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1. INTRODUCTION

In this paper the asymptotic properties of the linear differential equation

(1) [p() x] + q(1)x =0

and the perturbed differential equation

() [p(1) y'] + a(t)y = (1, . )

are compared. We shall suppose that p, g € C°(j), p is positive on j, fe C°(j x R?),
j = {to, cn). Here R is the set of real numbers and C°(A) is the set of real continuous
functions defined on A.

Notation 1. Let M, be the set of all noncontinuable solutions of the equation (1)
and M, the set of all noncontinuable sollutions of the equation (2) that exist for all
large t. Suppose that M, + 0.

Let e C°(j). The symbols O and o have the usual meaning; i.e., z(t) = O[u(f)]
denotes that there exists k > 0 such that |z(t)| < |k p(r)| for large ¢, and z(t) =
= o[u(t)] denotes that there exists h(t) such that z(t) = u(t). h(t) and lim h(t) = 0.

t—= oo

Definition 1. We shall say that the equations (1) and (2) are py-asymptotically
equivalent if for each x € M, there exists y € M, such that

©) x(1) = ¥(1) = o[no(1)] -
and if for each y € M, there exists x € M, such that (3) holds. We shall say that the

equations (1) and (2) are weakly p,-asymptotically equivalent if for each x € M,
there exists y € M, such that

3) x(1) = y'(1) = o[ ()],
and conversely.

The equations (1) and (2) will be called strongly (1o» 11 )-asymptotically equivalent
if for appropriate x(¢) and y(t), (3) and (3') hold-
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If M, is the set of all noncontinuable solutions of the equation (2), we shall speak
about the complete asymptotic equivalence of some type.

The asymptotic equivalence was studied by many authors, e.g. [1]—[20]. Our
method is similar to that of [17] but is applied to the perturbed linear differential
equation with nonconstant coefficients. In [17], the perturbed linear system with
constant coefficients is considered. Some of our results are comparable with Theorems
2—4in [19], but the types of perturbations considered below are more general.

Notation 2. In the sequel, let u(¢) and v(t) form an appropriate fundamental system
of the equation (1). Put

¢ = p(t) [u()) v(t) — w(®) (0]

wi(t) = [u(0) + 0@, i=0,1.

Here u'”(t) denotes the i-th derivative, i = 0, 1; i.e. u‘®() = u(z).

and denote

2. EQUIVALENCE OF NONHOMOGENEOUS LINEAR
DIFFERENTIAL EQUATIONS

Letin (2) f(t, y, ') = a(t), where a € C°(j). Then (2) has the form

4) [p() »] + a(0) y = a(1).
Let to < & < 00, t, < 5 < o0. The method of variation of constants gives for each
solution y(¢) of the equation (4) the relation

(5)  9() = ey u(t) + ¢3 ot) — ¢~ u(t) L os) a(s) ds + ¢~ of2) J "u(s) a(s) ds ,

where ¢;, ¢, are arbitrary constants. The choice & = oo or § = o0 is possible iff the
corresponding integrals are convergent. Differentiating (5) we get an analogous rela-
tion for y'(¢):

(5) Y@ =cu'(t)+ cv'(t) — ¢ u'(r) J: v(s) a(s)ds + ¢* v'(t)ft u(s) a(s)ds .

Theorem 1. The equations (1) and (4) are completely py-asymptotically equi-
valent (completely weakly p,-asymptotically equivalent, completely strongly
(1o» py)-asymptotically equivalent) iff there exists a solution y(t) of the equation

(4) such that yo(t) = o[uo(0]] (45(1) = o[mi()]. ¥9(0) = o[0)]. i = 0. 1)
Proof. Evidently, M, is the set of all noncontinuable solutions of the equation
(4) so that the equivalence is complete. Each solution of this equation can be expressed

in the form
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where x(7) is an arbitrary solution of the equation (1). This implies the assertion of
the theorem.

Theorem 2. Let there exist &, 1, to < &, n < o0, such that

(6) u(r) J: u(s) a(s) ds — o(z) Jﬂ u(s) a(s)ds = o[uo(1)]
(6) 0 j é o(s) a(s) ds — v') j () a(5)d(s) = ol ()]

or both (6) and (6') hold.
Then the equation (4) has a solution y(t) with the property yo(t) = o[ uo(1)]
or yo(1) = o[us(t)] or yP(t) = o[uft)], i = 0, L.

