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Contact problems with friction remained for very long time unsolved in spite of
their importance for practical applications. The reason consisted in difficulty how
to treat the Coulomb law of friction in harmony with the non-penetration condition
of the Signorini type. E.g. in the book by G. Duvaut and J. L. Lions [3] it is formu-
lated as an open problem. The first result in terms of sufficient conditions for the
existence of a solution was given by J. Ne&as, J. JaruSek and J. Haslinger [8], who
solved the case of a strip in R2. The goal of the present paper is to extend the results
of [8].

In order to explain the whole reiteration and renormation technique and the use
of Tichonov’s fixed point theorem, we shall first discuss the simplest case — the strip
in R? (Sec. 2). The solution of the Signorini problem with friction can be defined by
means of a fixed point of a certain operator constructed using a certain ‘“‘auxiliary
problem”. The operator, defined on all ““non-positive” elements of the dual space
to the space of traces on the contact surface and acting into the same space, is con-
tinuous in the norm sense and gives ‘‘non-positive’” results. For the fixed point
method, however, the continuity with respect to the weak topology is required. At
present, the weak continuity can be proved only for the spaces of more regular dis-
tributions by applying regularity results, the strong continuity on the original space
and the compact imbedding theorem. The shift and renormation technique is essen-
tial for the regularity results as well as for the existence of a bounded set mapped
into itself. Extensive calculations are performed to obtain the best possible conditions
(using the given method) in the existence theorem.

In Sec. 3 we generalize the method for a general body in R® with a sufficiently
smooth contact boundary. Here, moreover, some technique of ‘‘straightening of the
boundary” and local coordinates are required. In Sec. 4, further generalization for
a common contact of two elastic bodies with a C?'! smooth contact surface is made.
The coercivity (i.e. a positive measure of the part of the boundary with a prescribed
displacement) is supposed throughout the paper.

The results, existence theorems at the ends of sections, are formulated for homo-
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geneous as well as non-homogeneous bodies. The estimations for admissible coef-

ficients of friction are for the majority of materials in harmony with the technical
praxis requirements.

1. CLASSICAL AND VARIATIONAL FORMULATION OF THE SIGNORINI
PROBLEM WITH FRICTION, AUXILIARY PROBLEMS

The problem is formulated in [2] and [8]. Let Q be an open domain in R* with
a Lipschitz continuous boundary. Let us look for the displacement vector u =
= [u', u?, u]. The strain tensor is given by the formula

1 fou;,  ou;

(1.1) eij(u) = - O—'ﬁ+ﬂ), hj=1,23, xeQ.
2\0x;  0x;

We consider the Hook law fulfilled on @Q in the form

(1.2) T = A, Lj=1,2,3

(in the sense of the obvious summation ccnvcmion). The obvious symmetry aijk,(x) =
= au(x) = a;ju(x) = a{x) is supposed for every xeQ and i,j, k, 1 =1,2.3.
For the stress tensor the equilibrium conditions are considered,

0t;;
(1.3) — Do i=1,2,3
ox;
on Q.
The boundary I' of Q consists of three parts. On I', the displacement
(1.4) u=u°
is given. On I'; the stress
(1.5) T(u) = T°

is prescribecd. On the contact part I'. we consider the Signorini conditions
(1.6) T(u) <0, u, =0, T(u)u,=0,

u

where u, is the normal displacement (u, = u . n), T,(u) is the normal stress (T,(u) =
= 1,,(u) nyn;) and n = (n;);-, is the unit outer normal vector on I'. Morcover, we
require the conditions of the Coulomb law of friction on I', to be fulfilled:

(1.7) |T(w)| = Z|T ()], |u|(|TW)] - #|T,W)]) =0,
(FT,w)(x) < 0=u(x) = (2T)(x),
where u, = u — u,n is the tangential displacement, T,(u) = T(u) — T,(u) n is the

tangential stress, # is the cocfficient of friction and 1 is a non-positive functicn on
I'.. We look for such u that (1.1)—(1.7) are fulfilled.

Denote the Sobolev space H*(Q) = W*?*(Q), ae R'. Let # = (H'(Q))*, & =
={ue#;u=u"onTr, u, <0onT,bothin the sense of traces}, where u® e #
is a given function such that uolm = 0 in the sense of traces. Suppose I',, I'., I'p
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are measurable subsets of I' such that Intl, =1r,, IntT., =T, IntI'; = I'r,
(IntrynIntr,)u(IntI'.nIntI'y) o (Int 'y A IntT,) = 0 and oI, 8l and T,
are Lipschitz continuous (all in the sense of the relative topology on I'). Let mes I, >
> 0. For u, ve 3 put

(1.8) a(u, v) = f @ijur €ij(u) e(v) dx .

We suppose a;;(x) to be Lipschitz continuous on Q for every i,j, k, I =1,2,3
and to satisfy

(1.9) 0 < ag = (a;u(x) éij‘:kl)lél‘z = Ap <+

for every x € Q and & = (&;)7;=1 € R®. Ag, ay are constants independent of x € Q
and ¢ € R®. Let °H'/*(I',) be the space of all functions w of H'/*(I') such that er\—r: =
= 0, provided with the norm of H"*(I'). Let H "*(I,) be its dual space, denote
C*~ = {peH '*(I'.); ¢ is non-positive in the dual sense to the ordering on
“H'Y*(I,) given by the restriction of the canonical ordering on L,(I',)}. Denote
by (., .) the duality pairing in (L,(Q))?, [.. .] the duality pairing in (L,(I'))*, <., .>
the duality pairing inL,(I'.). Due to the bipolar theorem (which is very well known)
it is possible to extend those pairings to the case of ve (‘"H*Q))® or (H*(I')}* or
*H*(I' )and to ¢ belonging to the corresponding dual space; o« > 0. Let # € CY(T',)
have a compact support, let dist (supp #, I'NT,) > 0. Lst fe(L,(Q)), T°e
e (H YX(I))* be such that [T° w] = 0 for every we (H'*(I))® with W’rT = 0.
For an arbitrary g, € C*~ we introduce the problem

() Let us look for u e o such that for every ve " the following inequality
holds:

(1.10)  a(u,v — u) + <Fla| Jo| = [uf> = (fs0 —u) + [T 0 — u],
where |g,| means —g, for g, e C*~.

It is casy to show that the problem (g,) is a weak formulation of the classical
problem, where T,(u) is replaced by g, in (1.7). For u e # we define T,(u) by the
formula
(1.11) (Ty(u), w,> = a(u,w) — (f,w) forevery we A such that

WIW—C =0, w,[rc =0.
Definition 1.1. Let u be a solution of (g,) for some g, € C*~. Let #g, = ZT,(u).
Then the solution u is called a solution of the Signorini problem with friction.

Put #y ={ve#;v=0o0nT,}, #y={veHy v, <0onI,.}. Clearly, & =
=u® + A, For ve A, let us put '

(1.12) 5,(0) = Jo(v) + 1,(v) »
Jo(v) = ta(v, v) + a(u® v) — (f,0) = [T% ],
L(v) = <F|g.|. [o]> -

Il
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Due to the Korn inequality a(v, v) Z c|[v]% satisfied on #o, we have J, (v) strictly
convex and coercive for an arbitrary g, € C*~. Hence there exists a unique u’' € &
such that

(L.13) J,(u') = min {J, (v), ve A} .

