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The present paper deals with some asymptotic and oscillating properties of func-
tional differential equations of the form
(1) x"(t) + Ax"(t —1) + f(t, max x(s), maxx'(s)) =0,
seM (1) seM(t)
where 7> 0 is a constant delay, M(t) = [to, +oc) when te[ty, + ), t,€R',
and 4 > 0 is an arbitrary constant.

S/

Definition 1. As a solution of equation (1) we shall consider every function x(r)
e CY(I,R"), I = [ty — 1, + ), t, € R" which satisfies (1) almost everywhere when
t 2 t,. (We shall denote by C¥(I, R') the space of the functions ¢(t) : 1+ R' pos-
sessing absolutely continuous derivatives up to order k inclusively.)

Definition 2. We shall call a continuous function ¢(t): I+ R' oscillating if it
contains a sequence of zeros approaching + co. Otherwise, the function will be called
non-oscillating.

Definition 3. We shall call a continuous function ¢(t) : I — R*' strongly oscillating
if there exists a sequence of points {#,},-, such thatlim #; = + o0 and ¢(t;) @(t;4-) <

i—>+ o

< 0 for every i. Otherwise, the function (p(t) will be called strongly non-oscillating.

Definition 4. [1], [2]. We shall call a continuous function ¢(t): I+ R* k(¢)-
strongly oscillating (k((p) — oscillating) if there exists a real number k(q)) such that
the function ¢(t) — k(¢) is strongly oscillating (oscillating).

Definition 5. We shall call a solution x(r) of (1) correct if for every t el

sup |x(s)] > 0.

se[t,+ o)
Let us consider the following example:
() x(f) + x"(t — ) + max x(s)=0,

se[t—n,t+n]
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t=mn, M(t)=[t —n, t + n]. It is immediately verifiable that equation (2) has
a solution x(t) = sin t — 1, which is oscillating but is not strongly oscillating. On the
other hand, by virtue of Theorem 1 of [2], the equation

x"(t) + x"(t = n) + x(t = m) =0

has only strongly oscillating solutions, which shows that the maximum influences
the asymptotic behaviour of functional differential equations of the neutral type.

Lemma 1. Let the following conditions hold:

1. The function ¢(t): I+ R' is continuous.

2. The function @(t) + Lot — 1) = c (p(t) + Aot — 1) < —c) when tel,
where c, T and A are arbitrary positive constants.

Let sel. Then for the set

A={t|s§t§s+21, o(t —1)2 B >0}
(A={t|s§t§s+21,fp(t—-c)§—~[3<0})

the inequality mess A = t holds, where [ is a constant depending solely on ¢, t
and A.

The proof of Lemma 1 is given in [2]

We introduce the following notations:

3) (Lx) (t) := x(t) + A x(t — 1),
F*(t, uo) = int |f(t,u,v)] when u, >0,
}:Isfuo
MO(f) = min s .
seM(t)
We shall say that the conditions (A) hold if the following conditions are satisfied:
Al. The function f(t,u,v):I x R* — R" is continuous and f(t,0,0) = 0 when
tel
A2. If u % 0, then u f(¢, u, v) > O when te .
A3. The set M(t) is closed when t eI and lim M°(r) = + oo.

t—>+ o

Lemma 2. Let the following be fulfilled:
1. Conditions (A) hold. .
2. For every constant ¢ > 0, the identity

(@) f "7 pt, ) dt = +o0

to
holds.
Then every non-oscillating solution of equation (1) satisfies lim inf |x(t)| =0.
t—++o0

Proof. Let us assume that there exists a non-oscillating solution of the equation
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(1) with the property lim inf |x(t)] = ¢ > 0 and, to be more precise, let us assume
t=+ o0

that x(r) < 0 when ¢ > t*, t* e I. By integrating (1) from * to t > t*, we obtain

6)  [L)O] = [ )] = - J '. (e max x(9), max () dz 2 0.

seM(z)

If we assume that [(Lx)(r)]" 2 ¢; > 0 when ¢ = *, then the following inequality

holds when t = t*:
(Lx) (1) = (Lx) (%) = eyt — 1%),

whence it follows that (Lx) (¢) > 0 for sufficiently large values of ¢, which contradicts
the assumption that x(r) < 0.

