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ON K-RADICAL CLASSES OF LATTICE ORDERED GROUPS

JAN JakUBik, KoSice

(Received April 5, 1982)

The notion of radical class of lattice ordered groups was introduced in the author’s
paper [4]; cf. also [5] A radical class X which can be defined by means of the pro-
perties of the lattice of closed convex I-subgroups of I-groups belonging to X is said
to be a K-radical class (P. Conrad [1]).

Examples of K-radical classes are: the class X, of all archimedean I-groups; the
class X of all I-groups with a basis; the class X of all completely distributive I-groups;
the class S, of all I-groups G such that the lattice of all closed convex I-subgroups of G
isa Stone lattice. These and some other examples of K-radical classes were thoroughly
studied by Conrad [1].

Let # and Zy be the collections of all radical classes and K-radical classes, respec-
tively. Both # and %y are partially ordered by inclusion. Then Z and %y are complete
lattices. The lattice 2 was investigated in [4]. In the present paper the lattice 2y
will be dealt with.

For X € %y we denote by a(X) the class of all elements of Z covering X ; further,
let a,(X) be the class of all Ye % such that X < Y and no element of the interval
[X, Y] covers X. Let Ry and ¢ be the least element and the greatest element of %y,
respectively. If X € #y is generated by a one-element class, then X is said to be
principal.

Sample results: It will be shown that %y fails to be a closed sublattice of £. It will
be proved that %y is a Brouwer lattice and for each subclass X of ¢ the K-radical
class generated by X is equal to Join Lat Sub X (for denotations, cf. Sec. 1 below).
There exist K-radical classes X;, X, distinct from % such that a(X;) = 0 and
ay(X,) = 0. If X = R, is a principal K-radical class, then both a(X) and a,(X) are
nonempty (in fact, they are proper classes). For each X € {X 4, X, X¢, S,} the class
a(X) is nonempty. K-radical classes generated by linearly ordered groups will be
examined. ‘

1. PRELIMINARIES

Let 4 be the class of all lattice ordered groups. When considering a subclass Y
of ¥ we always assume that Y is closed with respect to isomorphisms and that the
zero group {0} belongs to Y.
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A subclass X of ¢ is said to be a radical class if it is closed with respect to

a) convex [-subgroups, and

b) joins of convex [-subgroups.

Let G € 9. We denote by ¢(G) the system of all convex I-subgroups of G; the set
¢(G) is partially ordered by inclusion. Then ¢(G) is a complete lattice. The operation A
in ¢(G) coincides with the set-theoretical intersection. The join in ¢(G) will be denoted
by Vier G

For G e % we denote by K(G) the system of all closed convex I-subgroups of G.
The system K(G) is partially ordered by inclusion; then K(G) is a complete lattice.
The lattice operations in K(G) will be denoted by A and v. For M = G we denote
by M~ the closed convex [-subgroup of G that is generated by M. The meet in K(G)
coincides with the set-theoretical intersection and for {G;};.; = K(G) we have

v:'eI Gi = (stl Gi)_ .
A subclass X of ¢ is said to be a K-class if there exists a class T of lattices such

that the equivalence
GeX<K(G)eT

is valid for each lattice ordered group G.

A K-class X which is at the same time a radical class is called a K-radical class
(cf. [1]).

Let # and Zy be the collections of all radical classes and all K-radical classes,
respectively. Both # and %y are partially ordeted by inclusion. The one-element
class Ry = {{0}} is the least element in both # and %, and % is the largest element
in both # and %y.

For X < ¥ we denote by

Sub X — the class of all convex [-subgroups of I-groups belonging to X;

Join X — the class of all I-groups G having a system {G,-},-E, of closed convex
I-subgroups with G; € X for each i € I such that V; G; = G;

Join, X — the class of all I-groups G having a system {G,},.; of convex [-subgroups
with G; € X for each i € I such that V&, G, = G;

Lat X — the class of all lattice ordered groups G such that K(G) is isomorphic
to K(G,) for some G, € X;

(X)~ — the class of all lattice ordered groups G having the property that there
exists G, € ¢(G) N X such that G = Gy.

Z is a complete lattice in which the meet coincides with the intersection of classes.
(In fact, £ is a proper class.) The join in # will be denoted by V°. For X < ¢ we de-
note by T(X) the intersection of all Ye # with X < Y. Then T(X) belongs to # and
is said to be the radical class generated by X. The following two propositions were
proved in [4].

