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Introduction. The main purpose of this paper is to apply Rothe’s method to per-
turbed linear hyperbolic equations and inequalities. This method allows us to use
direct variational methods in the case of hyperbolic equations or inequalities and to
transfer some results from elliptic equations or inequalities to the corresponding
hyperbolic ones.

In Part I we shall be concerned with abstract perturbed linear hyperbolic equations
which can be applied to the following equation

A 92 L )
(1) e, Y (=DM Di(a;(x) D'u) = f(t, x, u. Vu, ..., V¥u)
o yipfisk
for0<t<T (T < ) and x € Q, where Q RY is a bounded domain with
a Lipschitzian boundary dQ and f(1, x, £) is Lipschitz continuous in ¢, £. Together
with (1') the initial conditions

(2) u(x,0) = Uo(x), au(;t’ ) _ Uyx), xeQ

and the corresponding boundary conditions (e.g. homogeneous Dirichlet boundary
conditions) will be considered.

In Part I the corresponding hyperbolic variational inequality (see (6))is considered.

Let ¥, H be two Hilbert spaces with the norms |- ||, ||, respectively. We assume
that V = H, V is dense in H and the imbedding ¥V H is continuous. We consider
a linear, bounded operator A from Vinto V* (the dual space to V). By (u, v) we
denote the duality between u € V* and ve V and by (u,v) we denote the scalar
product in H. We assume that the form {Au, v) generates (an equivalent) scalar
product in V. Let F(t, u) be a Lipschitz continuous operator from <0, T) x Vinto H
We consider (1'), (2’) in the abstract form

d?u(r)

(1) T + Au(f) = F(t,u(t)) forae. te(0,T),
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du(0)

(2) u0)=UyeV, =U,eV,
where u : (0, T) - Vis an abstract function with (d?u()/d¢*) € H. In our particular
problem (1'), (2’) and in the assertions concerning the regularity of solution we set
V< Wi(Q) with Wi(Q) < V < W5(Q) (W3, W5 are Sobolev spaces), H = Ly(Q),
{Au,vy = Y [qa;(x) Dlu Divdx, F(t, u) = f(t, x, u, Vu, ..., V*u).
li]1jl sk

We apply Rothe’s method (method of lines) to (1), (2) in the following way. Suc-

cessively, for i = 1, ..., n, we look for a solution u; € V of the linear elliptic equation

(corresponding to (1)), i.e., we solve the variational identity
3) <L‘—~2"—]’;—+l;% , u) + CAu, vy = (F(tn u;_y), v)
h

for all ve V, where ug = Uy, u_y = Uy — hU,, n is a positive integer, h = T|n,
t; = ihand Uy, U, are from (2). By means of u; (i = 0, 1, ..., n) we construct Rothe’s
function

4) w,() =u;oy + (t —tiog)h " Mu; —u;—y) for t_y Lt=1t;,

i =1,...,n. We prove the convergence of u, (n — o) to the solution u of (1), (2),
i.e., to the solution of the identity

(5) (dzu(t) , v) + <A u(t), vy = (F(¢, u(r)), v)

ds?

forallve Vand ae. te(0, T).

Analogously we proceed in the case of the corresponding hyperbolic variational
inequality. Let K be a nonempty, closed, convex set in V. We look for a solution u
of the variational inequality

(6) <%§t) o — d_zgt)> + <A u(t), v — %59> > (F(t, u(t)), v — d_“;_EQ)

for all ve K and a.e. t€(0, T), where du(r)/dt € K and u(0) = Uy, du(0)/dt = U,.
In this case we apply Rothe’s method in the following way. Successively, fori = 1, ...
..., n, we look for the solutions z; € K of the linear elliptic variational inequalities

i—-1

@) (‘—_Ii_—l, v—z)+h<Az, v—1z) 2 (F(t, Uy + Y hz)), v — 2z) —
1 R =1

i—-1
— hY {Az;, v — z) — {AUy, v — z)
Jj=1
for all v € K, where z, = U,. Then we construct u; = U, + Y. hz; and hence Rothe’s
i=1
function u,, (see (4)). Convergence of u, to the unique solution u of (6) is proved.