Evidently J,, is differentiable and I, is non-differentiable. By the obvious condition
for the occurrence of the minimum of J, on the cone X'y at the point u" which is
necessary and sufficient (see e.g. [5]), DyJo(u') (v — v') + I, (v) — I, (u') 2 O for
every ve A o. So we can easily see that 4 = u’ + u° is the unique solution of the
problem (g,). We have

Lemma 1.1. For every g, € C* there exists a unique solution of the problem (g,).
There exists a constant ¢ independent of g, such that, denoting “ '”_1/2,,« the norm
in (H™Y(I))3, |- |lo the norm in (Ly(R)), we have

(1.14) lule = e(uloe + [T <120 + [ F]0) -
The operator ®q: Fg,+> T,(u) is continuous on H ''*(I,) and T,(u)e C*~ for
every g, C*™.

Proof. Putting v = u° in (1.10), we obtain a(u,u) < a(u, u®) + (f, u — u°) +
+ [T, u]. The Korn inequality and the obvious considerations imply (1.14). Let
greC*™, i =1,2, let u’ be the corresponding solutions of (gl), i = 1,2. Putting
v = u?in (1.10) with g, and v = u" in (1.10) with g2, we obtain

(1.15) [u? = u'|% < (Fg2 — Fgp, |ui] — |us]> =
e + [u?] o] -

The continuity of ®, is a consequence of (1.15), (1.14), (1.11) and of the usual traces
theorem for the space H'(). Putting v = u + w, we J# such that wlrr; =0,
Walr, < Oae.in I, w|r, = 0in (1.10), we have (T,(u), w,> = a(u, w) — (f, w) = 0.
Thanks to the arbitrariness of w,|r,, w, < 0, T(u) e C*~.

< oi|Z9s = Zgul- 12l

2. SIGNORINI PROBLEM WITH BOUNDED FRICTION FOR A STRIP IN R?

In this section Q = R? x (0,7), re(0, +w), I, = R* x {0}, I', = R* x {r},
I'y = 0. Our method of proof of the existence theorem for the problem is the fol-
lowing. By means of the shift technique in arguments using the Korn inequality and
some traces lemmas, we show that T,(u)e H™'**%(T,) for g, e H™">**(I',) n C*~
and a € (0, 1), because of the validity of the inequality

”Tn(“)”—uzm,rc = C(g'-: aos Ao) ”gn”—1/2+rx,Fc + const.

for a certain ¢(#, ay, Ay) depending only on Z, a,, Ag. In the case ¢(F, ag, o) < 1
we use the following fixed point theorem:
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Theorem 2.1. (Tichonov, see [1].) Let X be a locally convex space. Let C = X
be a convex compact set. Let F be a continuous mapping which maps C into C.
Then there exists a fixed point of F on C.

The method described will be used simultaneously with exact estimations that are
important for the calculation of the maximal admissible magnitude of the coef-
ficient of friction # (which corresponds to the minimal ¢(Z, a,, 4,)). Without
involving technicalities but in more detail than in the above introduction, the method
is described in § 4 of [8].

Proposition 2.1 (reiteration). [ [h|™27 2 |exp (ih¢) — 1]* dh = |¢]** ¢(«) for every
&eR? and a € (0, 1), where

—aa [T sin?t e do
1) (o) = 2272 J Wdzf

—wl .—w(l +v2)1+1'
Proof. Denote I(e, &) = [zz |k|272* exp (ih¢) — 1|* dh. By the substitution

MJ + hz£2 - fllfl — hy¢, _
2 1 2 2

we can calculate for &; # 0, &, # 0 (I(«;) is continuous)

8 sin? t, dt, dt,
r [(1 4+ 13) (67 + &) + 260,83 — ED]
Transforming the denominator in the form [4¢7¢365(67 + &3)71 [ + (12(&2 + &3).
C2leE] )T+ (€3 = ED)(2JEiE]) )P]] T and  substituting v = 1,(EF + £3).
C(2)eE| )T+ (83 = €3)(2]€1E,]) Y 8y = t, we arrive at the desired result.

Using Proposition 2.1 we obtain the following expressions for the norms in H*(R?),

0 < lle <1:

@) Iwie= [ pegfoxs [ [ CELDEN gran -

&) = |&,&)

24 for >0,

— (2n)? Lz WP (L + @) ¢

(23) w2k = (2n)‘2LZ WP + (=) [¢[?) "1 dE for a <0,

where W denotes the Fourier transform of w. As in [8] we introduce the anisotropic
Sobolev spaces H"*(Q), o > 0: H"*(Q) = {we H'(Q); |w|; .0 < +o0} provided
with the norm || , o, Where

e Iola=lolha [ [ [ [ 5[5t e
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aW ? -2-2a
+ hy, X3) — . (3, x5, x3) ] Ihj dhdx =

i

— o [ [ e (el b+ | 20+t

where W is the Fourier transform of w involving the transformation of the first two
variables.

Za)dél d¢, dx;,

Let us prove the following Korn inequality:

Proposition 2.2. [, ¢,(v) e(v) dx = 3| v|
of traces, where

% for every ve H, v r. = 0 in the sense

Sy (a"*> dx
ol=1k=1\0x,

Proof. For the sake of simplicity we suppose r = m. Let us put v(x,, x,, x3) =
= —0,(xy, X5, —x3) for i = 1,2, v5(x,, X5, %3) = v3(x, x5, —x;3) for x;€(—x,0).
Let us put

+n
(2.5) agm= n”“'ZJ‘ 0(& x3)sinmxydx;, k=1,2,; m=12,..,

-n

s
b, = n""'zj 3(& x3)cos mxydxy, m=1,2,...,

-

by = (2m)"1/2 [ 53(¢, x3)dxs, o =0, k=12.

We hLave

L e(0) eu(v) dx = 1 J [ f ) at)ox dxz:l d; =

1 201 |2 2, 1(x2
- s | L el + 3 Gl + 62

+2 Relékak,mmb:,)) + ‘]z”(fﬂaz,m’z + 5%[“1,", 2

2 4 mzla,\.,,,, 24

m

+ 2 Re élfz ia],m laz,m)] d;: .

3 3
. . . 2 — . =
Using the inequality 3 ) |z;|> + ). Rezz, =4 Y zj|* 2 0 for z; = i;a;
j=1 1<j<k<3 j=1

j=1,2, zy = mb,,, we obtain the result.

Lemma 2.1. Let the coefficients of the bilinear form a fulfil (1.9). Then a(u, u) =
= %aonuu'} for every ue o, (#, has been defined in §1).

Let us return to the problem (g,). The unique solution u of the problem fulfils
(1.10). Put in (1.10) v = u_, — u%, + u® € A". (For an arbitrary function F on Q
and heR? x {0} = R*> we denote F_,(x) = F(x + h).) Let us make in (1.10)
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the shift in arguments of all functions and distributions in the direction /. In the
shifted inequality (1.10) we put v_, =u + u?, —u®e A _, = {v_;veA}. We
finally obtain

(2.6) a(u_y —u, u_y —u) < a(u_, —u, u%, — u®) +
+ (a-p — a) (u_y, uly —u tu—u_y)+ (fop—fou_y—u)—
- <(g/7 In )-h - ‘%-gn > lutl—h - ,utl> .