1.1. Proposition. Let X = 4. Then T(X) = Join, Sub X.

150



1.2. Proposition. Let I be a nonempty class and for each i€l let X;€ R. Then
fer Xi = Join (U ies Xi)'

2. THE LATTICE Zg

2.1. Proposition. Zx is a complete lattice. The operation of meet in Ry coincides
with the intersection of classes.

Proof. Let I be a nonempty class and for each i e/ let X; be a K-radical class-
Hence for each i € I there exists a class T; of lattices such that

GeX;<K(G)eT,
is valid for zach G e 4.
Put X = Vit X:, T = Niex T;- Then X is a radical class and for each He % we
hawe
HeX < K(H)eT;

hence X € Zg. Thus X is the meet of the class {X,-},»E, in Zx. Because Zx is bounded,
it is a complete lattice.

2.2. Lemma. Let Ge %, Hec(G). For each H, € K(H) and each H} eK(H™)
put o(H,) = Hy, Y(H}) = H " H}. Then ¢ is an isomorphism of the lattice
K(H) onto K(H™) and y = ¢~ 1.

Proof. Let H;, H, e K(H) and assume that ¢(H,) = ¢(H;). Let 0 < g € H,.
Thus g € H; = H; and hence there are elements {x,-},-e, in H; such that 0 < x;
and sup {x;} = g holds in G. This implies that sup {x;} = g holds in H as well and
thus, because of H, € K(H), we have g € H,. Therefore the mapping ¢ is a mono-
mosphism.

Let H* € K(H ™). Then clearly H* n H e K(H) and p(H* " H) < H. Let 0 < g e
€ H*. There is a subset {x;};.; S H with 0 < x; such that Vx; = g holds in G. Then
{x;}ier € H* N H and hence g € p(H* n H). Therefore o(H* n H) = H*. Hence ¢
is onto K(H ™). At the same time we have verified that y = ¢~ .

If Hy, H, e K(H) and HY, Hy e K(H"), then

H, € H, = (P(Hl) S (P(Hz)
and
HY < H} = y(HY) < y(H3);

hence ¢ is an isomorphism.

2.3. Lemma. Let X < ¥, Y = Lat Sub X. Then Sub Y =Y.

Proof. Let G € Y. There exists G’ € Sub X such that the lattice K(G) is isomorphic
to K(G'); let ¢ be the corresponding isomorphism. Let H € ¢(G). Put H* = ¢(H").
The lattice K(H*) coincides with the interval [{0}, H*] of the lattice K(G'); similarly,
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the lattice K(H ™) coincides with the interval [{0}, H™] of the lattice K(G). Hence
K(H ") is isomorphic to K(H*). Because of H* € Sub X we infer that H~ € Lat Sub X
and in view of 2.2, H € Y. Therefore Sub Y =Y.

2.4. Lemma. Let X < %, Y = Join Sub X. Then Sub Y = Y.

Proof. Let He Sub Y. There is G e Y with H € ¢(G). Further, there are G; €
€ Sub X N K(G) with G = V,; G;. Hence G; n H e SubX n K(G). It suffices to
verify that H = V., (G, n H) is valid.

Let 0 < he H. Since he G = (V; G;)~ there are elements /1, (j € J) such that
h=V,;h;and 0 < h;e Vi, G, for each je J.

Let j e J be fixed. There exist elements gy, -.-» gu(j) € Uier G; such that 0 < g
is valid for k = 1,2, ..., n(j) and

hy=gj+ -+ Gjnis) -

Then g; < h; holds for k = 1,2,..., n(j) and hence g € Uics (G; n H). Therefore
all h; belong to V&, (G, n H) and so he (Vi (G;n H))™ = Vi (G0 H). Thus
H =V (G, H).

2.5. Lemma. Let X < 9, Z = Join Lat Sub X. Then SubZ = Z.
Proof. In view of 2.3 we have
Z = Join Sub Lat Sub X ;

hence according to 2.4 the relation Sub Z = Z is valid.

2.6. Lemma. Let G and G’ be the lattice 01'dered groups and let ¢ be an iso-
morphism of K(G) onto K(G'). Let H € K(G). Then K(H) is isomorphic to K(o(H)).

Proof. The image of the interval [{0}, H] of K(G) under the isomorphism ¢ is
the interval [{0}, o(H)] of the lattice K(G'). Since K(H) = [{0}, H] and K(p(H)) =
= [0, ¢(H)], the lattice K(H) is isomorphic to K(¢(H)).

2.7. Lemma. Let X =< %, Y = Join Lat X. Then Lat Y = Y.

Proof. Let Ge Lat Y. There is G’ € Y such that there exists an isomorphism ¢
of K(G) onto K(G'). Further, there are G; (i eI) in K(G') n Lat X such that G’ =
= Vier Gi. Put G; = ¢ '(G}). Then in view of 2.6 we hawe G,e K(G) n Lat X;
clearly G = V,; G;, hence Ge Y.