For simplicity we set I = <0, T). We shall use the following functional spaces:
W3(Q) (Sobolev space), C(I, V) (the space of continuous abstract functions from I
into V), L.(1, V) (the space of bounded measurable abstract functions from I into V),
Ly(1, V) (the space of measurable abstract functions for which |ju]f,q.v) =

= ([u|Ju(2)[7 d)*/* < o)) and C™'(2) (the space of real functions whose r-th deriva-
tives are Lipschitz continuous in @), whose definitions and fundamental properties
can be found in [11].

The problem (1), (2') (Part 1) has been solved in [1] in the case f = f(t), a;; =
= a;;(t, x) by using Rothe’s method. The solution u possesses the properties u €
eC(I,V), duldteL,(I,V)n C(,L,), d?u/dt®€L,(I,L,) (under stronger as-
sumptions d?u[ds®* € L(I, V), d®u/dt® € L(I, L,)). In the more special cases of
(1), (2') this method has been used in [6], [7]. Here, we prove more regularity
properties of the solution in the x-variable and a stronger convergence of u, to u.
Let 0 < I < k be an integer. When a;;€ C™'(2) (r; = max {0, |i| + I — k;) then
our solution is an element of the space C(I, V) n L,(I, "“(Q )) for arbitrary
Q' <= Q with Q" = Q (regularity in the interior of Q) and d?u/d¢* € L (I, H). Thus,
in the case I = k our solution satisfies (1') for a.e. (x, ) € @ x (0, T) in the classical
sense. Under stronger assumptions on F(z,v) (see (22)) we can prove d*u/dt® e
€ L,(I, H), du/dte L (I, V) n C(I, H) and the convergence u, — u in the norm of
the space C(I, V. Wi+ (Q')) and d?u,/dt* » d*u/ds® in C(I, H). The results con-
cerning the hyperbolic variational inequality (6) are analogous to those on the problem
(1), (2) and are interesting also from the numerical point of view. Hyperbolic varia-
tional inequalities similar to our problem (6) have been solved, e.g., in [12], [13]
by the method of penalization. We use some techniques developed in [1]—[5]. All
results can be extended to the case a;; = a,(t, x) (see Remark 4).

I. LINEAR PERTURBED HYPERBOLIC EQUATION

A priori estimates. Throughout the paper the letter C will be used for positive
constants. We allow C to have different values in the course of discussion. We assume
that the form {Au, v) represents (an equivalent) scalar product in ¥ and

(®) < CAu,uy = |ul?.

The Lipschitz continuity of F(t,u) :1 x V — H is assumed in the form

() [Pt ) = F(e, o) < e = o] + e = #] o] + Ju = o)
forallt,t’ €l and u,ve V.
We denote
= Wi T Mmoo S EBT IS for =0,1,..n,
h
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where ug = Ug, u_; = ug — hU, and u_, = h* (=AU, + F(0, Uy)) + 2u_, — u,.
We assume Uy e Vand U, e V.

The existence of the unique solution u; (i = 1, ..., n) of (3) is guaranteed by the
Lax-Milgram (or Riesz) theorem.

Lemma 1. There exists ny > 0 and C such that the estimate ”u,-“2 + lz,-’z =C
holds for all n > ny, i = 1, ..., n.

Proof. From (3) for v = u; — u;_, and from (8) we have

<5‘_—,@ > Uy — "i»x) + CAugy up — ui_yy = (F(t,u;y), u; — u;_y)
h

and hence
2 4 27z =z = 2 e 2 a2 = | -
= 27 uiy | = A(F(ti i) 2)) -
From this inequality and (9) we obtain
[z (1 = Coh) + ) < zia|* + s |2 (1 + Coh) + Ch
Successively, from this inequality we deduce
(2 + Judl®) (1 = Cah)' < (Jz0] + Juol ) (1 + Ch)' + € =
= (U]* + |Uo]?) (1 + Coh) + €,

which implies our assertion.

Lemma 2. Let AU, € H. There exist ny and C such that the estimate
| z:]|> + Isilz < C holdsforall n>ny, i=1,..,n.

