.. Define B;x = B(0, ..
x,0,...,0) (where x is at the ith place on the right hand side and x € H). Then B €
€ B(H) and Z BT, < Iyqemy. So I — Z BT, is a projection on N(T™) and since

i=1

N(T™) is finite dimensional, ] — Z BT, is a compact operator.
i=1

599



Conversely, suppose that there exist bounded operators Bj, ..., B, in B(H) such
that I - }: B;T, (= C)is a compact operator. Define B: H" — H by B(x,, ..., x,) =
= Z Bx (xl, .. X,) € H®, Then B is bounded and BT™ = I — C. Hence

N(B ) (= N(BT™)) is of finite dimension. Since C is a compact operator, BT™
is bounded below on N(BT™) [4, Solution 140]. As |BT™x| < |B| |T™x| for
x€D(T) n N(BT™):, T™ js bounded below on D(T) A N(BT™)*. Therefore

T"(N(BT™)* ~ D(T)) is closed. Since N(BT®™) is of finite dimension and
TO(N(BT®)* A D(T)) + T@(N(BT®™)) = T®(D(T)), R(T®) is closed. Thus T is
juF. m

Remark 6. Dash [1] has defined the joint left (right) essential spectrum of an
n-tuple T = (T, ..., T,) of bounded operators on H as

01e(T) = Spy(n(Ty), ..., o(T;)) (6,(T) = SpY(n(Ty), ».., n(T,)))

(see Definition 2) and the joint essential spectrum as 6(T) U o,(T). The last theorem
shows that for an n-tuple T of operators in B(H), 6,(T) = Spi(T) and 0,(T) =
= Sp,(T); hence o (T) = Sp.(T).

Next we give other characterizations for an n-tuple to be j.u.F..

Theorem 7. Let T = (T, ..., T,) be an n-tuple of closed operators with the same
domain D(T) which is dense in H. Then the following assertions are equivalent.

(a) Tis not j.u.F..

(b) There exists a sequence {x,} of unit vectors in D(T) such that x, — 0 (weakly)
and Tyx, - 0 (strongly) as k — oo fori = 1,.

(c) There exists an orthonormal sequence {e,} in ID(T) such that Tie,— 0 (strongly),
ask—> oo fori=1,...,n.

(d) There exists an inﬁnite dimensional projection P such that PH < D(T) and
T;P is compact for eachi =1,...,n

(¢) For every 6 > 0, there exists a closed infinite dimensional subspace My = D(T)
such that

SITal? 5 ols? for xeM,.

(f) (T™# TEN/2 is q Fredholm operator in H.

Pro of. Proof of (d) = (c). Suppose that (d) holds. Let {e,} be an orthonormal
basis for PH. Since T;P is compact and e, — 0 (weakly), T;e, = T;Pe, — 0 (strongly)
[2]fori=1,...,n

(c) = (b) is clear.

Proof of (b) = (a). Let {x,} be a sequence of unit vectors in D(T) such that x; — 0
(weakly) and T;x, — O(strongly) as k — oo, fori = 1,..., n. If there exists By, ..., B,¢

600



€ B(H) such that I — )i B;T; is a compact operator, then
i=1
1= |x] = ” .ZlBiTixk + X _'ZlBiTixk“ =
n n
< | —A;B,-T,.) x| +-Z‘1 IBi|l |Toxi| >0 as k— oo,

which is absurd. Hence there exist no By, ..., B, € B(H) such that I — ZB T, is
a compact operator. Thus by Theorem 5, T'is not juF..

Proof of (a) = (f). Since N(T™) = N((T™* T™)/2), it is sufficient to show that
if R(T™) is not closed, then R((T™* T™)'2) is not closed. If R((T™* T™)!/2) js
closed, then let {T®™x,} be a Cauchy sequence in R(T™). Then, since ||T™x,| =
= [(T™* T™)'2 x|, {(T™* T®)!2 x,} is a Cauchy sequence in R((T™* T™)!/2),
But R((T®™* T™)'?) is closed, so (T™* T("))”Zx = (T™* T™)'2 x for some
x € D((T™* T™)"?) = D(T). Hence

[T, — )] = [(TF T2 (3, — )] = 0

as k — oo, Therefore RB(T™) is closed which is a contradiction.

Proof of (f) = (d). Since ((T™* T™)!/?) is not Fredholm by [3, Theorem 1.1],
there exists an infinite dimensional projection P such that PH < D((T™* T™)!/?) =
= D(T) and (T®™* T™)!/2 P js a compact operator. Let {x,} be a bounded sequence
weakly converging to zero. Then (T™*T®)'? Px, — 0 (stiongly) as k — oo.
Therefore,

[ T:iPx,||? < Z [ T;Px|?* = (Tka, T;Px;) =
= (T™Px, ,T(")Px W) = “(TW’ T™)'2 Px|? > 0
as k -» oo, fori = 1, ..., n. Thus T;P is compact fori = 1,...,n
Since. D((T 7)) = D(T) and (T T9)"2 x* = [ 705]* = 3 ||
for x € D(T), the equivalence of (e) and (f) follows from [3, Theorem 1. 1]
Corollary 8. If T = (Tl, v T,,) is an n-tuple of normal operators with the same
domain D in H, then Sp,(T) = Sp,(T).