Proof. The assertion is an immediate consequence of the relations (5) and (5').

Corollary 1. If the hypotheses of Theorem 2 hold, then the equations (1) and (4)
are completely po-asymptotically equivalent or completely weakly p-asympto-
tically equivalent or completely strongly (uo, uy)-asymptotically equivalent,
respectively.

3. EQUIVALENCE OF NONLINEAR DIFFERENTIAL EQUATIONS

In this chapter we shall give sufficient conditions for the types of asymptotic equi-
valence defined above. We shall suppose that the following hypotheses hold:

(7) (i) f(t, r,s)e C(j x R?);
(ii) there exists a nonnegative function F(t,r,s), Fe C°(j x R%), which is
nondecreasing in r and s for each fixed t € j such that

£t )| < F o, |7 Js)) -

Here R, is the set of all nonnegative real numbers.
Notation 3. Let J,, J, be positive functions, J; € C°(j), i =0, 1, such that

(8%) u®(@) = o[J(1)], v(t) = O[J(1)], i=0,1.

For example, we can take J; = w;, i = 0, 1.
Theorem 3. Suppose that (7) holds and let for any k 2 0,

J " u(s)| Fs. k Jofs). k J,(9)] ds < oo

and

(90) u(")(t)J‘t |o(s)| F[s, k Jo(s), k Jy(s)] ds = o[J ()], i=0,1.
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Let for each solution y € M,,
(10 YO =olJ(m], i=o,1.

Then the equations (1) and (2) are strongly (K, 1ty )-asymptotically equivalent for
each pair of functions po, piy, such that for any k > 0,

(110) lu("’(t)| J‘t Iu(s)| F[s, k Jo(s), k Jy(s)] ds +

+ o (1) Jm |u(s)| F[s, k Jo(s), k J,(s)] ds = o[u(t)], i=0,1.

If F does not depend on r or s, the assumptions (9) and (10) or (9') and (10') can
be omitted. In this case, the equations (1) and (2) are weakly p,-asymptotically
equivalent or po-asymptotically equivalent for each function u; or u, satisfying
(11') or (11).
Proof. I. Let y € M,. Consider a nonhomogeneoﬁs linear differential equation'
(p=') + az = j[t, ¥(1), y'(1)]

that possesses the solution y(t). For appropriate k > 0 and t; = t, we have

u(1) j " o(5) T 906, ()] ds + o0) j " u() £ 56) ()] 0] <

< |u () j " 10(s)| Fs. k Tofs). k J4(s)] ds +
0] [ P 6 9160 95 = o0 1= 0.1

Theorem 2 guarantees the existence of a solution z(t) such that 20(t) = o[u{t)]

i =0, 1. Then, x() = y(t) — (1) is the desired solution of the equation (1),
II. Take x € M, and consider the integral equations

(12) W(0) = x(t) — ¢~ u(t) f " o(s) /s, ¥(5), =()] ds —
— ¢ 1o(r) J.Do u(s) s, y(s), z(s)] ds,
2(t) = x'(t) — ¢! “'(’)f o(s) £, ¥(s), z(s)] ds —

w
— () j u(s) /s, y(s). z(s)] ds» 12 11,
t
where t; = t, will be chosen later.
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Let C<t,, ) be the set of all pairs of continuous functions defined on (t,, o).
For g € CYt,, ), let

p,,(g) = max Hg(‘)” 4

te{ty, 11 +n)

here ||+|| is some convenient norm in R?. Then p, is a pseudo-norm and C9{t,, o)

with the topology induced by the family of pseudo-norms {p,} ;% , is a Fréchet space.
Denote