Proof. Let us consider (3) for i = j and i = j — 1, where v = s;. Subtracting
these identities we obtain

(51 85) + <Au; = Aujy, 5> = (sj-1.8;) + (F(tj ujms) = F(tj1,u;-5),5))
and hence (see (8), (9))
|s|? + <Azj, 25 = 25200 <
S 27y + 27 sy + RO+ Jujoa]l + [zi-a ) 5] -
From this inequality, analogously as in Lemma 1, we obtain

Izi> + 125 = zi=al? + [si]* (0 = Cuh) < [sja|* + [z;-a* (L + Coh) + C3h,
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where the estimate ||u;|| < C has been used. From this reccurent inequality we deduce
lzill + [sif* = €t + [so]* + [|20?) = C(1 + [4UG|* + [U,]?)

and the proof is complete.
Analogously as in (4) we construct z,(7), s,() in terms of z,, s;, respectively. We
also define the step functions (1), Z,(t), 5,() as follows:

() =u; for t,_y <t=t;, i=1..,n, @,0)=u,
and analogously Z,(t), 5,(¢).
Lemmas 1 and 2 imply the a priori estimates
(10) luO + 2] +
(1) la@l + [z0] +

(12) Ji®) = (0] + [=0) = 2,0] =

for all n, teI and

(13) un(t) — u(t)
forallnandt, t' el.

Moreover, by the regularity results on elliptic equations (see [8]) and from (3)
we conclude regularity for u; in the case of (1’), (2). Indeed, from the identity

CAu, vy = (s;,0) + (F(ti ui=q)), v = (fim v)
(|[fin SC foralln, i=1,..,n)

(1) = €
50| = ¢

| + |2t) = z(t)] < CJt - 1|

and the regularity assumption

(14) a;;€ C""'(Q) where r; = max {0, |z| +1—k}, 0<I<k,

we obtain (see [8])

(15') Juillwaer 1oy =€) (Judl| + |f1a]) = C(@)

for all n, i = 1, ..., n, where Q' is an arbitrary subdomain of Q with Q' < Q. The
estimate (15) implies

(15) [un( )]s 10y + |l wses 10y < C(Q) forall tel.

As a consequence of our notation we have d~u,(t)/dt = Z,(t), d”z,(t)/dt = 5,(t)
where d~[dt is the left hand derivative. The variational identity (3) can be rewriten
in the form

’ d-z,(1) A\
(16) (T_ , v) + (Au,(t), vy = (F( )<t, i, (z n)), )
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for all n and t€(0, T), where i1,(1) = uq for te(=Tjn, 0y, F*(t,v) = F(t,, v) for
tioy<t=t, i=1,...,n and F(t,v) = F(0,v) for te(—T/n, 0>. By passing
to the limit n > oo in (16) we prove the convergence of u,(t) and z,(1).

Lemma 3. Let AU, € H. Then there exists u € C(I, V) with

du d?u
e, HynL(LV), “Yer (ILH
" e mn L), Do

such that
. du
u,»u in C(I,V), z,- o in C(I, H)
t

and the estimate

2

dul?

au du, du
dt

T —
dt dt

h

zZ, —

takes place uniformly for tel.

Proof. Let us subtract (16) for n = r and n = s, where v = z,(t) — Z(1) (in the
sequel we omit ). Then we obtain

(e nm ) s () = (o (- ) -
— F® (t, L?s<t - %)) zZ — zs) + <%% (z, — zy) 2z, — Z, + (2, — zs)) +

+ <A(u, — @, + i, — uy), c;—(u, - us)> .
t

We integrate this inequality over (0, f) and use the a priori estimates (10)—(13)
and (9). Successively we obtain

=0 = 20" + Lty = w5 €4 () +

N

) e, ﬂnu,(r) — (o) -
z7) = z(0)| dr

and hence

(17) 1

0= 20" + [l w0 5 €4 (1 D)o

because of Gronwall’s lemma. Thus, there exist ze C(I, H) and u e C(I, V) such
that u, —» u in C(1, V) and z, - z in C(I, H). Passing to the limit for n > oo in (13)
we have

(13) |2(1) = 2(¢)|* + u(t) — w(t)|* < C|r - 1],
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which implies (see [9], [10]) dz/dt e L, (I, H) and du/dte L,(1, V). Passing to the
limit for n — oo in the identity

(u,(1), v) = fot <QZ"T(I) v>dt + (Ug, v) = J:(Z,,(r), v)dt + (U, v)

we easily find out du(t)/dt = z(). Thus, d?u/ds* = dz|dt e L,(I, H). Passing to the
limit for s — oo in (17) and using (12) we obtain the estimate in Lemma 3 and the
proof is complete.