Let us assume u° € (H"*(Q))* for a fixed « € (0, ). Denote by |+ | . the norm in
(H"*(2))*. Because of the Lipschitz continuity of the coefficients a;; and the fact
that [, <, |h|72**dh < + o0 for every ¢ € (0, +0), 6 € (0, +c0), the multiplication
of (2.5) by || 727 ** and its integration over R? yields the following inequality:

J lhl‘z‘z“ a(u_y — v, u_yy — u)dh < f Ih]”z‘z“ a(w®, — u° u_, — u)dh +
R2

R2

+ C1”u”” (”uO”x’ + “f“()) +J‘ Ihl_z_21<(§:gn)~h - ‘Z/’—gn’ 'utl——h - Iutl> dh .
RZ

Using Lemma 1.1, Cauchy and Holder inequalities, we get for an arbitrary ¢ > 0
(2.7) j |h| 727 a(u_y — u, u_y —u)dh < (1 +£)J |22
R2 R2

AFg)-n = T Jufn = > dh + k(&) [[u]30 + [ 7]3]

To estimate the first term on the right hand side of (2.7), we denote G = Fg,,
U = lu,]. Using Proposition 2.1, we obtain

(2:8) J‘Rz|h|-2—z* (G_,— G, U_, —U>dh = (2n)-2L2 G(6) 0(¢)
.Lz |h]=272* fexp (ih€) — 1% dh dE = ¢(%) (Zn)'ZJ-RZ 6() 7).
[¢[P de < e() (2m) 7 |G -1zt -

g 0@ [1 et + ) | Eg—_) 1] df)m (H)mé

1 —q

s ()o@ ) 101-wmenr Vlhssser. + K6 ) U,

where for ae (0,%) we estimate |¢

For o € (%, 1) we use the estimate
yrooz 1+ 2 1+ 2

yz<—+——10 D= , 4= » Y=
p q 4o 1 -2«

4 < lé' + 1 and put ¢ = 0, k(0,x) = k().

z = (pe)~ P,

where ¢ > 0 is an arbitrary constant.



It is easy to see thy¢ ”G“”c = sup {(ggn, 0); veH\”(rc), ”U”—p,n <1 =<
= ”y”w |9, .1 for Cvery fe(—1,0), where |*||,, denotes the norm in L(I,).
Evidently, | |u, Uztar, < ||t 1/24a,r, fOr every o€ (—3, ), where the left hand

term is the norm in Hl’“'(l"c), the right hand term in (H'/2**%(T))%. So we have
for an arbitrary ¢ > 0

) [ I ey~ =y = 1 4 9 ) (“%—‘:“—))‘”ufnw

c(% + o)
wilsjzvare + Ko o) [ull3, + [ £]5]-

Proposition 2.3. For every ye sty n (H"*(Q))* the following estimate holds
(a fulfils (1.9)):

(2.10) ”ylrc 2tale =

< |:2c(% + ) (ao(c(oc)))‘l J‘Rl |h|‘2‘2" a(y_n =¥, y-n— ¥) dh:ll/z—i— k()| v -

) "g"” “1/2+0,r,

Proof. By Lemma 21,

J lhl_z_za a(y_h =V Vop — y) dh =
R2

v

33 2
%aOJ' |h|‘2‘2“ oy (% (x + h) — 0y; (x)) dxdh =
R2 0 6xk

gi=1k=1 \0%;

v

3 3 2
%aof [hl‘z‘z“ >y (ﬁ (x + h)—%(x)) dx dh,
R2 axk

ei=1k=1 \0x,

where Z; are the corresponding solutions of the problems
(2.11) Aw;=0o0n Q, j=1,23,
wi(xy, x5,0) =0, wi(xy, x5, 7) = y(xy, X5, 7) ae. in R*, j=1,2,3.

Using the Fourier transformation in the first two variables (Z;(¢, x3) = sh (xalf[) .
-sh™ 1 (r]¢]) 7,(&, 7)), we have

(2.12) j |27 a(y-y = y, you — y)dh = (2m)"2 dag (%) -

AN
- e o), [ [

(1 = exp (=2r]g]) " d¢ = (2¢(3 + «)) ™ aoe(@) |y

2
e 2 e e d =

P& )P (1 + exp (=2r¢])).

2
0 -

Ie Te

%/2+a - k(oc)”y
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Remark. If Q is a homogeneous isotropic body, we have the Hook law in the form
(2.13) Ti; = 2ue;; + 20,6
where 1 > 0, 2 2 0 are Lamé constants. Hence (2.10) is in the form

(2.14) |y
1/2
< [C(% + o) (u C(w))‘lf A= 2* ayon = 32 you = y)dh] + k(@) ¥ -
RZ
Denote u’ = u — u°. Using (2.9) and (2.10) we obtain
1/2
(2.15) (J’ Ih|=2 2 a(u’y — o', u'y - u’)dh) < a3 (1 + &) [ F]., .
R2

. ”gn”—uzw.rc (2c(<x) (3 - 0‘))”2 + k(e, %) [H“O”La + "f”O] >

where ¢ > 0 is an arbitrary given constant. Naturally, k(e, «) in (2.15) is different
from k(e, o) of (2.9). In particular, we have

f124a . =

Ie

Lemma 2.2. Let g, H '**XI,)n C*~, u®e (H"*(Q))?, fe(L,(Q)), 2 being
the given strip. Then u solving (g,) belongs also to (H"*(Q))?, if all a;;, € C*'(Q)
and (1.9) holds.

Proof. From the bipolar theorem C*~ n C'(I',) is dense in H™'***(I',) n C*~.
Estimation like (1.15) yields the statement for g, € C'(I",). The use of that, Prop. 2.3,
the reflexivity of (H"*(@))?, (2.15) and Lemma 2.1 completes the proof.

Proposition 2.4. Under the suppositions of Lemma 2.2 let us define T,(u) as in
(1.11). Then the inequality

018 Il yarer S (1 +0) ALt - )
([ et = s = 00 @) ke e+ 171

is valid, where ¢ > 0 is an arbitrarily given constant.

Proof. By means of shifts in arguments in (1.11) we obtain the following inequality
for an arbitrarily given w € .#0, w,lrc = 0:

(2.17) (T (u) = = T(u), w,> = a(u”,, — u',w) + a(u®, — u®, w) +
+ (a_h —a)(u_p,w) — (f, wy, — w) < [(a(u”-, — u', uly — w2 +
+ (a(u2y — u® uZy, = u))2] (a(w, )2 + () ei[[So + 6] [w]ee -

where x(t) = t for t€<0, 1), (1) = 1 for t > 1, ¢, is a suitable constant generally
different from ¢, of the preceding inequalities. Let for an arbitrary w, e H'*(T',),
vy denote the extension of w, by means of (2.11). Let Z: HY*(I',) —» # be such
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that w, +— [0, 0, v;]. So we have

@15) 1=z = o) [ [ef [ +

— drf dx; =
0x3

= (2n)'2f 2 Ié‘ [, (¢, r)[2 (1 + exp(—2r]£’)) (1 —exp(=2r&)".
A& = ()7 Wl Fare + kw212, -

uwwmw@—ﬁ@i—nm@a+4mbw (1) — T,(w)) (6).

1+ e(d) Y75, x2- We obtain for an arbitrary constant ¢ > 0 and suitable c,(z):

(2.19) () = T@)|Z 12, < (1 + ) (c(3)7"
(Ao a(u”y — w's u”y — w))7? + A [u?, — u®| ] +
+ (Ih]) k(&) [fu®l% + /]3] -
Multiplying (2.19) by |h|~?72* and integrating in h over R* we obtain

(2.20) f zlhl_z_za I(Tu@)-n = T2 1/2,r.dh = (1 + ) (c(3)) " -

AOJ. a(u_y — u', u_y — uw) |72 2 dh + ky(e) [|u°)F .. + | £]2]-
R2

NS
Denoting (T,(u)) = 7, we convert the left hand part of (2.20) by means of the
Fourier transformation into the form

(2:21) (2n)-2f 2|,/~”(5)]2(1 + (¢ e(d) dé‘[ z]h}-z-hlexp (ih¢) — 1|* dh =

2a dé = c(a) C(z 0() ”T(M)“ 1/24a,Tc "

«(3)

= (e [ 7R+ Dl
= K| )2 12.r. -
Summing up (2.20) and (2.21), we obtain (2.16).

