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OSCILLATION OF LINEAR RETARDED DIFFERENTIAL EQUATION
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We shall study the oscillatory behaviour of solutions of the linear differential
equation with retarded argument

(1) y®@t) + p(t) ¥(g(1)) =0, n=2,

where p(1) and ¢(1) are continuous functions on [a, ), a 2 0, p(t) > 0, g(t) > 0,
g(1) < 1 and lim g(1) = 0.
t— oo

Our aim is to give new sufficient conditions that guarantee the oscillatory character
of equation (1) as well as of the corresponding ordinary differential equation.

We shall use the following definitions.

A solution y(t) of equation (1) is called oscillatory if it has arbitrarily large zeros,
and it is called nonoscillatory otherwise.

Equation (1) is said to have property A if every solution of this equation is oscilla-
tory if n is even, and every solution is either oscillatory or lim y(1) = 0, i =
=0,...,n — 1if nis odd. e

We introduce the notation:
Wi)=sup{s2a:g(s)<t} for t2a.
The function y(¢) has the following properties that can be found in [10]: ¢ < ¥(1),
gl =1t t2a

Lemma 1 (Kiguradze [3]). Let y(t) be a nonoscillatory solution of equation (1)
and let

() y®() S0 for te[ty, ), to=a.

Then there exist t; € [to, ) and an integer 1€ {0, 1,...,n — 1} such that I + n is
odd and

(2) (@) yP(t) > 0 for te[t, ) (i=0,..,1)),
(1) (1) y(1) <0 for te[t,0) (i=1+1,1+2,..,n),
3) (t =) P20 = (1 + ) 0(@)| for te[t,, )

(i=0,..,1-1), 1SI<sn-1.
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Theorem 1. Let the following condition be fulfilled:

(4)

1= o

Then equation (1) has property A.

llmsup[ f S[o(s)]~" p(s) ds + 1 J EI0) i )] (s)ds]>(n 0!, Te[a, ).

Proof. Without loss of generality we assume that y(¢) is a nonoscillatory solution
of equation (1) such that y(g(r)) > 0 for te [to, oo) to = a. Then with regard to
Lemma 1 there exist 1, € [1,, 00) and 1€ {0,1,...,n — 1} such that n + I is odd

and (2), (3) hold.

Letle{1,...,n — 1}. According to (3), for sufficiently large ¢, € [t,, 00) we obtain

5) o) 2 O I a0, o2,
From the identity
(6) 20(1) = z( 1) :(S( )) 20(s) +

(= k=i=1 0 "
+ﬁ (u—t) z (u)du, Sgtgtz,
—J—=1)Jd:

where 1 < k < n, ze C,([a, ), R), we obtain for k =n — 1 +1,j =1

(7) 2(1) =[_§;( )=t (2 )1). 20(s) +

1”—1 n—1—1 n—1+1

+( (= ) 1)'f (u = 1) PA (u) du .

Choose z(f) = y*~")(t). Then by (2) we have (—1)'"'z®(s) >0, il=1,...,n
and (7) implies

(- 1)" ' n=l-1 n-1+1

Z'() 2 - 1)‘J (u—1) 2¢ Y(u) du .

Using (5) and equation (1) in the last inequality we obtain
® Z@H=z (—1),-17‘[ (= oy~ [g(w) — 1,177 p(u) 2(g(w)) du .

Integrating (8) from T'to ¢, t > T 2 t,, we get

() 2 - I nf (w— Ty " [g(u) — 1.1~ p(u) z(g(u)) du +
+ Wﬂj [9(u) = 1,17 p(u) z(g(u))f (u - sy~'-1dsdu,
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() 2 [ (u = TV [gw) = 1,1 plu) =(g(u) du +

(n — I)' I
+ (r = T)J (u =Ty "=t [g(u) = 1] p(u) z(g(u)) du].

We choose T; = T such that g(u) = Tfor u 2 T;. Then for t = T, we have

© 0z g [T o - T e e o +

+o—njw—nﬂﬂw@—ﬂmm@wwmq.

It follows from (3) that the function z(¢)/(r — T), t > T, is nonincreasing. So we have
2(g(u)) 2 &_TT (), tzu>T,, and z(g(u)) 2 9( ) _(u)
s .

since g(u) < u.
Then (9) yields

(=12 ;_I_TL (u = TV [o(u) - T]' p(u) du +
+ (- T)r (u = TV [g(u) — TT' plu) du.

The last inequality for [ € {1, ..., n — 1} implies

@~mzw—omz;}iﬁ@—nﬂ&w-ﬂw@a+

. T)r (u = T2 [g(u) = T] p(u) du .