2.8. Lemma. Let X = 9, Z = Join Lat Sub X. Then Z is closed with respect to
Jjoins of convex I-subgroups.

Proof. Let Ge¥ and G,ec(G)nZ (iel). Put H = V5, G, Then we have
H™ =V G;. According to 2.2 and 2.7, all G; belong to Z and hence H™ €
eJoinZ = Z. Since H e Sub {H™}, from 2.5 we infer that H € Z is valid.

152




2.9. Theorem. Let X = 4. Then

(i) Join Lat Sub X € %;

(ii) for each Z € Rk with X <= Z we have Join Lat SubX < Z.

Proof. Put Join Lat Sub X = Z. In view of 2.5, Z is closed with respect to convex
I-subgroups; according to 2.8, Z is also closed with respect to joins of convex /-sub-
groups. Therefore Z is a radical class. Since Z is a K-class (cf. 2.7), we have Z € %.
Hence (i) is valid.

Let Z' € Z¢, X < Z'. Since Z' is a radical class, we have Sub Z’' = Z’; because Z
is a K-class, Lat Z' = Z’ is valid. Hence we have to verify that Join Z' = Z' holds.
Let Ge9, {G}is € X nK(G), Vie; G; = G. Put Vi, G; = H. In view of 2.8,
HeZ'. Since H™ = G, from 2.2 we infer that G € Z'. Thus (ii) holds true.

For each X = % we denote Ty(X) = Join Lat Sub X. In view of 2.9, Ty(X) is the
K-radical class generated by X. If G € ¢, then the K-radical class generated by {G}
will be denoted by Tx(G).

The join in the lattice Zx will be denoted by V.

2.10. Theorem. Let I be a nonempty class and for each i €1 let X; be a K-radical
class. Then iy X; = Join J;o; X
Proof. From 2.9 we infer that
Viei X; = Join Lat Sub U, X;
is valid. Further, we hawe

Lat Sub Uier X; = Ujer Lat Sub X; = Uier X,

completing the proof.
Let us remark that for {X;},.; % the relation

zeI X VlEI X

need not be valid. This will be shown by Example 3.8 below.

2.11. Theorem. The lattice R fulfils the infinite distributive law
XAMVirY)=Via(X A V)

Proof. We have Vi (X A ¥;) £ X A (Vi V) Let GeX A (Vi Y;). Hence
GeX and GeVy Y In view of 2.10 there are G, (jGJ) belonging to K(G) n

A (Uses Y;) such that
G=V,,G,.

Then we have G; € Uier (X A Y;) for each je J, hence Ge Vi (X A Y)).
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3. K-RADICAL CLASSES GENERATED BY LINEARLY ORDERED GROUPS

3.1. Proposition. Let X < 4. Assume that SubX = X and Lat X = X. Then
Tx(X) = (T(X))™

Proof. a) Let G e (T(X))™. Hence there is G, € ¢(G) n T(X) such that G = Gy.
In view of 1.1 there are G;€ X n ¢(G,) such that G, = Vi, G;. Hence G = G| =
= VG; and according to 2.2, G; € X. Therefore G e Ty(X) and thus (T(X))” <
< Ty(X).

b) Assume that G e Ty(X). Hence G € Join Lat Sub X = Join X. Thus there aie
G;e X nK(G) with G = V,;G,. Put H =V, G;; we hawe He T(X) and H ™ e
e(T(X))". From :

H™ =Vt G =VigGi=G

we infer that G e (T(X))~ and therefore Tx(X) < (T(X))".

3.2. Lemma. Let G € 9. Then the following conditions are equivalent:

(i) G is linearly ordered.

(i1) ¢(G) is a chain.

(iii) K(G) is a chain.

The proof is simple, it will be omitted.

Let us recall the notion of the completely subdirect product of lattice ordered
groups which was introduced by F. Sik [7]

Let Ge % and let S = {G,},.; be a system of convex [-subgroups of G. The lattice
ordered group G is said to be a completely subdirect product of the system S if
Y1 Gi € G < [z Gi- (Cf. also Conrad [2].) (Recall that the symbol Y., G,
above denotes the restricted direct product of the system S.)

It is easy to verify that for Ge 4 and S = {G,};.; = ¢(G) the following conditions
are equivalent:

(i) G is a completely subdirect product of the system S;

(i) G;n G; = {0} whenever i and j are distinct elements of /, and for each
0 <geGthereareg,eG; (iel)withg = Vg g

(iii) G; n G; = {0} whenver i and j are distinct elements of I, each G, is a direct
factor of G and V,; G, = G.

3.3. Lemma. Let Ge % and H € ¢(G). Assume that H is a completely subdirect
product of a system S = {H;},.;, where each H; is linearly ordered. Then H™ is
a completely subdirect product of the system S as well.