Lemma 2.3. Let g, € C*~ n H '2*X(I',), u® e (H"*(Q)), fe(L,(Q))*. Then for
an arbitrary ¢ > 0 there exists a constant k(g, o) such that

(2~22) ” Tn(“)”—l/zﬂ,n = (1 + 8) ”9'-”00 (a(;l 2A0)1/2 ”gn”—1/2+a,l‘c +
+ k(e @) [[u] 1 + |/]o] -
where u is the corresponding solution of (g,)-

The lemma is a direct consequence of (2.15) and (2.16).
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Theorem 2.2. Let Q@ = R*> x (0,7), I', = R? x {0}, I'. = R* x {r}. Let a;;(x)
be Lipschitz continuous on Q, i,j, k,1 =1,2,3, let the form a satisfy (1.9). Let
u® e (H"(Q))® for some 0.€(0,1), let fe(Ly(Q))*. Let us assume that & e C(I',)
with a compact support in Int I', and | F||,, < \/(ag[2A,). Then there exists a solu-
tion of the Signorini problem with friction.

Remark 1. The respective position of Q in R® is unimportant. Also the supposition
u® e (H"*(Q))* can be replaced by u® € #, as we can see in § 3 of this paper.

Proof of the theorem: Let ¢ > 0 be such a constant that (1 + &) |#]., .

(a5’ 24 )“2 < 1. Then there exists r, such that the operator @ : g, — T,(u) maps
M, = C*~ n B,(0) into itself, where B, (0) = {ge H '>"™TI,); |g||-12+ur. £
< ro}. By Theorem 2.1 it suffices to prove the weak continuity of @ on C*~ n
N H™'2"%(T ) because of the reflexivity of H ™ '/?**(I',). Let {gy'} -, be an arbitrary
sequence in C*~ A H '?**I,) such that there exists g,e C*~ mH'”“"(I‘c),
gn — g, in H™'2*%(r ). Denote § = {T,(u™)} <y, where u™ are the corresponding
solutions of (g]'), m=1,2,..., denote by u the solution of (g,). By (2.22), & is weakly
relatively compact in H~ 1’2+°'(I}). Let Q, be a weak limit of a subsequence & < F.
Because of the weak convergence Fgy — Fg, in H™'***(I,), the compact imbed-
ding theorem (which is valid due to the compactness of supp &#) and Lemma 1.1
yield the strong convergence of & to T,(u)in H™'*(I',). So Q, = T,(u) and evi-
dently, the whole & converges to T,(u).

Remark 2. Let Q be homogeneous and isotropic (the Hook law is in the form
(2.13)). Then a certain improvement of (2.16) is possible by means of the following
procedure: Let us have (2.17), we need some exact estimate for (a(w, w))'/2. Let us
extend w, € H ™ '*(I'.) by means of the problem

2
(2.23) ua—"—j+% +(,1+2)—_0 on @,
0xy ox3 ox2

3(xy, %5, 0) = 0, v3(xy, x5, 7) = W,(xy, X5, 7) ae. in R*.

Put Z4(w,) = (0,0, v;) = w. Using the Fourier transformation in the first two
variables #3(, x3) = W,(&, 1) sh (|&] x3p"2(4 + 2u)~Y2) sh™* (|&] ru' (2 + 21)7 /%)
we have

5”3» dé dx; =

a(w, w) = (2n)~ j [v |2 lilz + (2 + 2p)

~ ) [ e el rwa +201).
.Jr sh? ([¢] x3u?/2 (2 + 2p)"Y/2) + ch? (€] x3p2(2 + 2u)~12) dE dx, =
0]

= (w4 + 2u))1/? (2n)—2J 2 |€l Iwn(é’ r)|2 [1 + exp (_2r|¢l Hl/z(l + 2/4)_1/2)] )
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[0 = exp (= 2rJe] 1t (2 + 207 2] dE < (ef3)7 (2 + 2m)2
wall 32 + KWl 22
because the function

_ 2zexp (=2ru" (2 + 20)7 12 2) (1 + c(4)2)
L exp (=20 1 201 2)

¥(z)

is bounded on <0, + oo). Using the same considerations as in the corresponding part
of the proof of Proposition 2.4, we obtain instead of (2.16)

) T -varer. S (1 +0) (0 + 20)1 () et = 5) .
([ e ety = s w0y an) e [+ 1]

Using (2.24) and (2.15) modified by means of (2.14), we obtain
(2:25) | T@)]-1j24are = (1 + &) | F o 1752 + 200 0] 12400 +
+ k(e ) [[u®] 10 + [/]o] -

Thus we obtain

Corollary of Theorem 2.2. Under the suppositions of the theorem with the exception
of the estimate for |F |, let Q be homogeneous and isotropic and let | 7|, <
< t/(y/(l + 2u)), where > 0, = 0 are Lamé constants. Then there exists a solu-
tion of the Signorini problem with friction.

Remark. Let
_ E 5= Ec
21 +0)

4 u _41—20
A+ 2u 2— 20

3. THE SIGNORINI PROBLEM WITH FRICTION FOR A GENERAL
DOMAIN IN R®> WITH SUFFICIENTLY SMOOTH CONTACT PART
OF ITS BOUNDARY

g (1 +0)(1 - 20)

Then

The purpose of this part is the proof of the existence theorem for the Signorini
problem with friction for a general domain in R® with a sufficiently smooth contact
part of the boundary. The estimation of the admissible coefficient of friction will be
the same as in Theorem 2.2, the method of the proof will be a generalization of the
methods of Sec.2 with the help of same ““‘local straightening” of I'.. We require that I',.
fulfil the following special conditions:
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(3.1)

(3.1a)

(3.1b)

(3.2)

(3.2a)

(3.2b)

There exists A, > 0 such that for every 6 € (0, A,) there exists a finite covering
Uy of the set I'. N By, (supp ), where By, (supp #) = {xe R%; Iy e
esupp Z, |x — y| < 84/2}, 0 < &, = dist (supp F, I' \ T,), satisfying the fol-
lowing conditions:

There exist constants r, K, € (0, +oo) such that that for every Ve U there
exists x, € Int V. n I', in such a way that we have the local description of the
boundary by means of a function ¢, : R* > R' such that (after a certain
suitable rotation and shift of the coordinate system in R*) x, = [0, ¢,(0)],
@v(0) = 0, 9,(0) = 0, | @y c2.1(r2) < Ko Denoting B(0) = {x e R*; |x| < k},
we suppose that the coordinate transformation ¥y : [x, y] — [x, y — @y(x)]
maps V onto B;/,(0) x (—r, r) and simultaneously {[x, y] e R®; x € B,0),
yeloy(x) — rpp(x))} = RPN Q, {[x, y] € R*: x € By(0), y € (py(x), pp(x) +
+ >} = Q. Moreover, we suppose for every € (0, Ay and for each Ve 1,
dist (V, '\T.) > do/4 and ¥, '(By(0) x (=r,r)) n I \T. = 0.

For every 6 € (0, A, and for each Ve j there exists ¢y € C**'(R?) such that
oy(x) € €0, 1) everywhere on R, dist (supp oy, R3\V) > 0and Y o, =1
holds on I'. 0 By, ,(supp ). vells

We suppose the existence of a function § e C*(R*) with a compact support
contained in By, s(supp #) such that §(x)e<0, 1) for every xe R®, § =1

on U U suppoy.Letforeveryd e (0, Ay)a finite extension B; of U, be
de(0,A0) Vells

possible with the following properties:

Every B;, 6 €(0, Ay is a covering of I'.. For every & €(0, Ay), each Ve B;
is C*! diffeomorphic to a set M, x (—r, r) in the diffefomorphism ¥, given
(after a suitable rotation and shift of the coordinate system in R®) by a func-
tion ¢, by means of the same relations as in (3.1a). We suppose My in the
form of an open bounded euclidean tall in R? having the center at 0 for every
Ve B, such that V N supp § & 0. For the other Ve B, let M, be an open
euclidean ball in R? or an opzn (generally unbounded) polygon. For every
Ve B\ U, Vi By a(supp ) = 0 and, moreover, at lzast one of the sets
VAsupp 3, Vo (IT'NT,) is empty, 6 € (0, Ap).