Therefore [(Lx)(f)]" = 0 when ¢ 2 t* and, taking into account that the function
[(Lx) ()]’ is monotone increasing, we conclude that the integral present on the right-
hand side of the equality (5) is convergent.

On the other hand, it follows from the fact that lim sup x(f) < —c¢ < 0 that there

t—=>+ o
exists a point 7 = ¢* such that x(f) < —c[2 when ¢ > 7. Hence, it follows from
condition A3 that there exists a point ¢, > 7 such that max x(s) £ —¢/2 when
>t seM(®)

Consequently, from (3) we obtain

J'+wf(t, max x(s), max x'(s))dt

t seM(t) seM(t)

+ o
> J 41, c2) dt
ty
and hence

.

f*(t¢f2)dt < + 0,
ty
which contradicts equality 4. Thus Lemma 2 has been proved.

Theorem 1. Let the following be fulfilled:
1. Conditions (A) hold.
2. Condition 2 of Lemma 2 holds.
3. When t el the inequality
mess (M(t)n [t,t +2t]) 2«
holds.

Then equation (1) does not admit correct non-negative strongly non-oscillating
solutions.

Proof. Let us assume that there exists a correct strongly non-oscillating non-
negative solution x(¢) of equation (1), x(t) = 0 when ¢ 2 t*, t* € I. It follows from
equation (1) that [(Lx) ()]’ is a monotone decreasing and non-negative function and
hence from (5) we obtain

+
f(t, max x(s), maxx'(s))dt < +oo.
seM(t)

o seM(t)
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Since [(Lx)(#)]' =2 0 when ¢ > t*, and x(1) is a correct solution, there exists
a point 7 = ¢* such that, when ¢ > 7, the inequality (Lx)(f) = ¢ > 0 holds.

Then, by virtue of Lemma 1, there exists a closed measurable set E = [i, +oo)
such that when t > 7 the inequality mess (E N [t,7 + 2t]) = 7 holds, and x(t) =
= B > 0 when t e E. It follows from condition A3 that there exists a point t; =
such that M(t) < [7, + o) when t = t,.

Let ¢ = t{ be an arbitrary point. Then, since the interval [t, t+ 21] is a connected
set and E n [#,1 + 2t] and M(f) N [t, ¢t + 2t] are closed sets, it follows from con-
dition 3 of the theorem that

EaM@i)nt,t+21]+0.

Therefore, since x(f) 2 B for te€ E, we can assert that for ¢ = ¢, the inequality

max x(s) = f holds. Using the inequality
seM(t)

+ o § +o
£(t, max x(s), max x(s))dt = J 741, B) di
t seM(t) seM(t) t

we obtain

J+wf*(t,ﬁ)dt < 4+,

ty
which contradicts equality (4)
Thus Theorem 1 has been proved.

Theorem 1 proves that the maximum, in a sense, is a generator of oscillations for
equations of the neutral type.

Theorem 2. Let the conditions of Theorem 1 be fulfilled.

Then each correct solution x(t) of equation (1) is k(x) strongly oscillating, where
k(x) < 0 for each x(t).

Proof. It follows from Theorem 1 that (1) does not admit a correct non-negative
strongly non-oscillating solution. Let us assume that there exists a correct non-
positive strongly non-oscillating solution x(t), x() < 0 when ¢ > t*, t* eI. Then,
by virtue of Lemma 2, lim inf |x(t)| = 0. On the other hand, it follows from the proof

t—>+ o
of Lemma 2 that [(Lx)(#)]' < 0 when # 2 t* and since x(t) is a correct solution,
there exist a point 7 = t* and a constant ¢ > 0 such that (Lx) () £ —c < 0 when
t =1

Hence we obtain from Lemma 1
mess(A:{t|s§t§s+2r, x(t—1)S -p<0})21

when s € [#, +00) and, if we put k(x) = —f, we conclude that the function x(t) + f
is strongly oscillating.

This proves Theorem 2.
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