Proof. Without loss of generality we may suppose that H; + {0} for each i eI.
Let 0 < ge H™. Then g is a join of some positive elements of H; since each positive
element of H is a join of positive elements belonging to J,.; H; there are elements
0 < hje Uy H; such that g = Vh;.

Let i; be a fixed element of I. Assume that x < g for each x € H; . Choose 0 < y e
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H;.lfielandi#i,0<zeH,thenz + y =z v y; hence

g<g+y=WNh)+y=Vh;,+y) =g,

which is a contradiction. Therefore for each iel there is 0 < hie H; such that
h; £ g. Then hi A g is the greatest element of the set [0, g] n H;. Hence we infer
that g = V. h;. Consequently, H ™ is a completely subdirect product of the system S.

3.4. Proposition. (Cf. [5], Thm. 3.4.) Let X < 4. Assume that each lattice ordered
group belonging to X is linearly ordered. Let G € 4. Then the following conditions
are equivalent:

(i) Ge T(X).

(ii) There are systems {A;};; S ¢(G) and {A;;} ;s € ¢(G) N X for each i€l,
such that A; = ey Aij is valid for each iel, and G =Y, A;.

For X = % we denote by X° the class of all G € 4 having the property that there
exists a linearly ordered system {G};.; X n ¢(G) such that G = J;; G; is valid.
(The system under consideration is ordered by inclusion.)

3.5. Theorem. Let X < ¥, X, = Lat Sub X. Assume that all elements of X are
linearly ordered groups. Then

(i) all elements of X, are linearly ordered groups;

(ii) T(X) is the class of all lattice ordered groups which can be expressed as
completely subdirect products of linearly ordered groups belonging to X9.

Proof. (i) is a consequence of 3.2. In view of 2.2 we have SubX,; = X,, and
clearly Lat X, = X,. Thus 3.1, 3.3 and 3.4 imply that (i) is valid.

3.6. Corollary. Let Y be a K-radical class. Then the following conditions are
equivalent:

(i) Each G € Y is a completely subdirect product of linearly ordered groups.
(ii) There exists a class X of linearly ordered groups such that Y = Ty(X).

3.7. Proposition. Let G, G’ € 9. Assume that (i) G is a completely subdirect product
of linearly ordered groups G, (i €1), and (ii) K(G) is isomorphic to K(G'). Then G’
can be expressed as a completely subdirect product of linearly ordered groups G;
(i €I) such that, for each i €1, K(G;) is isomorphic to K(Gj).

Proof. Let ¢ be an isomorphism of the lattice K(G) onto K(G'). Put G; = ¢(G;)
for each i el. According to 2.6, the lattices K(G;) and K(G;) are isomorphic. Thus
in view of 3.2, all G} are linearly ordered.

G, is a direct factor of G and hence G; has a complement in the lattice K(G). Thus G;
has a complement Hj; in the lattice K(G'). Without loss of generality we may suppose
that all the lattice ordeted groups G; are non-zero; hence the same is valid for G;.
Assume that there exists g’ € G’ such that g’ is an upper bound for some G}, (i1 el).
We have

= (G}, v H)",
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hence g’ is a join of some positive elements of G, v H;. Each positive element
of Gi, v Hj, is a join of some positive elements of the set G;, U Hj ; hence there are
elements 0 < g; € G}, U H;, with g¢" = Vg;. Choose 0 < k € G;. Then

g <g +k=V;(g;+ k).

If g;€Gj, then g; + ke G;, and hence g; + k < ¢’; if g;€ H;,, then g; + k =
=g; v k=g Thus Vj(g; + k) = g, which is a contradiction. Therefore G;,
fails to be bounded in G’ and hence, in view of the result of [6], G}, is a direct factor
in G'.

We have V;.; G; = G, hence V;; G; = G’'. Therefore G’ is a completely subdirect
product of the system {G;} (iel).

Remark. Proposition 3.7 can be applied to obtain an alternative proof of Theo-
rem 3.5.

3.8. Example. Let R be the additive group of all reals with the natural linear
order. We denote by o the operation of lexicographic product. Put R, = Ro Ro ...
o R (n-times), X, = Ti(R,) (n = 1,2,...),

G=TIR, (n=1,2,..),
X=VX,, Y=VX, (n=12,..).

Then 3.4 and 1.2 imply that G does not belong to X; on the other hand, according
to 3.5 we have G € Y. Hence if S is an infinite chain in the lattice %k, the join of S
with respect to Z¢ need not coincide with the join of § with respect to £. In parti-
cular, Zy fails to be a closed sublattice of Z.