For every 6 € (0, A,) the partition of unity on I', n Bs,/»(supp &) has a cor-
responding extension to the partition of unity {oy, V€ B,} on I', of the class
C?*! such that for every Ve B,, dist (supp oy, R*\V) > 0.

To prove the existence theorem we need the following lemma:

Lemma 3.1. Let Q be a domain in R¥, N 2 1. Let { € C'(R") be a non-negative
Sunction such that dist (supp {, R¥\ Q) > 0. Let g € H*(Q) be arbitrary, Iocl < 1.
Denote for ae<0,1) gy =g on Q, go=0 on R"\Q; for ae(—1,0) let
{Gp V) pyrmy = <G> V0>1,0) for every ve H *RN). Then there exist constants
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(o, 0), d¥(0, ), i = 1, 2, independent of g and such that

(3.3) [9¢la0 = <% O) l9]ac
(34) A2 ¢) 9clann = 9cleo = d5(e 0) g
* |, denotes the norm in H*(M).

a,RN »

where for a domain M < RV,

The proof is obvious.

Let us suppose that Q e C°! satisfies (3.1) and (3.2). For a fixed 6 € (0, A) and
Ve U; we can write ¢, o, ¥ instead of ¢y, 0y, ¥y. The matrix of the coordinate
transformation corresponding to ¥ has the form

0, 0, 0
54

L )

6X1 5x2

where E is the unit matrix. Let us write the coefficients of the form a after the rotation
and the shift of the coordinate system according to (3.1) also as a;j;. Denote
B*(5,r) = Bs(0) x (0,7), B(S,r) = By0) x (—r,r). For every we# = #(Q)
such that supp w = ¥~ '(B(6, r)) we have (denoting for an arbitrary function F on V,
F=F. (")

(3.5) a(u, w) = T —= ouy + ﬁ‘j_;) (ﬁ + Qﬂ) dx +
B*(d.r) 6x axi (7x, @xk

J

ou; 0 617. 0 ow ow
+J —[ .m)< 2y —qD) (—" + ——i) -
B*(3,r) Ox3 0x; 6x3 0x,;/) \0x, 0x;,

o ou;\ (0w, 0 ow, 0
_5Ukl<ﬁ + ﬁ) W oe ﬂ_‘/’> +
Ox;  0x;) \0x3 0x;  0x; 0x,

g (S 20 005 00\ (W Dp | OW D\ Ty
6 X3 0X; 0x3 0x;) \0x3 0x;,  0x3 0x,
= a(i, w) + b(i, w),

where a(ii, w) is the first and b(i, W) the second integral in (3.5). We have

J. biju 0t 0y dx = b(i1, W) < const. §||u|,|v], forevery u,ve # = #(Q).
B*(d,r) BXj 6x,

The following inequality is a consequence of (1.10) for an arbitrary w e A~ = #(Q)
with the support in ¥~ (B(9, r)):

(3.6) a(a, rv)_+ b(i, w) + J

Bs(0)

Zla [, + w| - [a]] J(x) dx = j Jw dx

B*(3,r)
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where J(x) = /(1 + (0p[0x,)* + (0¢]0x,)?). Of course, the *“tangentiality” of u,, w,
is considered with respect to the surface I' n V. Let us write a, 0, u,w,f, %, g,
instead of @, g, i, W, f, Z, g,- Denote by (-, *> the scalar product inL,(R?), by (-, *)
the scalar product in (L,(0))?, © = R* x (0, r). Then

(3.7) a(u, w) + bu, w) + <Flg,| I, |u, + w| = [u]>= (i w)

for every we #(0) = (H'(@))* with the support in B(6, r) such that w, < 0 on
R?* x {0}, w, = 0on R? x {0}, where naturally w, = w . n and n(x) is the unit outer
normal vector of I', at the point [x, ¢(x)], x € By(0) = B,;(0) x {0}. Define n_,(x) =
= n(x + h) for h e R* such that (x + h) e B,(0). For x € B(J, r), x = [x’, x"] define
L_,,(x), the rotation of the coordinate system in R*® with the axis perpendicular to
n(x') and n_,(x') transforming n_,(x) into n(x’).

Lemma 3.2. For every we #(B*(5,r)) = (H'(B*(5,r)))® such that supp w =
< B(6, r), we have |[L_,w — W4+, = O(|h]) for |h] — 0.

Proof. The coefficients of the matrix (d;;) describing the rotation of a unit vector
z = [zy, z,. 23] into a unit vector y = [y, y,, y3] with the axis perpendicular to y
and to z have the form

(3'8) di; =96 — 2(4 - (52)_1 (“29.‘—7,' + 2g;z; + 6:9; + (52:,'(21' + Qi)) s
i’j = 1’ 2’ 3 b

where g = (3,)}-, =y — 2z, 6 = ]g] and §;; is the Kronecker delta. For g(x, h) =
= —n_,(x') + n(x') we have g{(x, h) = O(|h|), |n| - 0, dg;/ox, = O(|h]|), || — 0,
i,k =1,2,3, for every x = [x, x"] € B4(0) x R'.. So dij =0, + O(Ih ), {h| -0,
ad;;lox, = O(|h|)., |n| > 0, for i, j, k = 1,2, 3.

Let us take an arbitrary but fixed g, € C*~ n H™'***(I',), where o« > 0 is a given
constant, let u be the solution of (g,). Put w(x) = @*(x) (L_,(x) u_,(x) — u(x))
into (3.7) for h € By/4(0) = R*. Into the shifted inequality (3.7) (in the direction h,
he Byy(0) = R?) we put w_,(x) = 02,(x) ((L,)-u(x) u(x) — u_,(x)), where
(Ly)-n(x) = Ly(x + h). Using also the equality

1 0
a(l//p, ‘I) = a(P, '//q) + EJ- Ajjp (—‘// pi + 6_(// Pj) ekt(‘]) -
*(a,r)

B axj 0x,~
0 0
- aijkleij(p) <£ q + % ‘h) dx,
1 x

which is valid for arbitrary p, q € #(B* (6, r)) and ¢ € C'(B(3, r)) with the support
in B(9, r), and using the corresponding equality for the form b, we obtain

(39)  alo—yu—y — ou, @-ntt-n — ou) + b(o_pt_, — Qu, 0_yu_, — ou) <

1 do_ 0 do_, 0
Lol 2 (- 2
BH(5,r) Ox; X 0; 0x;

251



+ (ai-_h (0 — ) + ag“”((u,-)_,. _ uj)>:| euo -y — ou)dx +

0x; X,

k

09
+ J aijkl%"ij(u-—h)[ g (Q“l - (Q“z)—h) +
B*(5,r) 0x

do_
+ 0= (ouy — (Quk)_h):l dx +I i vei(u) -
0x B*(3,r)

X1

0 0
22 (o) — o)) + 22 (o) — owy) | dx +
Ox;, 0x,

do- do_ 09
+j biik'[ f) P (i) p — ui) + “i( s _ *)]
B*(5.r) 0X; 0x; 0x;

0 Ou; 0¢ Ou; 0
- — ((ou) =y — ouy) dx + J biju l:— - <— —g> jl
0x, B*(6.r) 0Ox; 0x; 0x; 0x,) _y,

o-w(u)-n — ou) dx + alu, o(e — 0-p) u—p) + b(u, 00 — ¢—4) u_4) +

+ a(u_p, 0-(0-p — 0)u) + blu_y. 0_(o-) — 0)u) +

+ a(u, *(L_yu—y, — u_y)) + b(u, @*(L_ju_y, — u_,)) +

+ (acy — a)(u_p 0> y(u — u_y)) + (b — b) (u_p, 0% 4(u — u_y)) +
+a_y(u_p 02 (Ly)—pu — u)) + boy(u_y, 2 4(Ly)-pu — u)) +

+ (o™ (uop — Lojuy)) + (f-ley — %) uy — u) +

+ (fom02u(u — (L) u) + (fop — 1o 0*(u—p — u)) +

I, @ |(Loyusy)e = (u)-a)> +

Iul-n I O24([(La)—p )y — w0 +

+ T |Gl n T o @t + (1 = 024) (ue)=n] = [ud-s> +

g,,-] J, ]gz(u,)_,, + (1 - 9% u,| - 'u,]) .