Bt) = {p = [0° ¢'] € C3<x, ®): |@'(1)] £ 0 J (1), i = 0,1},

T = t,. There exists k > 0 such that [x, x'], [u, '], [v, v'] € ,(t,). Let ¢ 2 2k and
choose t; so that

r [u(s)| FLs. @ Jofs), @ J4(s)] ds < ng

and
w0 j o) FTs. 0 Jo(s). 2, ds < 1 kle[ 1), 120, i=0,1.
Let T: B,(t,) — B,(1,) be an operator, To = [Top, T1¢], ¢ = [¢°, ¢'] and
(Tep) () = () = ¢~ (0 j o(s) T 0°(), 9'(5)] ds —
— i) j CU T 0 (] b =01

The convergence in C3{t;, o) is the uniform convergence on each compact sub-
interval of {t;, ). If ¢ € #,(t,), then

[(Tip) (] < ke T0) + [e] ™ L ke Ji(r) + |e] ' & J,-(t)%L =2k J1) <

Therefore, T B,(t,) = % (t,).

Let {¢,}=0 = #,(t,) and ¢, > @, in the Fréchet space C5{t,, ). Let f, > t;
and ¢ > 0. Denote m = max w(t), t € {t;, t,». Choose t; > t, such that

J ()] FLs. 0 Jofs). ¢ J(s)] ds < 12
13 &m
Put
9 = min elcl elc|
[ |u(s)| ds ZmJ‘ |v(s)| ds
As ¢, — ¢, uniformly on {ty, t3>, we have for large n, e.g. N < n, and t € {t;» I3,

7Tt @3(0): @2 (1)1 = £T1 03(1), 96(1)]] < 9 -
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Thus
(To@) (1) — (Towo) (1)] =

ol 0] [ o0 0260269 = /L5056, o] 0 +
el O T 02600200 = 1T 086 049 85 <
<Jetmo ot s +
| [t 5 020 901 = 5 809, i 0 +

13

+ 2|cl"1 m Jw lu(s)| F[s, 0 Jo(s), @ J4(s)] ds < % + [cl_‘ 111.9J- ’u(s)] ds +

&
_ée
t3 tr 4

for n = N and t € {t,, t,). This estimate implies that T, is continuous. The same is
true for T, and, therefore, T is continuous. As the functions of T 2,(t,) are uniformly
bounded together with their derivatives, they are equicontinuous at each t,t > ¢;. By
Ascoli’s theorem T 4,(t,) is relatively compact in C3<t,, o). Therefore, as 2,(t,) is
convex and closed in C9<t,, c), T has a fixed point in %,(t;). This assertion is
due to Tychonoff’s fixed point theorem — see e.g. [24], p. 45.

At the same time, we have proved that the system (12) has a solution. Evidently,
y'(t) = z(t) and y(t) is a solution of the equation (2). Moreover, [y, y'] € &,(t,) so
that we have found a solution for which y'(t) = O[J(#)], i = 0, 1, without using
(10) and (10'). The relations (11), (11") and (12) imply that (3) and (3') hold.

If e.g. F does not depend on s, then part I is the same as above. In part II define

21) = {¢ = [¢°% ¢'] e C3r, ): [0°(1)] £ e Jo(1), [0'(1)] = (1)},
where

Y(t) = le(t)l + ]cl"l Iu’(t)| J.l Iv(s)l F[s, 0 Jo(s)] ds +
+ [e[ " [ ()] r [u(s)| F[s @ Jofs)] ds -

The rest of the proof requires no essential changes.

Theorem 4. Suppose that (7) holds and let for any k > 0,

Jw (|u(s)] + [o(s)]) FLs, k Jofs), k Ji(s)]ds < o0 .

to

For each y € M, let (10) and (10') hold.
If F does not depend on r or s, the assumption (10) or (10) can be omitted.
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Then the equations (1) and (2) are strongly (Ko, u,)-asymptotically equivalent
for each pair of functions pg, p, such that for any k = 0,

,[w(lu""(t) o(s)| + [u(s) v()]) F[s, k Jo(s), k J1(s)] ds = o[ui(1)], i=0,1.

t

The proof is similar to that of Theorem 3.

Remark 1. We can always pute.g. y; = J;, i = 0, 1, in Theorems 3 and 4.

4. SPECIAL CASES OF PERTURBATIONS

Suppose that

(13) lf(t, r, s)l < k(1) |rl
(13) (e rs)| < k() ]s]

where h, k € C°(j) are nonnegative.