4. ON ATOMS OF THE LATTICE %k

For X € Zx we denote by a(X) the class of all Ye % such that (i) X < Y, and (ii)
there exists no Z € # with X < Z < Y. The elements of a(X) are called atoms over X.
If X = {{0}} = Ry, then a(X)is the class of all atoms of %; this class will be denoted
by A,. Also, for each X € %, we denote by a,(X) the class of all Ye #, such that (i)
X < Y, and (ii) the interval [X, Y] of %, has no atoms. The following proposition
shows that A, is nonempty.

4.1. Proposition. Let X € Z¢. Then the following conditions are equivalent:

(i) X € 4y and X contains an archimedean non-zero linearly ordered group.

(ii) X is the class of all lattice ordered groups which can be expressed as com-
pletely subdirect products of archimedean linearly ordered groups.

Proof. Let us denote by Y the class of all lattice ordered groups G such that G is
a completely subdirect product of archimedean linearly ordered groups. In view of
3.5, Yis a K-radical class. Let Z € Z¢, Ry < Z < Y. There is G, € Z with G, * {0};
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further, there is an archimedean linearly ordered group G, # {0} such that G, is
a direct factor of G;. If G5 is any non-zero archimedean linearly ordered group, then
K(G3,) is isomorphic to K(G,), hence G; € Z and therefore (because Z = Join Z) we
infer that Y < Z. Thus (i) is a consequence of (ii). The implication (i) = (ii) is obvious.

The word “‘archimedean” cannot be omitted in the condition (i) of 4.1. This will
be shown by the following construction and by 4.2.

Let « be an infinite cardinal. We denote by w(a) the first ordinal having the property
that the set of all ordinals less then w(«) has the cardinality «. Let I, be a linearly
ordered set dual to w(«). Let G be a linearly ordered group, G = {0}. We put

Ga = rislw) Gi ’

where I’ is the symbol denoting the lexicographic product and G; is isomorphic to G
for each iel.

From the definition of G, we immediately obtain:

4.2. Lemma. Let H be a convex I-subgroup of G,, H  {0}. Then there exists
a convex l-subgroup H, of H such that H, is isomorphic to G,.

4.3. Lemma. Let {0} #+ Ge %. Assume that for each H e c(G) there exists
H, € ¢(H) such that H, is isomorphic to G. Then T(G) is an atom in %y.

Proof. We have R, < Tx(G). Let X € Zx, Ry < X < Ty(G). There exists {0}
+ G’ € X. According to 2.9 we have G’ € Join Lat Sub {G}. Hence there are {G;},.; =
< K(G'), {H;}ic; < Sub {G} such that G’ = V,; G, and for each i el there exists
an isomorphism ¢; of K(G;) onto K(H;). Without loss of generality we can suppose
that G, + {0} for each i e I; hence H; + {0} for each i el. In view of 2.2, K(H,) is
isomorphic to K(H; ), hence there is an isomorphism ¢; of K(G;) onto K(H;).
According to the assumption there exists H;; € c(H; ) such that H;, is isomorphic
to G. Hence K(H,) is isomorphic to K(G) and in view of 2.2, K(H,,) is isomorphic
to K(G) as well. Thus (¢')~' (H;;) € T4(G') = X and K((¢')~"' (H;;)) is isomorphic
to K(G), implying G € T(G'). Therefore X = Ti(G).

4.4. Proposition. Let Ge 9, G + {0} and let « be an infinite cardinal. Then
T(G,) is an atom of the lattice Ry.

Proof. This is a consequence of 4.2 and 4.3.

4.5. Corollary. The class of all atoms of Ry is a proper class.
Let us remark that Ty(G,) does not contain any nonzero archimedean [-group.

4.6. Proposition. There exists a nonzero linearly ordered group G such that the
interval [R¢, Ty(G)] of the lattice Zx contains no atom.

Proof. Let § be an infinite cardinal and let I() be a linearly ordered set dual
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to w(p). For each i e I(p) let a; be a cardinal such that

W > i, =0, <o,

further, let J; be a linearly ordered set isomorphic to w(a;). We denote by M the set
of all pairs m = (j, i) with i e I(f) and j € J;; we put (jy, iy) < (j, i,) if either
iy, <y oriy =1i,and j; <j, Let Gy # {0} be an archimedean linearly ordered
group and for each me M let G,, be a linearly ordered group isomorphic to G,.
Put

G =Ten Gy -

Let Ry < X < Ty(G). There exists H; € X with H, + {0}. In view of 3.5, there
exists a convex [-subgroup H, = {0} of G such that H, is isomorphic to a convex
subgroup of H,; thus Tx(H,) < X. The construction of G yields that there exists
a convex [-subgroup H; # {0} of H, such that for each nonzero convex [-subgroup
H, of Hj the lattice K(H,) fails to be isomorphic to K(H,). By using 3.5 again we
infer that H, does not belong to Ty(H,); therefore Ry < Tx(Hj) < Ty(H,). Thus X
fails to be an atom of %y.