For the last two terms in (3.9) we have the following estimate:

+ (F

In
+ <'g7—~h

+ (F

(3~10) <g‘7~hlgn|—h Jow Q:’—h(luxl - lurl—h)> +<g;lgnl J, 92(‘“x|—h - qu[)> =
S (F9.d0)-n — FguJo. ou| - — |ou]> +
+ AZ9] JQ)=m |o-n = ¢| |u]> + <F|9.] Jos |o-n — o |u-4|> -

In

Let us sum up (3.9) and (3.10). We multiply the obtained inequality by |h| =272
and integrate in h over By,(0) = R*. The most important term for the estimation
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is the following one (see the corresponding part of Sec. 2):
(3.11) J |h|7272%(FG)_), — FG, |ou|-y — |ou]> dh,
Bs14(0)

where G = gg,J. The other terms will be estimated in the following way: the terms
containing the expressions

90— _ %
0x; 0x; ’

a_,—a, b_,—b,0_,—0 i=1,2,3,

can be estimated by using (1.14), due to the Lipschitz continuity of the above men-
tioned expressions. Using Lemma 3.2, we estimate the terms in which (L,)_,u — u
or L_u_, — u_, occur. The terms containing (u_, — u) [h|">7>* in product with

some X can be extimated by

1/2 12
k J |x = y["7* u(x) — u(y)|? dxdy U ]h[“‘”’f dexdh:l
(B*(3,r))? Bs/4(0) B+ (3,r)

(x— y)eRZ2x0

and we estimate the first factor by [u[ g, the second one using the supposition
n€(0,2 — 4o) and the respective form of X. The terms in which g, or (g,)-, appear
can be estimated by applying the Cauchy inequality, Lemma 3.1 and the traces
theorem for H'(Q); some special terms of that type require also the use of the sup-
posed continuous differentiability of the function n. Denoting U = gu, we finally
obtain for every ¢ > 0

(3.12) L]

Bs/4(0)

aU_, = U, U_, = U)+bU_, — U, U_, — U)]dh <

<(1+ s)j |h|=272 (F _,G_, = G, [U,|, — |U]> dh +

Bs/a(0)

-+ k(S, (X) K(Q’ 55 AOa KO, '977 uO’f, TO) s

where the constant K depends on 6, Ao, Ko, [0]c2rap [ llerrys 4% /] o0
| T°-1/2.r> the norm of (H~'/*(I'))*. According to Lemma 3.1 and (1.14) we have

(3.13) f W[~2735F 4G, = FG. Uiy = [U> dh = (1 + &) efa).
RZ

(i =\ ,
(o a) 1116 e [0 e + K.

.K(o, 6, Ag, Ko. Z,u°, [, T°).

Let us extend the coefficients a;,,(x) and b,;(x), i,j, k, | = 1,2, 3 defined on
B*(8, ) onto the strip O in the following way: for x € R3, x = [0 cos v, gq sin v, 2]
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define

sx for 0=0,=9,
(3.14) Pyfx) = \ [6cosv, 6sinv, z] for Q 20
and put a;;,(x) = a;;(Ps(x))s biju(x) = biu(Ps(x)) on O, i, j,k1=1,273.
Putting M = {ICI_Z a;a(x) &6 x € ©, £ € R%}, we have

(3.15) a, <inf M < supM £ A,

and for b we have b;;(x) &, & < 6 const. |¢]? for every x € @, & € R®. The coef-
ficients of the extended a, b are Lipschitz continuous with the same constant of
continuity as the original ones. Also d¢/dx;, i = 1,2, defined on B,(0) x {0} can
be extended by means of Py(x) from (3.14) and in that way we can extend the unit
outer normal vector n onto the strip @ so that for an arbitrary x = ly, z| €O we

define n([y, z]) = n([y, 0]) = n(Py([y, 0])-

Putting U, = [U,, U,, 0] + U, where
_1 P
(3.16) U= [1+ LAWY EAY v, 2% v, 22,
0x, 0x, 0x, 0x, )
u 2
Jo2e _2e J,y,[2 % (22, (%\T]
0x4 0x, 0x, 0x, \0x, 0x,
we get

(3.17) 1U 12 +am2 S [Ul1j24a,m2(1 + €(8)) + [[U]o,z2 k(5)

where ¢(6) — 0 for § — 0,

))*. (3.17) is a consequence
of the estimate
2
[0 e 2 K [
i= 0x

Vo]
1,0,R2
where |||, ., z2 is the norm of W' *(R?).

Using Proposition 2.3 (the modification for the case I'. = R* x {0}, I', = R* x
x {r} cannot change the constants in (2.10)), we convert the inequality (3.13) into
the form

1U[l1/242.82 + ”

i ljoo,R2 Xi

(3.18) J |h| 7272 (F Gy — FG, |[U|-, = [U>dh < (1 + &(3) + ).
R2

(2t = 9) 17100 o[ 2 atvs 00 v)an)

0
+ k(87 a) K(Q) 57 AOs KO: ‘97> uO, f’ TO) .

Using (3.12) and a procedure analogous to the proof of Lemma 2.2 we obtain the
inequality

1/2
(3-19) U |h|=272*a(U_, = U, U_, = U) + b(U_, = U, U_, — U)dh] <
R2
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S (e o0) (2 et =) 171 10]-meae +

0
+ k(e, @) K(o, 3, Ag, Ko, u%, F, T°),
corresponding to (2.15). On Q we have

(3.20) _%em(u) _ ofy — rk,(u)gg«, k=1,2,3.
0x, 0x,

So it is possible to define ¢T,(u) € H ™~ '/*(I',) by the formula
(321) <QTn(u)’ Wn>l'. = (l(uQ, W) - (Qf; W) +

1 0 0 0
+ J‘ Ay l:eij(u)— ( R + w, ~Q> - l(u,- % u; —g> ek,(w)] dx
W 1B (5.r)) 2\ ox Xy 0x, 2\ 0x; 0x;

for every we H#(Q) such that w, =0 on I', w = 0 on I'\T,. Naturally, we can
restrict ourselves to w e #(Q) such that suppw = ¥~ !(B*(d, r)) and the above
mentioned boundary value conditions are fulfilled. Using the transformation ¥
we obtain

(3.22) <eT(u) J, w,Dp,0) = alou, w) + b(ou, w) — (of, w) +
0 0 0 0,
+j %a,-j“[eij(u)< Q w, + LA k) (—Q u; + % ui> ek,(w)] +
B*(3.r) 0y 0x, 0x; 0x;

k
; 0x, 0x;

for an arbitrary w e #(B* (8, r)) with w, = 0 on B,(0) x {0}, w = 0 on 8(B*(5, r))\
N (B5(0) x {0}). Extending all the appropriate terms in (3.22) like e.g.