Existence of solution. Theorem 1. Suppose (8), (9) and AU, € H. Then there exists
a unique solution of (1), (2) with the properties
du d%u
ue C(1, V), - eL,(I,V)n C(I,H), P €Ly(I,H) and AuelL,(I, H).
t

t2
The estimate

(18) du(t) _ 9“-j2+ Jun(t) — u()|? <

| dt dt

takes place for all t €I where u,(t) is from (4). In the case of (1'),(2'), when (14)
is satisfied then u € L,(I, W**{(Q')) where Q' < Q with @' < Q.

S |a

Proof. Integrating (16) over (0, t) we obtain

(19)

(zA1), ) = (Uy, 0) + j{:(Aﬁ,,(t), o) dt = f (: <F(”’ (r, i, (z - %)) v) dr.

Lemma 3 implies

t t

J (A a,7), v), vy dt -—>J\ (A u(r), v) dr.

0 0

In the case of (1), (2'), from (15) we have u € L (I, W3 *(')).
Lemma 3 and (12) imply
i, (l - Z)—» u(t)
n

in V for all t€(0, T). Hence we have (F®™(t, i,(t — T/n)), v) > (F(t, u(t)), v) for all

ve Vand t€(0, T). Since <A u(t), v), (F"(t, ii,(t — T|n), v) are uniformly bounded
(with respect to t), by passing to the limit for n — co in (19) we have

(20) (z(1), v) — (Uy, v) + J:(A u(t), vy dr = J:(F(T, u(t)), v)dr

and hence, differentiating (20) with respect to t we obtain (1), (2) since <4 u(t), v>
and (F(1, u(t)), v) are continuous functions with respect to . From (20) we have
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du(0)/dt = z(0) = U, and from Lemma 3, u(0) = U,. From (1), (2) we deduce
AU € L(1, H). The uniqueness of u is obtained in the following way. If Uy, u, are
two such solutions of (1), (2) then u = u; — u, satisfies

du
dt

32 O = 2 (o 1) = Fate o). %00

dt

and hence
(21)

Integrating (21) over (0, ) we obtain

d [du(o)? ()

dr | dt

St = cluto]
du(1))? du(r)

A s o = o [ (|9 4 pucor)

Hence and from Gronwall’s lemma we conclude [u(#)| = 0. The estimate (17) is
proved in Lemma 3. Thus, proof of Theorem 1 is complete.

Remark 1. We can prove continuous dependence of the solution of (1), (2) on
the data U,, U; and F(1, v) proceeding analogously as in the proof of uniqueness
(using (21) and Gronwall’s lemma).

Assertion. Let u; (i = 1,2) be two solutions of (1), (2) corresponding to U, ;, Uy ;
and F(1,v). If

lFl(t, v) — Fyt, v)] < a(t) + b(r) |Jv]| forall tel and veV

then the estimate

) = () = w0 5 € ([ = Voal? +

+ |Uy,s — Uy o)* + max ||u2(t)]|2f b*(r) dt +f a*(1) dt>
! 0 0 /
takes place for all tel.

Indeed, for u = u; — u, we deduce

d |du()? du(t)

adt

Il O = (a(®) + b(0) [u2(1)]| + L]u(®)])

forall tel.

(21)

Hence and from Gronwall’s lemma we obtain the required result.

Remark 2. From (20) we deduce (d/dt)(z(t), v) € C(0, T). This means that the
weak derivative z,(f) = (du(t)/d?), exists and for a.e. t € I equals the strong derivative
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dz(1)]dt = d*u(r)[dt>. Thus, (1), (2) is satisfied for all ¢ € (0, T) with the weak deriva-
tive (du(t)/d1),.

Under stronger regularity assumptions on F(t, v) and U,, U, we prove d*u[df’ €
€ L(I, H), which together with (14) (for (1'), (2)) enables us to prove u, — u in the
norm C(I, W3*(Q)) and d?u,|dt* - d?u[dt* in C(I, H). We suppose

v — Uy

h

v, — U3

h

s

22) F(t,v,) — F(t — h, v,) B F(t — h,v,) — F(t — 2h, v3) <
v, — 20, + v3||)

h h B
§hC(v)<1+oc[ ]+ e ”

for all vy, v,,v5€ ¥, 1,(t — h), (t — 2h) eI, where C(v) depends on |v,,
and o[ x,, x,, X3, X4, X5] is @ continuous nonnegative function in its variables.

