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Let B be a bipartite graph on the vertex sets C, D. A bicomplete homomorphism
of B onto a complete bipartite graph K, , is a homomorphism ¢ of B onto K, ¢ such
that @(x) = ¢(y) only if either both x, y belong to C, or both x, y belong to D.

F. Harary, D. Hsu and Z. Miller [1] have defined the bichromaticity §(B) of a con-
nected bipartite graph B as the maximum value of r + s for all complete bipartite
graphs K, ¢ onto which B can be mapped by a bicomplete homomorphism. They
have considered only finite graphs. For an infinite bipartite graph B it can be easily
proved that its bichromaticity is equal to the cardinality of its vertex set. But we shall
introduce a similar concept which seems to be interesting also for infinite graphs.

For a connected bipartite graph B we define fo(B) as the supremum of all values
of min (r, 5) for all complete bipartite graphs K, ; onto which B can be mapped by
a bicomplete homomorphism; the numbers r, s may be finite or infinite.

A matching [2] of a bipartite graph B is an arbitrary set of edges of B, no two of
which have a common end vertex. (In [2] the definition is slightly different from this
one, but the difference is not essential and for our purposes the above definition is
more convenient.)

We shall prove two theorems.

Theorem 1. Let B be a connected bipartite graph on thesets C, D, let |Cl = No,
lDI 2 No. Then Po(B) is less than or equal to the supremum of cardinalities of all
matchings of B. If there exists at least one infinite matching of B, then Bo(B) is
equal to this supremum.

Proof. If a bipartite graph B is mapped by a bicomplete homomorphism onto
a complete bipartite graph B, and B, has a matching M, of the cardinality 1, then
evidently B has a matching of the cardinality n (the end vertices of edges of M are
vertices whose images are the end vertices of edges of My). If Bo(B) = n, then there
exists a bicomplete homomorphism of B onto a complete bipartite graph B, on the
vertex sets Cy, D, such that lCol = |D0| = n. The graph B, has a matching of the
cardinality n, hence so has B and thus f,(B) is less than or equal to the supremum
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of cardinalities of matchings of B. Now suppose that there exists a matching M of B
of an infinite cardinality n. The edges of M can be denoted by e,, where ¢ runs through
the set Q(n) of all ordinal numbers which are less than the least ordinal number of
the cardinality n. (This assertion follows from Axiom of Choice.) If ¢ € Q(n), then
let u(¢) (or v(¢)) be the end vertex of e, which belongs to C (or D, respectively). Let
C* = {u(t) | te Qm)}, D* = {v(¢) | te Q(n)}. Let 2 be a partition of Q(n) into n
classes, each of which has the cardinality n. Let the classes of 2 be P(:) for all ¢ € Q(n).
The elements of each P(¢) can be denoted by a(s, x) for all x € Q(n). Now for each
ne Q) let Q(x) = {a(t, x) | te Q(n)}. Then 2 = {Q(x)| x € Q(n)} is a partition
of Q(n) into 1 classes, each of which has the cardinality n and has non-empty inter-
sections with all classes of 2. Then there exists a bicomplete homomorphism ¢ of B
onto a complete bipartite graph B, on the sets C,, D, such that ICOI = |Do| =
This mapping is constructed so that ¢(x) = ¢(y) if and only if either x = u(s,),
y = u(t,) and 1, ¢, belong to the same class of 2, or x = v(x,), y = v(x,) and x,, %,
belong to the same class of 2. Therefore fo(B) = n. We have proved that By(B) is
greater than or equal to the cardinalities of all matchings of B. As it cannot be greater
than their supremum, it is equal to it.

We shall give an example showing that in the case when all matchings of B are finite
Bo(B) need not be equal to the mentioned supremum. Let n be an arbitrary positive
integer greater than 1. Take a path P of the length 2n — 2 and two disjoint infinite
sets R, S of vertices not belonging to P. Join all vertices of R with one terminal vertex
of P and all vertices of S with the other. The graph B thus obtained is a bipartite
graph on infinite vertex sets C, D. It has a matching of the cardinality n. But evidently

Bo(B) < n.

Theorem 2. Let B be a connected bipartite graph on the sets C, D such that
|C| =a =N, D| < NX,. Let D* be the set of vertices of D which have the degree a.
Then Bo(B) = | D*|.

Proof. Let 'D*] = b. Denote the vertices of D* by vy, ..., v,. Foreachi = 1,..., b
let M; be the set of vertices which are adjacent to v; in B. We shall define recurrently
the sets Py, ..., P, and the graphs By, ..., B,. Put P; = M, B, = B. Now suppose
that we have defined the set P; and the graph B; for some i < b — 1. Further suppose
that the vertices v;, ..., v, are vertices of B; and have the degree a in it. Let M}, ; be
the set of vertices which are adjacent to v;,, in B;. If [P, n Mi, | = a, we put
P,y = P,n M, . If not, then the sets P, — Mi,,, Mi,, — P; have the cardi-
nality a. We choose a one-to-one correspondence between these sets and identify
the pairs of corresponding vertices. The union of P; n M!,, and the set of vertices
obtained by this identiflcation will be P;, ; and the graph obtained from B; by this
identification will be B;, ;. Aswe have always identified only pairs of vertices, the de-
grees of vertices vy, ..., v, remain to be equal to a. After a finite number of steps
we obtain the graph B, in which there exists a set of vertices of the cardinality a
which are adjacent to all vertices vy, ..., v,; therefore we have a subgraph of B,
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which is a complete bipartite graph, one of whose vertex sets has the cardinality a
and the other the cardinality b. Evidently the graph B can be mapped onto this graph
by a bicomplete homomorphism and fo(B) = b = lD*]

Note that be Bo(B) > [D*[ may occur. Let b be an arbitrary positive integer. Take
the complete bipartite graph K, ,, choose a vertex u in it, add a set R of vertices (not
belonging to K, ;) of the cardinality a > N, to K, , and join each vertex of R with u
by an edge. Evidently the graph B thus obtained is a bipartite graph on the vertex
sets C, D such that IC] = q, |D| = b. In this graph D* = {u}, thus lD*i = 1. But
this graph can be mappsd by a bicomplete homomorphism onto the original graph
K, ;, and hence ﬁo(B) =b (it can be easily proved that it cannot be greater than b).
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