do du; 09
U = ou, of, %aijueij(u)—a bijkl_ —, =123,
0x;, 0x; 0%y

by 0 onto the strip ©, we obtain the natural extension of ¢ T,(u) to the form from
H~'?(R?) by means of (3.22), where, of course, a and b are defined by the cor-
responding integrals over the whole strip @ and the equality must hold for every
we #(O)suchthatw = Oon R* x {r},w, = 0on R* x {0}. Putting & = o T,(u) J
and using the procedure described in Proposition 2.4 (the only modification is that
the prescribed w, on R* x {0} are extended to ve H'(®) harmonically so that
v|gax(y = 0, we put w = v. n and we have the estimate (a(w, w))'/*> < (1 + &(9)).
AP [Wall1/2,r2(e(2) T2 + K(3) [Wa] - 1/2,r2)- Finally we obtain

(3:23) 1] =1 /24am2 < (1 + &(8) + &) Ag/*(c(a) (3 — @))%
1/2
< |n|> > [a(U-, — U, U_, = U) + b(U_, = U, U_, = U)] dh) +
R2
+ k(e, 0() K(0, 6, Ao, Ko, 7, u®, f, TO_) .
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Putting K(3, Ay, Ko, 7, u°, f, T, 0, ¢) = max K(oy, 6, Ag, Ko, F,u°, f, T°) k(e, o)
Vells

and considering (3.15) and (3.19), we have

: 24,\172
(20) [ ]vae S (04 e0) + 9 1Z] (22) 6l +
0

+ K(3, A, Ko, Z,u° f, T, 0, ¢) .

Let us define S,(#) = § T,(u), where § was introduce in (3 2). Clearly for Ve B, \ 9,
such that V nsupp § + 0 and for & = ((0yS,(u)) - ;') J, we have

(3.25)  |F| -1 j24mre = K0y, u £, T%, 8) < max K'(oy, u° f, T°, 6)

VeBs\l
= K'(0, u®, f, T°),
because of the fact that supp # n supp ¢y = 0. Let us define on H ™ 2**(I,) the
equivalent norms «5H| Ili=1/2 4.1 according to Lemma 3.1 in the fo]lowmg way
(3.26) 5if:;§ |f!—1/2+a re=( Z ”((WVS) lp ") JV||-1/2+a R2
Due to (3.24) and (3.25) we have
0 | . 24,\Y
(3-27) ﬁmsn(u)m—lll+a,rc = (l + C(b) + 5) ”o/—;“oo (_a-(l) (\.“sgn“' 12+4a.rc T
[

+ K(8, Ao Koo Z,u°, f, T®, &, 01) .

Using the considerations analogous to those in the proof of Theorem 2.2 and applying
Theorem 2.1 we obtain (considering also § = 1 on supp &) the following theorem.

Theorem 3.1. Let the domain Q have the boundary I' of the class C°! consisting
of I',, T, I'y, which satisfy the corresponding suppositions of Sec. 1,(3.1)and (3.2).
Let for i,j, k, 1 =1,2,3, a;;(x) be Lipschitz continuous and satisfy (1.9) on Q.
Let u®e A = A(Q) such that u lr\ ----- = 0. Let fe(Ly(Q)), let T°e(H "*(I))}
such that [T®, w]| = 0 for every w e (H”Z(F)) such that w|y<r7 = 0. Let 7 € C'(I',)
have a compact support in Int I',, let | F |, < \/(ao|24,). Then there exists a solu-
tion of the Signorini problem with friction.

Remark. If Q is a homogeneous isotropic body (see (2.13)), then it is possible to
use the improvement of the estimate (3.27) analogously to Remark 2 to Theorem 2.2.
The constants A4, u of the form a have the same value after the rotation, shift and
“straightening” of the coordinate system as at the beginning. Using the same pro-
cedure as in the corresponding part of this section we derive (3.22) and the estimate
(3.19) with = '/? instead of /(2/a,). The estimate of the term (a(w, w))'/? which is
important for (3.23) will be established by mans of the procedure from the just
mentioned remark to Theorem 2.2, hence

(a(w, )2 = (e(2)12 (k2 + 20))"" [wall 12 o1 + 2(0) + &) +

+ k(e, 0) [Wal = 1/2,k: -
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So we have (u(2 + 2p))'/* instead of 44/% in (3.23).

Corollary of Theorem 3.1. Let Q be homogeneous isotropic. Let all the suppositions
of Theorem 3.1 be fulfilled with the exception of the estimate for ”9"“7 Let

7l < ) = I

where A,  are the Lamé constants, o is the Poisson ratio. Then there exists at least
one solution of the Signorini problem with friction.

Remark. For steel we have o = 0-30, i.e. the existence of the solution is ensured
for |#||,, < 0-73, for aluminium (¢ = 0-34) it suffices to take |#|,, < 0-70. By the
book by R. Stephenson [9] the majority of materials have ¢ ~ 0-3. Greater ¢ occurs
e.g. by plumbine (¢ = 045, | #|,, < 0-638) and by india-rubber (o = 0-49, | 7|, <
< 0'37). Clearly, the results for the majority of materials are fully in harmony with
practical requests. Unsatisfactory results for the case of india-rubber are probably
caused by big deformations of this material, which make it impossible to use the
model with a small strain tensor (e;;)-

4. THE GENERAL CONTACT PROBLEM WITH FRICTION

In this part we shall study the contact problem in the following classical formula-
tion. Let us have two bodies Q; = R3, Q, = R3. For the displacements u‘ : Q, — R3,
¢ = 1,2, let the strain tensors be given by (1.1), let on Q, the Hook law

(4.1) = auea(u), i,j=123, =12

be fulﬁvlled, where a}j,, fulfil the obvious symmetric conditions on Q,, ¢ = 1, 2. Let
for each ¢e {1, 2} the equilibrium conditions of the type (1.3) be satisfied on @,
with the corresponding t};, f,. For ¢ = 1, 2 we suppose I'"* = 0Q, consisting of 3 parts
like in Sec. 1 so that on I', the condition of the type (1.4) with u; is prescribed, on I,

the condition of the type (1.5) with T is given. On I', = @, n @, (the common
contact part of I'* and FZ) we suppose that the following conditions are fulfilled:

(+2) up— w0, T,=T = -T?<0, T(u—ul)=0
(contact conditions of the Signorini type) s
43) T =-T'=1,, |T|< 7T, T))[ul - w2 =0,

u; —u; = 2T, on {xel,; #T,x) <0} (The Coulomb law of friction),

(T -7

where n is the unit outer normal vector to I'. with respect to Q,, the normal com-
ponents of u‘, T* are considered with respect to this vector, A is a suitable non-
positive function on I'.. This formulation can be found in [4]

Let Q, be disjoint domains in R® with the C°!-smooth boundary, ¢ = 1, 2. The
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suppositions for I',, I', I, t = 1,2, are the same asin Sec. 1, particularly, mesI';, > 0,
¢t = 1,2. Moreover, let I, be of the class C**! fulfilling (3.1) and (3.2) with respect
to Q, such that the set {[x, y] e R, y e {py(x) — r, ¢y(x))} = Q, = R¥3\Q, for
every Ve U, and for every Ve B; such that Vnsupp 5§+ 0, 5e(0, Ay). Let Q =
=Q,uUQ, H(Q) =H(Q)x H#(Q,), where #(Q,) = (H'(Q))>, ¢=1,2. Let
H = {v=[v,v?]el(Q); v =ulon T, =12 vy —v; <0 on I}, where
u) e #(Q,) is such that u) =0 on I"\T7, ¢ = 1, 2. Let & € C'(I',) with a compact
support fulfilling (3.1), (3.2), all aj,, are supposed to be Lipschitz continuous on @,
and satisfy (1.9) with the corresponding a,,4,, on Q,, ¢ = 1, 2. Denote a(u, v) =
= a'(u', v") + a*(u?, v*), where a'(u’, v') is given as a(u, v) in Sec. 1, ¢ = 1, 2. Let
L) = fo, (fiv") dx + [o, fo0* dx + [p0 TP0" ds + [,. T3v? ds,  where f, €
e(L,(R,))*, ¢ = 1,2, T? satisfies the corresponding condition of Sec. 1 for ¢ = 1, 2.
For g, € C*~ defined in Sec. 1 we introduce the problem {g,>: Let uslook for u e &~
such that for every ve A/,

(lvrl - Utzl - Iu,l - u,ZD ds = L(v — u).