In the case of (1), (2), provided the imbedding W5(Q) —» C(Q) is continuous and
|fit, s)| + [fi(t.s)| + |fuslts s)| £ €, (Cy = C4(C,), seR) for [s| £ C,, then (22)
holds. .

Let S; = (s; — s;—y)/hfor i = 0,1, ..., n, where we define u_3 = 2u_, — u_; +
+ h*(—Au_, + F(0, U,)). As a consequence of this definition we have ISOI = |AU,|.

Lemma 4. Let Uy, Uy € Vand AU,, AU € H. If (22) is satisfied, then there exist
no, C such that the estimate

(23) Isi* + [si* = €
takes place for all n > ny and i = 1, ..., n.

Proof. Let us consider (3) foru = u;, v = S;and i = j,j — 1, j — 2. We multiply
the equation corresponding to i = j — 1 by —2 and then we add all three equations.
We obtain

(55— 28jo9 + 85522, 8)) + <A(u; — 2u;_y + u;_,), S;) =
= (F(tj uj-y) = 2F(t, -y, u;-2) + F(tj-2,u;-3), S;)
for j = 1, ..., n and hence, owing to (22),
(24) (Sj - Sj—lv Sj) + <A51’ Sj — 5j—1> =
< C(u) h(1 + of|lu;- sl lug=slls Nzi=olls Nz=201 + Jsi=2l) [S5] -

Owing to Lemma 1 and |zo] + [z-i] + |z-a] 5 €(1AU,| + |aUq] + [U,] +
+ ”UOH) we have ||z;]| £ C for j = —2,...,n and analogously |u;| < C for j =
= —3, ..., n. Thus, from (24) we conclude analogously as in Lemma 1 and Lemma 2

(|Si[2 + ”%”2) (1 - Clh)i = ([5012 + ”80”2) + C2jZ1h + Cs;,

which implies the required estimate (23).
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We define S,(t), S,(t) analogously as u,(t), @,(f). As a consequence of Lemma 4
we have

(10) I + 5.0 5 €
(i) [0 + 8.0 = €
(12) ) = 50] =
(13) [si(1) = s.(t)| = C|t — 1]

for all ¢, ¢ €I and n.

Theorem 2. Let U,, U, €V, AU, e H, AU, € H and let VQQH be compact. Suppose
(8),(9). (22), u(?) is a solution of (1), (2) and u,(t) is from (4). Then d*uldr’ €
€ L,(I, H), d*uldi* e C(I, H) " L,(I,V) and the convergence s, d?u[di* in
C(I, H)for n > oo takes place. Moreover, in the case of (1'),(2'), if (14) is satisfied,
then ue C(I, V. Wit Q') and u, — u in C(I, VA Wy (Q')) for n —» o, where
QcQ Q<.

Proof. Let 1 € (0, T) be fixed. From (10’), the reflexivity of ¥ and the compactness
of the imbedding ¥ (Q H we conclude that there exists a subsequence of {s,(f)}
(indexed by n again) and w, € V such that s,(t) = w, in ¥ and s,(t) - w, in H. By the
diagonalization method a subsequence of {s,} can be chosen (denoted again by {s,})
such that s,,(t) is weakly convergent in ¥ and strongly convergent in H for all rational
points of I. On the other hand (13') implies that this subsequence is convergent (local-
ly uniformly) for all ¢ e I. Hence and from the Borel covering theorem we conclude
that s,(t) > s(¢) in H uniformly with respect to ¢ € I. Thus, we have s, — s in C(I, H).
Hence and from (10") we conclude s,(¢) — s(t) in V for all t€(0, T). Thus, owing
to (10'), s € L,(I, V). Passing to the limit for n — oo in the identity

(z(1).0) = (Uy.v) = J 15,(1), v) dr
we obtain

dz(t) _ d*u(t) _
dt dr? (1)