We have proved that the class a,(R,) is nonempty. This result can be sharpened
as follows. Let us apply the same notation as in the proof of 4.6.

Now if we choose a cardinal f; such that f, > f and if we construct a linearly
ordered group G, in the same way as we did for G (with the distinction that f is
replaced by f3,), then in view of 3.5, G, does not belong to Tx(G); therefore Ty(G,) +
+ Tx(G). From this consideration we infer

4.7. Proposition. a,(R,) is a proper class.

Denote A = sup a(R,), A, = sup a;(R,) (the symbol sup being taken with respect
to the complete lattice ). '

The following proposition is a consequence of 4.5, 4.7 and of the fact that % is
a Brouwer lattice (cf. 2.11).

4.8. Proposition. a(A,) and a,(A) are proper classes. The class a((A,) is empty.
The lattice [Ry, A] is complemented. A, belongs to a,(R).

5. THE CLASS a(4)

Let Ge¥9, He c(G). If for each g € GNH with g > 0 we have g > h whenever
h e H, then G is said to be a lexico extension of the lattice ordered group H and we
denote this fact by writing G = (H). The lattice ordered group G is called a proper
lexico extension if there exists H, e ¢(H) with G + H, =+ {0} such that G = {H ).
Let G + {0} be an archimedean linearly ordered group. Let o be an infinite car-
dinal. Put
G[z] = (Hiel Gi) oG,

where each G; is isomorphic to G. Then Gy is a proper lexico extension.
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5.1. Lemma. Ty(G) is covered by Ty(Gy,)-

Proof. There exists a convex [-subgroup of G,y isomorphic to G; thus G € T(G,;)
and hence Ty(G) < Ty(Gy,;)- Now 3.4 implies that Gp,y does not belong to Ty(G)
(in fact, each element of Ty(G) is archimedean and G, fails to be archimedean).
Therefore Tx(G) < Tx(Gy,y)-

Let X € Zy, Ty(G) < X < Ty(Gy,y)- Hence there is H € X \ Ty(G). In view of 2.9
there are H,e K(H) (iel) such that H =V, H; and each H; belongs to
Lat Sub {Gp,;}. Hence for each i e I there is H} € Sub {Gy,} such that K(H,) is iso-
morphic to K(Hj).

For each H; we have either (i) H; = [, G;, or (ii) H} = G,y 1f (i) is valid for
each i €1, then H;e Ty(G) holds for each i eI, hence H e Ti(G), which is a contra-
diction. Therefore there is i e/ fulfilling (ii) and so X = T(G,), completing the
proof.

5.2. Lemma. Let X € Ay, X # T(G). Then Ty(Gp,y) A X = Ro-

Proof. By way of contradiction, assume that there is H € TK(G[,]) A X with H
+ {0}. The construction of Gp,y and 2.9 yields that each nonzero lattice ordered
group belonging to TK(Gm) has a nonzero archimedean subgroup. Thus TK(G) =X,
which is a contradiction.

5.3. Lemma. Ty(G,j) v A covers A.

Proof. Let Ay be the class of all elements of 4, distinct from T(G) and let A" =
= sup Ay. In view of 5.2 and 2.11 we have

Ti(G,) A A" =Ry,
hence according to 5.1 we obtain
Ti(Gr) A A = Te(Gr) A (Ti(G) v 4') = T(G) -

Since the interval [4, Tx(Gp,;) v A] is transposed to the interval [Tx(G), Tx(Gp.y)],
it follows from 5.1 that Tx(G,;) v A covers A.

5.4. Lemma. Let § be a cardinal, p > o. Then Ty(Gpy) + Ti(Grp)-

Proof. By way of contradiction, assume that Tx(G,;) = Tx(Gpp)- Hence Gye
€ Tx(Gray)- In view of 2.9 there are H; € K(Gyy) (j € J) such that Grgy = Vs H; and
all H; belong to Lat Sub {G,y}. Let j € J. There exists H} € ¢(Gy,;) such that K(H;)
is isomorphic to K(H);). We distinguish two cases.

a) H; < []ic G; for each je J. Because |];; G; = V;; G; and each G, is iso-
morphic to G, we infer that Gy belongs to Tx(G) which is a contradiction (in fact, Gis
linearly ordered and archimedean, hence in view of 3.4 all elements of Ty(G) are
archimedean, but Gy fails to be archimedean).

b) There exists j € J such that H; & [[i; Gi. Then H); = Gy,;. Thus K(H;) cannot
be isomorphic to K(H), and we arrived at a contradiction.