Lemma 1. If (8), (8') and (13) hold, then each solution y(t) of the equation (2)
exists on the whole interval j and

t
YO(e) = o[J,.(z) exp j 1, 72(s) h(s) ds], =01,

to

where l, is a positive constant.

Proof. Let (t, T), t, = t,, be the right-hand maximal interval of existence of
¥(1). As

(14) y(t) = ey u(t) + ¢y v(t) — ¢~ u(t) r u(s) fs, y(s), y'(s)] ds +

oty

t
+ ¢! v(t)J u(s) f[s, ¥(s), y'(s)] ds
ty
with appropriate constants ¢,, ¢,, we have for t € {t,, T)
t
O] S Ky Jo(t) + 1, Jof0) j () Jofs) (5] ds
ty

where k, I, are positive constants and I, does not depend on y(t)- Using a generalized
Gronwall’s inequality — see [22] — we obtain an estimate

|¥(1)] < kyly To(t) expvr 1, J5(s) h(s) ds .

131

Differentiating (14) and substituting the preceding result we obtain an analogous
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estimate for y’(t). This implies that T = oo. If t; > t,, we put t = —s5 in the equation
(2) and we show in the same way that y(—s) exists on { —t;, — o). Thus, y(z) exists
onj.

Lemma 2. If (8), (8') and (13') hold, then each solution y(t) of the equation (2)
exists on the whole interval j and

yqo=o[mougfu14@h@k@dﬂ,i=0A,

to

where 1, is a positive constant.
The proof is analogous to that of Lemma 1.

Theorem 5. Suppose that (13) holds and [ wj(s) h(s)ds < oo or that (13') holds
and |2 wo(s) wy(s) k(s)ds < oo.

Then the following implications are true:

(i) If all solutions of (1) are bounded, then the equations (1) and (2) are com- .
pletely wy-asymptotically equivalent.

(ii) If all solutions of (1) have bounded first derivatives, then the equations (1)
and (2) are completely weakly w-asymptotically equivalent.

(iii) If all solutions of (1) are bounded together with their first derivatives, then
the equations (1) and (2) are completely strongly (wo, w,)-asymptotically equi-
valent.

Proof. The assertions are immediate consequences of Theorem 4 and Lemmas 1
and 2.

Further we shall suppose that
(15) |f(t, r, s)| a(t) g([r])
(15) |£(t. v, s)] = b(1) h(]s]) .

where a, b e C°(j) are nonnegative, g, h € C°(R ) are nonnegative and nondecreasing
and g(r) > Oforr 2 M 2 0, h(s) > Ofors = N = 0.

IIA

Lemma 3. If (15) holds and (3 dr|g(r) = oo, then each solution of the equation
(2) exists for large t. If, moreover, all solutions of the equation (1) are bounded
and [ wo(s) a(s) ds < oo, then all solutions of (2) are bounded for large t.

Proof.. Let y(7) and <1y, T) have the same meaning as in the proof of
Lemma 1. Suppose that T < oo. Denote ¢,(t) = max wys), se{ty, 1), t 2 t,,
i = 0, 1. Clearly, ¢; is nondecreasing. As y(t) fulfils (14), we get

bMéKMﬂ+M”Mﬂfw®mMWMNL
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where K = max {|c,|, |¢c,|}. Bihari’s inequality — see [23] — gives an estimate
t
()] < 6~ {G[K 2oT]+ [ o) [ wols) )}
1

where G(u) = [4 dr/g(r) and G™' is the inverse function. Differentiating (14) we
further get

()] £ K ou(T) + ||~ 04(T) j " wols) a(s) aL[y(E)[] ds -

Thus, y(t) and y'(¢) are bounded but this contradicts the assumption T < oo. The
remainder of the lemma is now evident.

Lemma 4. If (15") holds and [y ds|h(s) = oo, then each solution of the equation
(2) exists for large t. If, moreover, all solutions of the equation (1) have bounded

their first derivatives and [2 wo(s) b(s) ds < oo, then all solutions of (2) have
bounded their first derivatives for large t.

The proof is the same as that of Lemma 3.