Passing to the limit for n — oo in (13') we have ls(t) - s(t’)| < C|t - t'l for all
t, 1" € I. Hence we have (see [9], [10])

3
ds(r) _ d’u(t) e L.(I HY .
dt dr’

We find out easily that the original sequence (not only a subsequence) {s,} con-
verges to d?u/d* in C(I, H). Now, we prove u, = u in C(I, V.o Wi{(Q')). The
element u(t) — a,(t) (¢ is fixed) is the weak solution of the linear elliptic equation
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III

() AW = w) = 0 = + (340 - “(‘))+F(t (i) -

— F® (z, i (t %)) + A(i,(t) — u, 1)) -

From (12) and (22) (particularly from (9)) we conclude

<Gy g
[0.(0)] = = + F:

-0 for n—- w

(uniformly with respect to ¢ € I). From the regularity results (see [8]) we obtain the
estimate

(26) [u(t) = w(Of0v 12y £ C([1) = u(@)] +[Qu(1)]) > 0

for n — oo uniformly with respect to te 1. Smcc (d*u/dt*)e C(I, H) and u € C(1, V),
the equation

Au(t) =

ddu(t) + F(t, u(r))

yields u € C(1, V. W5tHQ')). Thus, the proof is complete.

Remark 3. We have used regularity results in the interior of the domain Q. If
0Q e C* and if we have, e.g., homogeneous Dirichlet boundary value problem (in
the more general case see [8]) then the results obtained hold true for Q (instead of Q').

Remark 4. All the results can be obtained also in the case a;; = a;;(t, x) under
the assumptions

0 a 83 a;
L,(2) (in Theorem 2 we need e —HeL,(Q).
t

The proofs are technically more complicated (in this direction see also [1]).

II. HYPERBOLIC VARIATIONAL INEQUALITIES

Applying Rothe’s method we reduce the solution of the hyperbolic variational
inequality (6) to the solution of the elliptic variational inequalities (7). Existence and
uniqueness of the solutions z; € K (i = 1, ..., n) of the variational inequality (7) is
guaranteed, e‘g., by [12] (Theorems 8.1, 8.2). By means of z; (i = 1, ..., n) we define

u; —U0+th for 1£i<n and uy=Uy u_; = —hU; + uy, u_, =

= h*(— AUO + F(0,U,)) + 2u_; — u,, where Uy, U, are from (2). In this part
we shall assume U, € V, U, € K. Analogously as in Part I we define u,(t), i,(t), z,(t),

Z,(1), s,(t) and 5,(1).
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A priori estimates. Lemma 5. Let U, €K, AU, € H and let (8), (9) be satisfied.
Then there exist n, and C such that the estimate

(27) ludl + 2] + [si} = €
holds for alln > ngand i =1, ..., n.

Proof. Let us consider (7) fori=j,z=z,v=z;_,andi=j—12=z;_4,
v = z;. Subtracting these inequalities we obtain

Is)|? + h™ ' CA(u; — uj—y), z; = z;-4) <

Z.— Z._
= <F(tj’ uj—y) = F(tj-y, u;-2), JA;"“) + (55551

and hence
s> + 27 z]> + 27|z =z P = 27z =
S 27 + 27 s o[+ BE(E A+ uy ]|+ [zm ) ]si] -

From this estimate analogously as in Section I we obtain

-1
28)  (si” + [z (0 = Cuh) < Jz0]” + fsof* + CTE hz]* + €5 <

< (1 + Ul + 007 + 40 + Tz ).
In particular we have .
= s 0+ G X e,
which implies (Gronwall’s lemma) |z, < C for all n, j = 1, ..., n. Hence and from

u; = Uy + hY z; the estimate |u,;| < C follows. Thus, (28) implies the required
result. J=1
As a consequence of Lemma 4, analogously as in Part I, the a priori estimates