(4.4) a(u, v — u) +J Zlg,
Te

In accordance with the preceding, a solution u of {g,) for arbitrary g, € C*~ will be

called the solution of the contact problem with friction iff #g, = % T,(u), where

T,(u)|r. = T)(u")|r. = —T}(u?)|r, and T;(u)|, is defined by the formula cor-

responding to (1.11), ¢ = 1, 2.

The existence, uniqueness, a priori estimates and the other properties declared in
Lemma 1.1 can be proved in this case in the same way (using the Korn inequality
on each Q,, « = 1,2). Our purpose is to prove some estimates analogous to (3.27)
applying the methods of § 3.

Let us take a fixed 0 € (0, Ag» and Ve U; of (3.1). Using the transformation
¥ = ¥, we convert (4.4) to

45)  a(ww) + b(u,w) + <Flg| I, Jui —ui +wp —wi = ui —ui]) 2
g (fl’ wl) + (fZ’ WZ) s

where

(4.6) a(u,w) = ali eif(u') e (w') dx + J‘ alyg e(u?) e(w?) dx

B*(d,r) B~ (d,r)
2
b(u, w) =Y b'(u', '),
e=1

b'(u‘, w') are defined in accordance with (3.5), (+, *) are the corresponding duality
pairings in (Ly(R? x (0, r)))* or (L,(R* x (—r,0)))>, <+, ) is the duality pairing
in L,(R?). Naturally, B™(3, r) = Bs(0) x (—r, 0).

The inequality (4.5) holds for every w = [w',w?]e #,;, = #(B*(5,r)) x
x #(B~ (5, r)) such that supp w' U supp w?> = B(, 1), (w'.n — w?.n) <0 for n
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being the unit outer normal vector on I'. with respect to Q. The integration for such w
can be extended to the integration over R* x (0, ) or over R* x (—r, 0).

Using the rotation L_, defined in Sec. 3, we put w' = @*(L_, u", — u') in (4.5).
In the corresponding shifted inequality we put w', = 0% ,((L,)-,u' — u*,). The
inequality obtained by the addition is analogous to (3.9), Using the corresponding
estimates based on the Lipschitz continuity of o, a'jy;, b%ju, 00/0x,, 0> @[0x], 1, j, k, | =
=1,2,3,¢=1,2,and on Lemmas 1.1 and 3.2, we obtain for G = ¢¢,J and U = gu

(4.7) ]h[_z_za[a(U-h - U, U, -U)+bU_,—U,U_, —U)]dh <

Bs;4(0)

= f |h|7272F 4Gy = FG, |U; =Uf|_, — U} = UZ]> dh +
R2

+ K(Q, 57 AO,1’ AO,Z’KO’ ‘97’ u(l)7 u(Z)’fl’fZ’ Tlo» TZO) *

By the corresponding extension of n, afjy, bij, ¢t = 1,2, i,j,k, 1 =1,2,3, by
means of P; defined in (3.14) and using the expression of U} = [UY, UY, 0] + U*
and Proposition 2.3, we finally obtain

(4.8)
[h|7>"[a"(U, = U, UL, = U') + B(US, = U, ULy = UY)] dh <

=1,2 J g

< (1+6(0) (c@) 3 = ) [Fo 6] -s2same 3 <i>”2'

=1,2 \dy,

N

1/2
<J [a'(U, — U, U, = U") + b(U-, — U, U, — UY)] lh!““dh) +
R2

+ K(AO,I’ A0,2= KO’ ‘9-;’ u?’ ug,fhfls T?’ Tg? &, 5’ Ot) .

Converting (1.11) (¢ = 1,2) by means of ¥ and using the corresponding con-
siderations and calculations from Sec. 3, we obtain for¥” = ¢T,(u) J the following ine-
quality holding for ¢ = 1, 2:

(4.9) 1= 1/24arz < (1 + &(8) + &) (Ag.)"2 (c(2) e(3 — @)~ V2.
(f [h| 727> [a (U, - U, U-, — U") + b'(U-, — U', U, — U')] dh>1/2 +

+ K((S, AO,I: A0,25 KO; '977 u(l), ugaf[af27 T?a Tg, 8’ (Z) .

Using (4.8) and (4.9) (which are independent of Ve U, for each & € (0, A)) we
need to calculate an estimate for & in the form

(4‘10) |!yH~1/2+a.R1 = 5(1 +é&+ 8(5)) ”37“00 ”GH—1/2+a,R2 +
+ K(é’ AOVI, Ao,z, KO’ ,97, u?’ “g,fpfz, T(l)’ Tg’ &, OC) >
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which yields the estimate |#|,, < ¢~* for the admissible coefficient of friction. It
is possible to calculate the following estimates supposing A, ; < A,, in (4.11)
and (4.12) (the converse case is symmetric):

(@.11)
17]. < \/( ao,lam) Aoy + Ao g o2 o (Ao — Ag)
) 244,140,2 \/(00,1A0,1)+\/(ao,2/40,2) Ao 1 B 440,140 ,2
(412) |#].. < J(z) ! ir o2 (oo = Ao)?
Ao \/ao,z +\/(a0_1 + 00,2) do,1 444 1402
or

“13) |7, < \/( 90.190.2 Aot ¥ A°'2> for arbitrary a, > 0,
2401402 Ao,1 + do 2

ag, >0, Ao >0, A;,>0.
Of course, the estimate (4.13) is a little worse than (4.11) or (4.12) if the correspon-
ding inequalities for a, ,, 4¢ ., t = 1,2 hold.

If Q, and Q, are homogeneous isotropic, then we can use the estimate
(4.14) 7). <a

according to the corresponding remarks of Secs. 2 and 3. a is stated in the following
table, where

b = (1__011__202)”2 g_El+o

1l —0,1— 20, E, l+0,
(4.15)
v T a
(1= 20,) (1 = 205)
4, +0) (0 =2/p, + ) \/< 2(1—01(1_02)>'
&4 0, + ) E, \/ 1—01>+ E, /(1—0—2)
1 - 20, 1 + 0, V\I — 20,

0.5 0 0 1+ 0, (

. <’1—2\/n> E, 4/<l—al>+ E, ‘:/1_62)
1 — 20, 1 + o, 1 — 20,

4, + ) 0,0 — 2 v} 1/(1“2%> 2
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€0, +o0) €0, +0) v<(;<l_-20$1)>((11——2:f))>'

E, /<1—01> E, 1 — o,
. PR . . +
L+ o N\ =26, " 146, Y\I = 20,

B, E

1+ o, I + 0,

Of course, the last value of a in (4.15), which corresponds to the case of (4.13), is
smaller than the former values of a for v, T belonging to the corresponding intervals.

The first value of a is the best and can be used in all cases, in which max (¢4, 0,) <
< 15/31. We Lave

Theorem 4.1. Under the suppositions mentioned before the introduction of the
problem {g,> there exists a solution of the contact problem with friction if one of
the condition (4.11)—(4.13) holds. Particularly, if both Q, and Q, are homo-
geneous isotropic (with the Poisson ratio ¢,, and the Young modulus of elasticity E,,
v = 1,2) then (4.14), with a from any condition of (4.15) for which both v and T
belong to the prescribed intervals, is sufficient for the existence of a solution.
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