159



5.5. Corollary. Let 8 be as in 5.4. Then
(Ti(Grzy) v 4) A (Ti(Grpy v A4) = 4.
5.6. Theorem. a(A) is a proper class.

Proof. For each infinite cardinal o we have Ty(Gp,) v 4 € a(A) (cf. 5.3). From
5.5 it follows that if B > o, then Ty(Gp,; v 4 =% Tx(G.5) v A. Hence a(A) is a proper
class.

6. PRINCIPAL ELEMENTS OF Zy

An element X € % is said to be principal if there is G € 4 such that X = Ty(G).
Let 2 be the class of all principal elements of .

To each G e ¥ we assign a cardinal k(G) as follows: k(G) is the least cardinal «
having the property that there are G;eK(G) (iel) such that V;, G; = G and
card K(G;) < « for each iel.

A subclass X of G is said to be k-bounded if there is a cardinal o such that k(G) Sa
for each G e X.

6.1. Proposition. Let X € Zy. Then the following conditions are equivalent:

(i) X is a principal element of Zy.

(i1) X is k-bounded.

Proof. Suppose that X is principal, X = Tx(G). Put card K(G) = a. Then 2.9
implies that for each H € X we have k(H) < a; hence X is k-bounded.

Conversely, assume that X is k-bounded, i.e., k(H) < a for each H e X. There
exists a set S of lattices which has the following properties:

(i) If Le S, then card L < o.
(i) If Le S, then there is H; € X such that Lis isomorphic to K(H,).
(iii) If H; € X and card K(H,) < o, then there is Le S such that Lis isomorphic
to K(H,).
For each Le S we choose a fixed H, fulfilling (ii) and we put H, = H,(L). We
denote
G = HLES HI(L) .

Because H,(L) € X and since X is closed with respect to direct products (cf. [1]) we
infer that G belongs to X and hence Tx(G) £ X. Let H € X. In view of the definition
of S there are H, (i eI) in K(G) such that V,; H; = H and for each i eI, K(H;) is
isomorphic to a certain element of S. Hence H; e Tx(G) for each iel and thus
H e Ty(G). Therefore X = Ty(G).

6.2. Corollary. Let X € ?, Ye By, Y < X. Then Ye 2.
From 6.1 and 2.10 we also obtain:
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6.3. Corollary. Let I be a nonempty set and for each i€l let X; be a principal
K-radical class. Then V1 X; is a principal K-radical class as well.

6.4. Proposition. Let A and A, be as in Sec. 4. Then A ¢ P and A, ¢ 2.

Proof. Le: Ge¥%, G #+ {0} and let « be an infinite cardinal. Then k(G,) = o.
Hence {k(H)} .4 is a proper class of cardinals. Thus the class 4 fails to be k-bounded
and in view of 6.1, A is not principal. Also, from the construction of elements of A4,
applied in the proof of 4.6 it follows that A, is not k-bounded, hence A4, fails to be
principal.

6.5. Theorem. Let X be a principal K-radical class. Then both a(X) and a,(X)
are proper classes.

Proof. According to 6.1 there is a cardinal « such that k(G) < o for each G € X.
Let G'e 9, G' + {0}. For each > a we have k(G) > «, hence Gy ¢ X and thus,
because of 4.4, X A Ty(G;) = R, and thus X is covered by X v Ti(Gp). If B, > B,
then (since %y is a Brouwer lattice) we have X v Tx(Gj;,) #+ X v Ti(Gy). Therefore
a(X) is a proper class. The proof for a,(X) is analogous.

7. K-RADICAL CLASSES HAVING NO COVER

In view of the above results the natural question arises: does there exist a K-radical
class X + % having the property that a(X) = 0? The following consideration (the
idea of which is analogous to that performed in [4] for the lattice 2 of all radical
classes) shows that the answer is affirmative.

7.1. Lemma. Let X,Y € Ry such that X is covered by Y. Then there are G, € Y\ X,
G, € X such that Ty(G,) is covered by Ty(G,).

Proof. From X < Y it follows that there is G, € Y\ X. Hence T(G,;) < Y and
T(G,) £ X. Put T4(G,) A X = Z. In view of 6.2, Z is a principal K-radical class,
i.e., there is G, € Z with Z = T(G,). Then G, € X. Since X is covered by Y we have
X v Tx(G,) = Y. Since the interval [Ty(G,), Tx(G,)] is transposed to [X, Y],
Tx(G,) is covered by Ty(G,).

7.2. Corollary. Let X € #y. Assume that for each G, € X and each G, € % such
that Ty(G,) € a(Tx(G,)) we have G, € X. Then a(X) = 0.
Let A, be as in Sec. 4.