29) 0] + [0 + [si0] = €
(30) I + 12001 + 5] = ¢
@1 Ji) = w0l + 200 - 20| =
(32 Ji) = )] + Jant) = )] = Cle =]

hold for all n and ¢, t' € I. We rewrite the inequality into the form

(53)
(%(L) . 2,,(t)> LA o - ) = (F‘")(t, i, (r - %)) v— fn(t))

forall te(0,T).
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Before passing to the limit for n — oo in (33) we prove the convergence of {u,(t)} and

z1);-

Lemma 6. Let U, e K, AU,e H and let (8), (9) be satisfied. Then there exists
ueC(I, V) with duldte L,(I, V) C(I,H), d®u/dt* € L, (I, H) such that u, - u
in C(1, V) and z, — du/dt in C(I, H). The estimate

d7u,(t du(t C
) SO - w5 €
t n
takes place for all n and tel.
Proof. Let us consider (33) for n = r, v = Z(t) and n = s, v = Z,({). Subtracting

these inequalities we obtain (¢ is omitted)
zZ, — z T
(d (. ) —z, ) + <A(#, — i), z, — Zy S (FO (s u, [t — —)) -
dt N
— F©® <t, ﬁs<t - I)) Z, — z) + (9—(ZL13Q, z, — %, + & — zs).
s dt

Hence and from (31), analogously as in Lemma 3, we obtain the required result.

The assertion du/dt € L,,(I, V) follows from (32) after passing to the limit for n — oo.
The proof is complete.

Theorem 3. Suppose (8), (9) and Uy eV, U, €K, AU, € H. Then there exists

a unique solution of the hyperbolic variational inequality (6) with the following
properties:
du d%u
ueC(l,V), —eC(I,H)n L,(I,K), — €L, H).
dt ds?
The estimate
d7u,(t) du|?
dt dt

lui() = u()]* +

takes place for all n and tel.

H/\

¢
n

Proof. Integrating (33) over (ty, t,), 0 < t; < t, < T, we have

(34) J (d—_g;i‘), b~ ’zn(t)) di + jtj(A a(0), v — Z()) dt 2

2 J: (F‘"’ (t, i, (t - {—)) , v — 2,,(t)> dt.

Owing to (30) there exists a subsequence of {5,(t)} and s e L,(I, H) such that §, —= s
in L,(1, H). Passing to the limit for n — oo in the identity
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(z1), v) = (U, 0) = J:(§(T), v)dt

and using z(r) = du(r)/dt we easily find out s(r) = d?u(r)/dr*>. Hence and from
Lemma 6 we conclude

jn <d_zn(t)’ . E,,(z)) o _’r (dzu(r), . ‘L“@) d
L\ dr o \ dr? dt

for n - oo and arbitrary v e K. From (30) and Lemma 6 we conclude that there
exists a subsequence of {Z,} (we use the index n again) such that z, — du/dt in Ly(I, V)
(moreover, w* — weakly in L(1, V)) Hence and from Lemma 6 we obtain

dur)

'ftz<A u(t), v — z,(1)y dt - I <A u(t), v — - 1
1 !

and for all v € K. Finally, from the estimates (30)—(32), (9) and Lemma 6 we easily
obtain

J:j <F(")<t, i, <t - %)) v— E"(t)) dt > J‘:(F(t, u()), v — g%t)) dt

for n — co. Thus, taking the limit for n — oo in (34) we obtain (6) since t,t, €l
are arbitrary. For fixed ¢ € (0, T) there exists a subsequence {Z,(t)} such that z,, (1) —
— w, in V because of (30). On the other hand, z,,(t) - du(t)/dz in H and hence w, =
= du(f)/dt. Thus, the original sequence Z,(r) weakly converges to du(r)[dt in V for .
all teI. Since z,(1) e K (for all n and t € I) and K is a closed convex set, du(t)/dt € K
for all rel. Lemma 6 implies du(0)/dt = z(0) = U, since z,(0) = U,. Similarly we
have u(0) = U,. The uniqueness of such a solution can be proved from (6) by
a standard procedure. When u, u, are two solutions of (6) then u = u; — u, satisfies
the inequality

(- %)+ (w280 = (70 w) = 7wt 247,

de? dt

12
>dr for n—-> o

151

Integrating this inequality and using (8), (9) we have

du(f)]?
dt

+ ol s ¢ [ Jucor %45 4

Since du(0)/df = 0 and u(0) = 0, owing to Gronwall’s lemma we conclude u(f) = 0
which implies uniqueness. The proof of Theorem 3 is complete.

Remark 5. All the results in Section I and Section II hold true if we assume

(8') there exists « > 0 such that {Au, v) + a(u, v) is an equivalent scalar product
in Vinstead of (8).
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