Using Theorem 4 and Lemmas 3 and 4 we obtain

Theorem 6. Suppose that (15) holds, wq is bounded and [ w(s) a(s)ds < oo,

(3 drlg(r) = oo. Then the equations (1) and (2) are completely wy-asymptotically
equivalent.

Theorem 7. Suppose that (15') holds, w, is bounded and [ wo(s) b(s)ds < o,
I% ds/h(s) = oo. Then the equations (1) and (2) are completely weakly w,-asympto-
tically equivalent.

Lemma 5. Let (7) hold and

Jm wo(s) F[s, A wo(s), 2 wy(s)] ds < oo

to
for any A = 0. Let there exist 1o > 0 such that

(16) sup - J " wo(s) Fs. 2 wa(s). 2 wy(s)] ds = S < |

ieio,@) A J,

for an appropriate t; = t,.
Then each solution y of the equation (2), y(t;) = y,, y'(t;) = yi, exists for
t =1, and y(t) = O[w(1)], i =0, 1. -

Proof. Let {t;, T)and K have the same meaning as in the proof of Lemma 3. As-
sume that T < co. From (14) we obtain

iy(i)(t)l < Kwi(t) + M-l wi(t) -r wo(s) F[S,

131

),

y(s)[]ds,
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tedt;, T), i =0, 1. Denote

T

(17) Mﬂ:KM+j wols) FIs, [y(s)] (9] ds

ty

€ (t;, T). Then

(18) \y‘“(t)\ < lcl_l wit) o(r), tedlt,ty, i=
If (1) < lcl Ao for each T € (t,, T), then

(19) OO < Aowlt), tedt, T), i=0,1.

If there exists 7, € (t,, T) such that ¢(7y) = lcl Ao, then ¢(7) = lcl A for T e (g, T).

Relation (16) gives

sup lj\T wo(s) Fs, Awo(s), Awy(s)]ds = S; £ S < || .

re(ho,®) A "

Put A = lcl"1 ¢(7), te <o, T). Thus

ty

We obtain from (17) and (18) that

o(1) < chl + lcl‘l So(t), te1,, T).

Therefore,

since |c| ™' S < 1. Relation (18) implies

(20) |y(‘)(t)| < Kk wit), telt,1), 110, T), i

1 - |cl“1 S

J.T wo(s) F[s, |e| 7! @(2) wo(s), |¢| ! @(z) wy(s)] ds < |e| ™ S o(7) .

0,1.

But this estimate does not depend on 7, thus, (20) holds for each t € {t, T). As (19)
or (20) holds, we get that y(”, i = 0, 1, are bounded on (¢, T). This is a contradiction
and hence necessarily T = cc. At the same time we have obtained that y =

= o[w(1)]. i =0, 1.

Theorem 8. Let the assumptions of Lemma 5 hold. Then the equations (1) and (2)

are strongly (w,, w, )-asymptotically equivalent.

Proof. The assertion is an immediate consequence of Theorem 4 and Lemma 5.
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5 PERTURBATIONS OF NONOSCILLATORY EQUATIONS

In this chapter we shall use some spzcial properties of nonoscillatory second order
linear differential equations. For these properties and the concept of the principal
solution see [25], pp. 350—370.

Theorem 9. Suppose
i) P, 4,40 € Ct, ), p >0, qo = 0;
ii) ug, uy are respectively a principal and a nonprincipal solution of [p(t)u’]" +
+ qo(t) u = 0;
iii) J5 |“0(t) “1(’)] {q(t) = qo(1)] dt < oo.
Then
i) it can be supposed that

(21) ug>0, ug <0, u; >0, u; >0, telty, ©);
ii) the equation (1) is nonoscillatory;

iii) each principal or nonprincipal solution x,, x, respectively of the equation (1)
satisfies x; ~ x;u;, i = 0, 1, where »; are appropriate constants.

Proof. Theorem 9 is a consequence of Corollary 11.6.4 and Theorem 11.9.1
of [25].

Lemma 6. Suppose that

i) g 20 on <{ty, ©) and [ g(t)ds < o0;

ii) c e C'{ty, ©), ¢ > 0 is nondecreasing, lim ¢(t) = oo and c'(t) is nondecreasing.
Then e

¢ 1(0) J (5) 9(s) ds = o1).
For the proof ses [16] and [21].