Since (u — T '[gu) = T 2 (u— T)[g(u) = T ' for 1 <I<n—1, uz
= T;, we have

= T7]""* p(u) du +

(t- T)f”[g(ui———;]”;‘ p(u) du,

which contradicts condition (4).
Let I = 0. Then n is odd and condition (4) implies

(10) r =1 p(i) dt = oo .
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Otherwise, if

j "t p(f)dt < oo,

then we can choose Te [1,, @) so large that

‘].J "~ p(r)dr £ 4(n = 1),

T

and by (4) we have

(n = 1)} < lim sup [ j o)~ pls) s + j [oG)]" () ds] < Hn-1),

which is a contradiction.

From (6) for j = 0, k = n, z(t) = y(t), we find that

j (W= 0w du, 126,

)z -

-1

and

e M CEC L

If y(1) is bounded below by a positive constant ¢, then

»T) z

(n - W —TPTpw) e, Tz,

which is a contradiction with (10). So lim y(¢) = 0. This completes the proof.
t—

Corollary 1. Consider the ordinary differential equation
(11) Yo + p()y() =0, nz22.
Let the following condition be fulfilled:

lim sup [; J ;s" p(s)ds + 1 J °° 2 p(s) ds] > (n = 1), Te[a, )

[ and s}

Then equation (11) has property A.

Theorem 2. Let g(t) be continuously differentiable and suppose that there exists

a function w e Cy([a, ), (0, 0)) bounded below by a positive constant and such
that

Nl P10 SF0)
e S P77 B

Then equation (1) has property A.

=w, Tel[a, o).
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Proof. We shall show that (12) implies
T
(13) lim sup EJ\ s[g(s)]" " p(s)ds = » .
t— o0 t)r

Assume that

—IJ" s[g(s)]" " p(s)ds < ¢ for te[T, ).

t)r

Then

370y P B P
e e o s

+ j' o(g(s)) + s[w(g(s)] ug(u)]"~" p(u) du ds <

r sTa(g(s) r

< i + f @(g(s)) + s[(g()] l‘r ulg(u)]"™" p(u) duds <

v so¥(g(s) T

S *leo(5)]] o<

m - Jrsolg(s) Jr @*g(s)

where m = inf {w(g(t)): t € [T, 00)}, which is a contradiction with (12).So condition
(13) is fulfilled and we can apply Theorem 1.

Corollary 2. Let there exist a function we Cy([a, »), (0, 73)) bounded below
by a positive constant and such that

? de 2 p(Y) ——o" €la, ©
(14) L@«n and JTWdt—‘J,.T_[, ).

Then equation (11) has property A.
Remark. According to (14), Mikusinski’s condition
(15) j "1 p(r)dt =0, £>0,
which guarantees the validity of the assertion of Corollary 2, implies the condition
of Corollary 1.
Example. For the equation
YO + et y(t)=0, ¢>3!, >0,

the condition of Corollary 1 is fulfilled and so every solution of this equation is
oscillatory. However, condition (15) is not satisfied.
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Theorem 3. Suppose that
(16)

lim sup [} j o P ds + zj [o(5)™2 p(6) ds] >(n=1)t, Te[a,).

| Sudio ]
Then equation (1) has property A.

Proof. Let y() be a solution of equation (1) such that »(g(t)) > 0 for t € [t,, ),
to = a. With regard to Lemma 1 there exist #, € [t,, ) and 1€ {0, 1,...,n — 1}
such that n + [ is odd and (2), (3) hold.

Let le{l,...,n — 1}. We choose T, = T = t, such that g(u) > T for u > T,.
From (9), in view of the properties of the function y(t), we obtain

0z (- ,),,,U (u = TP~ [alw) = TI™* (o) o)) du +

+a=1) [ =T o) — 17 pw) (e(w) du]-

¥(t)

Using z(g(u)) = (9(u) — T)[(t — T) z(t), t = u > T, and the properties of the func-
tion () we conclude

(17) (=2 7117} f T (u = Ty~ [g(u) — TT* plu) du +

+(=T) t)(u — TPt [g(u) — TT* plu) du .

For le{1,...,n — 1}, (17) implies that

(n—1)2 t_:l_TL (u = T) [g(u) = T plu) du +

+(t-T) [o(w) — T]"2 p(u) du,
(1)

which contradicts condition (16).

Let I = 0. Using the same argument as in the proof of Theorem 1 we find that
lim y(#) = 0. This completes the proof.

=0
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