7.3. Lemma. Let X € Zy, X A Ay = Ry and Ye a(X). Then Y A Ay = R,

Proof. By way of contradiction, assume that Y A A, = Z > R,. According to
4.8, the interval [R,, Z] contains no atom. Because X is covered by Yand Z £ X,
we obtain X v Z = Y. Since X A Z = R,, the interval [Ry, Z] is transposed to
[X, Y], hence R, is covered by Z, which is a contradiction.
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Foreach C = % we denote by J(C) the class of all Ye 2 such that thereare Z, € C
and G, € Z,; with Ye a(T(G,)). Next we put X,(C) = sup C v sup J(C).

For each ordinal o we assign a K-radical class X, as follows. We put X, = R,.
Suppose that we have defined X, for each f < o. If o is a limit ordinal, then we put
X, = Vp<u X, If o is non-limit, @ = y + 1, then we set X, = X ,([R,. X,]).

Put X, = V, X,, where o runs over the class of all ordinals.

7.4. Proposition. a(X,) = 0 and X, + 4.

Proof. The ielation a(X,) = 0 follows from the construction of X and from 7.2.
According to 7.3 we have Xy A 4; = R, hence X, + 9.

Let us remark that if G € X € Z, G' € ¥\ X, Ty(G') € 1(T(G)), then X v T(G')e
€ a(X). By applying this remark and using a construction analogous to that of X, the
fé]lowing proposition can be proved (the detailed proof will be omitted):

7.5. Proposition. Let X € #y. There exists Ye Ry such that
(i) XY,
(i) a(X) = 0;
(iti) if Ze Rx, X < Z and a(Z) = 0, then Y < Z.
Let X, Xg, X¢ and S, be as in Introduction. Now we shall prove that a(X) *0
for each X € {X,, X, X¢. S,}-

7.6. Proposition. a(X,) is a proper class.

Proof. Let G be a nonzero archimedean linearly ordered group. For each infinite
cardinal o let Gy, be as in Sec. 5. Put Y, = X, v T(G,).- We have Gp,; ¢ X .. Hence
in view of 5.1 we infer that Y, € a(X ;). Now 5.4 implies that a(X ,) is a proper class.

Let us denote by F the additive group of all real functions f defined on the set M
of all 1ational numbers x e (0, 1) which have the following property: there are
irrational numbers «;, ..., o, €(0, 1) with o, <o, <... <o, (depending on f)
such that f is a constant on each of the sets (0, o) N M, (o, o) "' M, ..., («,, 1) 0 M.

For fi, f,€ F we put fy < f, if f1(x) £ f,(x) is valid for each x e M. Then F is
a lattice ordeired group.

It follows immediately from the construction of Fthat each nonzero convex /[-sub-
group of F is isomorphic to F. Hence in view of 4.3 we obtain:

7.7. Lemma. Ti(F) is an atom of Ry.

7.8. Proposition. a(Xj) + 0.

Proof. If {0} % G € X, then there is a nonzero convex [-subgroup H of G such
that K(H) is a chain (cf. 3.2). If G € ¢(F), then G does not have the mentioned proper-
ty: hence according to 2.9 we have X A Ty(F) = R,. Therefore in view of 7.7,
Xy v Ti(G) covers X .

Also, no nonzero convex [-subgroup of F is completely distributive; hence by
analogous reasoning as in the proof of 7.8 we infer:
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7.9. Proposition. a(X() =+ 0.

7.10. Lemma. (Cf. [1], p. 191.) Let G € %. Then G belongs to S, if and only if each
polar of G is complemented in K(G).
Let G, be as above. Then 7.10 implies that G,; does not belong to S,.

7.11. Lemma. Ty(G,) A S, = Tx(G).

Proof. We have Ty(G) < Ty(Gy,) and in view of 7.10, Tx(G) < S,; hence we have
to verify that Ty(Gp,;) A S, < Tx(G).

Let H € Ty(Gp,;) A S, Then there are H; (j e J) in K(H) n Lat Sub {G,} such
that H = V,_, H,. Hence there exist H} € Sub {G,} such that K(H,) is isomorphic
to K(H}) for each je J. Because of He S, we have H;e S, and Hje S, for each
jeJ. Thus H; % G,y and therefore H; < [ ], G; for each j € J (the denotations are
as in Sec. 5). Hence H € T¢(G) and so H, € T(G) for each j € J, implying H € Ty(G).

7.12. Proposition. a(S,) is a proper class.

Proof. From 7.11 and 5.1 we infer that Ty(G,;) v S, belongs to a(S,). Therefore
in view of 5.4, a(S,) is a proper class.
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