Theorem 10. Suppose that
i) the assumptions of Theorem 9 are satisfied and uq, u, are chosen so that (21)
holds;
ii) p(t) ug(t) is nonincreasing;
iii) If(t, ¥, s)l < F(1, Ir‘), where F e C°(j x R,), F(t, r) is nondecreasing in r for
each fixed t € j,
iv) {2 ua(s) F[s, k uy(s)] ds < oo for any k = 0;
v) for each y € M, the identity y(t) = O[u,(t)] holds.
Then the equations (1) and (2) are u,-asymptotically equivalent.

Proof. We shall show that the hypotheses of Theorem 3 are satisfied. Theorem 9
allows us to choose a fundamental system x,, x, of the equation (1) so that x; ~ u;,
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i=0,1.Put J, = u,. Then

Jm |xos)| F[s., k uy(s)] ds < m, ij uo(s) F[s, k uy(s)]ds < oo,

to

where m; > 0 is a constant. Further, u,/u, - co monotonously since (u,[uy) =
= ¢/puj > 0, and (u,/u;) is nondecreasing. Then, using Lemma 6, we obtain

[xo(1)] -r |x1(s)| Fs, k uy(s)] ds < m ut) f uy(s) F[s, kuy(s)] ds =

= ?1(’) m, g‘:%g :0 Z;g; uo(s) F[s, k uy(s)] ds = o[u,(1)],

where m, > 0 is a constant. The proof is complete.

s

Theorem 11. Let the assumptions i) and ii) of Theorem 10 hold. Let f(t,r,s)
satisfy condition (13) and

L) uo(s) uy(s) h(s)exp J "1, u¥(0) ho) dods < o,

to
where l; > 0 is the constant from Lemma 1.
Then the equations (1) and (2) are completely u-asymptotically equivalent.
The proofis similar to that of Theorem 10. Lemma 1 must be used.

6. EXAMPLES

Example 1. a) (1*y') + 2%y = h(t)y, t 2 L.Put u(t) =t7%, v(t) =172 If he
€ C%(1, ) and |7 t72|h(t)| dt < oo, then the complete strong (™, ¢~2)-asymptotic
equivalence holds by Theorem 5.

b) (t*y') + 212y = k() y', t = 1.

Analogously, if ke C°¢1, ) and [? t“3lk(t)| dt < oo, then the same assertion
as in a) holds.

Example 2. (¢**'y')Y + B~y = f(t, y,y'), t 2 1, > — 48 < 0. Put

u(t) = t~** cos V4 = ) ﬁ «’) Int, oft)=1""? sm‘/(ﬁ——)lnt.

We can take Jo(t) = t7%%, J (t) =721,

a) If (15) holds and « = 0, [* (1/g) = oo, [T s™*/? a(s)ds < oo, then the complete
t~*2.asymptotic equivalence holds by Theorem 6.

b) If (15') holdsand = —2, [* (1/h) = oo, [T s™*2 b(s) < oo, then the complete
weak t~*/2~L.asymptotic equivalence holds by Theorem 7.
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Example 3. )" — ut %y = f(t, y, y'), t = 1, p > . Put u(t) = 1" cos (u — )"/2.
Jnt, o(t) = 1" sin (u — 3)'2In t. We can take Jo(r) = 1"/, J,(t) = t7V/%.

a) Let |f(t, ¥, s)l < h() sl”, o fz0, a+p=1 heC%l, o). If
|7 s@ P+ D2 p(s)ds < oo, then the strong (¢'/2, 1~ '/?)-asymptotic equivalence holds
by Theorem 8.

b) Let |f(t, r, s)| < k(1) (Ir“ + Isl”), 0<a B=1, ke C%l, ). If [P sC+12.
. k(s)ds < oo, then the same assertion as in a) holds.

ra:

Example 4. y" + q(t) y = f(t, y, ¥'), t Z to. Let|f(t, 7, 5)| < h(2) lr|, h e C%(ty, )
and

J. s|q(s)| ds < o, J s> h(s)ds < o0.

to to

Put g, = 0, ug(t) = 1, u,(¢) = ¢ in Theorem 11. Then the complete t-asymptotic
equivalence holds.
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