Proof. Since T; — z;1 is normal, |(T; — z,1) x| = |(T; — z.d)* x|| for x e D(T) =
= D(T*) for i = 1, ..., n. The equivalence of (a) and (b) in the last theorem, yields
Spi(T) = Sp.(T). Hence Sp,(T) = Sp(T).

Weyl’s theorem. In this section we prove a Weyl-type theorem. To this end we shall
need some lemmas. Let T = (T, ..., T,) be an n-tuple of closed operators with the
same dense domain D(T) in H. We say that z = (z,, ..., z,) € C" is a joint eigenvalue
of T if there exists a nonzero vector x in D(T) such that (T; — z,J) x = 0 for i =
= 1,..., n. The multiplicity of z is the dimension of "\ N(T; — zI).

i=1
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Lemma 9. Let T= (T, ..., T,) be an n-tuple of pairwise commuting normal
operators with the same domain D(T) in H. Let z = (zy, ..., z,) be an isolated point
of the joint spectrum Sp(T) of T (see Definition 1). Then z is a joint eigenvalue
of T.

Proof. Since z is an isolated point, y,, the characteristic function of {z}, is a non-
zero element in m(Sp(T)), the algebra of all equivalence classes (with respect to the
equality almost everywhere) of Borel functions on Sp(T). By the joint spectral theo-
rem [6, Theorem 2.2], x.(T) = P, is a non zero projection H and T;P, — z,P, = 0
for each i = 1, ..., n. Hence z is a joint eigenvalue of T. g

Lemma 10. Let S = (S,, ..., S,) be an n-tuple of closed operators with the same
dense domain D(S) in a Hilbert space H, and let T=(Ty, ..., T,) be an n-tuple of
closed operators with the same dense domain D(T) in a Hilbert space H,. Then
Sp(S @ T) = Sp(S) v Sp(T), where S® T= (S, ® Ty,....,S, ® T,).

Proof. It is sufficient to show that Spl(S ® T) = Spy(S) U Spy(T). Let z =
= (215 -+ 2,) ¢ Spy(S) U Spy(T). Then there exist By, ..., B,e B(H;) and Ci,...

C,e B(Hz) such that Y B(S; — zJy,) = Iy, and Y C(T; — zy,) < Iy,
i=1 i=1
Thus Z B, ® C(S;® T; — zJ) = I. Hence z ¢ Sp,(S @ T). Conversely, if ze

€ Spl(S) U Sp,(T), then z € Sp,(S) or z € Sp,(T). Without loss of generality assume
that z € Sp,(S). Then there exists a sequence {x,} of unit vectors in D(S) such that
(Si — zdg)x,—> 0 for i =1,..,n. Let y, = x, @ 0. Then “y,J] 1 and (S; ®
T, — zl)y, = (S; - ziIHz)xk—»O as k— oo for i =1,...,n Hence ze
€ Spy(S @ T). Thus Sp,(S@® T) = Spy(S) U Sp«(T). m

Theorem 11. Let T = (T, ..., T,)be an n-tuple of pairwise commuting normal
operators with the same domain D(T) in H. Then Sp (T) consists precisely of all
points in Sp(T) except the isolated joint eigenvalues of finite multiplicity.

Proof. Since Sp;(T)=Sp.(T) by Corollary 8, it is sufficient to show that (0, ..., 0)
is an isolated joint eigenvalue of T of finite multiplicity if and only if T'is j.u.F. and
(0,...,0) e Sp(T).

As T}’s are pairwise commutmg and normal, N(T®) = n N(T) is a reducing sub-

space for each T;. For each i define S;: N(T™)* n /D(T) - N(T™)* by S;x = Tix
(xeN(T")* D(T)) Then T; = 0 @ S;, the null space of S™ is {0} and S’s are
pairwise commuting normal operators in N(T™)*. Also by Lemma 10, Sp(T) =
= {0} U Sp(S) (where S = (S, ..., S,)).

Now assume that (0, ..., 0) is an isolated joint eigenvalue of T of finite multiplicity.
Since N(S™) = {0}, by Lemma 9, (0, ...,0)¢ Sp(S). Hence R(T™) = R(S™) is
a closed subspace of H™. As N(T™) is of finite dimensions, T'is j.u.F..
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Conversely, assume that T is j.u.F. and (0, ..., 0) € Sp(T). Then R(T™) is closed
and N(T™) is finite dimensional. Since N(S™) = {0} and R(S®) = R(T®), which is
closed, S™ is bounded below. So (0, ..., 0) ¢ Spy(S) = Sp(S). Hence (0, ..., 0) is an
isolated point of Sp(T). As the dimension of N(T™) is finite, by Lemma 9, (0, ..., 0)

is an isolated joint eigenvalue of T of finite multiplicity.
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