Czechoslovak Mathematical Journal

Hani Farran
Almost product Riemannian manifolds

Czechoslovak Mathematical Journal, Vol. 33 (1983), No. 1, 119-125

Persistent URL: http://dml.cz/dmlcz/101862

Terms of use:

© Institute of Mathematics AS CR, 1983

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/101862
http://dml.cz

Czechoslovak Mathematical Journal, 33 (108) 1983, Praha

ALMOST PRODUCT RIEMANNIAN MANIFOLDS

Hant FARRAN, Kuwait

(Received November 24, 1981)

Introduction and notation. An almost product manifold is a smooth m-manifold M
with a smooth tensor field F of type (1,1) such that F*> = I,,. If M has a positive defi-
nite Riemannian metric g such that g(X, Y) = ¢g(X, Y), (where X, Y are arbitrary
vector fields and X = FX throughout the paper) then M is called an almost product
Riemannian manifold or almost para Hermite manifold, [1], [2], [5]. If (DxF) Y =
= 0 for all X, Y then M is called para Kahler. D is the natural metric connection.
The manifold M will be called para Hermite if (DxF)Y = 0 and there exist real
constants K, K,, ..., K5, not all zeros such that:

(») (DxF) Y + K,(DxF) Y + K,(DyxF) Y + K3(DxF) Y + K,(DyF) X +
+ Ks(DyF) X + Ko(DyF) X + K,(DyF)X = 0.
(*) will be called a para Hermite condition.
In this paper we will determine all classes of para Hermite manifolds and discuss
inclusions among them. In the last section we discuss the relation between integra-

bility and parallelism of distributions on M as related to par Hermite structures.
1 would like to thank professor R. S. Mishra for the useful discussions.

Proposition 1. Let (M, g, F) be an almost product Riemannian manifold. If
F'(X,Y)=g(X,Y) then:
i) F(X,Y)=F(Y,X)= F(X,Y),
i) (DxF') (Y, Z) = g((DxF) Y, Z) = (Y, (DxF) Z),
i) (DyF") (Y. 2) = —~(DxF) (. 2)
iv) (DxF') (Y, Z) = —(DxF') (Y, Z),
v) (DxF') (Y, Z) = (DxF')(Z,Y)

where X, Y, Z are arbitrary vector fields.

The proof of this proposition is easy and will be omitted.

Theorem 1. The following is a para Hermite condition:
(P1) (DXF)Y_(DYF)X=0'

A para Hermite manifold satisfying (Pl) will be called P,-Hermite.
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Proof. Define I = (DyF) Y, 0 = (DyF) X, then {I, ¢} admits the following table
of multiplication:

Table 1
‘ 1l o
e
I | I o
o ’ o 1

Thus the set G, of all linear combinations of I, ¢ is an infinite commutative ring under
addition and multiplication as defined in table 1. Now in G; we have:

I=6¢*, U-0)(I+0)=0.

Thus we have one of the following possibilities:
i)I—0=0, 1 +0+0, then (DyF)Y— (DyF)X =0 and the manifold is

P,-Hermite.
i)l —0+0,1+0=0,then (DyF)Y + (DyF)X = 0 or (DyF) Y = — (D,F) X.
Using Proposition 1 we get:

(DxF') (Y, Z) = —(DyF') (X, Z) = —(DyF')(Z,X) =
=(D,F)(X,Y) = —(DyF')(Y,Z).

Thus (DxF') (Y, Z) = 0. Since Z is arbitrary then using Proposition 1 again we get
(DXF) Y =0and I + ¢ = 0 is equivalent to the para Kihler condition, i.e. it is not
a para Hermite condition.
iii) I — o = 0,1 + ¢ = 0, is not a para Hermite condition as can be seen from (ii)

above.
iv) I — o %0, + o =+ 0, the manifold is not para Hermite.

Since I — ¢ = 0 is a para Hermite condition then (I — ¢)" = 0, n € N will give para
Hermite conditions. But (I — ¢)> = 0<>1 — 20 + I = 0 < 2(I — ¢) = 0 which is
the P;-Hermite condition. So is (I — ¢)" = 0, n € N. Thus we conclude that in G,
the only para Hermite condition is the one obtained.

Theorem 2. The following are para Hermite conditions:

(P,) (DXF) Y — (DXF) Y=0, P,-Hermite ,
(P3) (DxF)Y + (DxF) Y =0, P;-Hermite ,
(Ps) (DyF)Y—(DyF)Y=0, P,-Hermite ,
(Ps) (DxF) Y+ (DyF) Y =0, Ps-Hermite ,
(Ps) (DyF) Y — (DxF) Y =0, Pg-Hermite ,
(P7) (DxF) Y+ (DgF) Y =0, P,-Hermite

(Ps) (DxF) Y — (DgF) Y — (DxF) Y + (DyF) Y =0,  Pg-Hermite,
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(Ps)  (DyF)Y — (DxF)Y + (DyF) Y — (DgF) Y= 0,  Py-Hermite,
(Pyo) (DxF)Y + (DgF)Y — (DyF)Y — (DyF)Y=0, P ,-Hermite,
(Pyy)  (DyF)Y + (DgF)Y + (DyF) Y+ (DxF)Y =0,  P,,-Hermite.

Proof. LetI = (DxF) Y, o0 = (DxF) Y, p = (DyF) Y,y = (DgF) Y. Then I, o, f3, y
admit the following table of multiplication:

Table 2

R A
I‘I o f oy
oc!o:l y B
BB v a
yly B ool

The set G, of all linear combinations of I, «, f3, y will be an infinite commutative ring
under addition and multiplication as in table 2. Now in G, we have:

I=ao, (I-a)(I+a)=0,
I=p, (I-BUI+p=0,
1=19%, (I=9y)I+7v) =0,
Arguments similar to those in theorem 1 will give P,-Hermite, i = 2, ..., 7. Since

products of para Hermite conditions give para Hermite conditions, we take products
of conditions (2) to (7) on the following table:

Table 3

|

Py | Py | Py | Ps | Ps | Py | Py | Py | Py | Py

P, | P, 0 | Py | Py Py | Py | Py l Py | 0 0
Py Py Pyo | Pyy | Pyo | Pyy 0 |0 Pio | Pyy
P, P, 0 Poo|Ps | P4 | O [Py |0
Ps P, P, P,| O Py | O Py,
P P |0 0 Py | Py | O
P, P, | P 0O |0 Py,
Pg Ps 1 0 |0 0
Py Py | O 0
Py Pio | O
Pll ' Pll

Thus from table 3 we see that multiplications of P, to P, yield
(Ps) (I—o)(I—=pB)=0, PgHermite,
(Ps) (I—a)( +B)=0, PyHermite,
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(Pyo) (I+a)(I—pB)=0, Py-Hermite,
(Pyy) (I +o)(I +p)=0, Py -Hermite
and that P, to P,, are the only structures that can be obtained in G,.
Now, in order to get more structures, we should be able to multiply elements of G,
by those of G,. This can be done if G,, G, are subrings of a larger ring G.

G can be constructed in four different ways according to how we interpret the
opetations a, f3, 7, 0.

Case 1. Let «, 8, y bar X, Y, X and Y respectively and o switches slots. In this case
the set G; of all linear combinations of I, a, 8, y, o, oa, 6f8, oy is a commutative
ring with multiplication defined by tables 1, 2 and the following:

(A) on = oo = (DyF) X, of = po=(DyF)X, oy =7y =(DyF)X.

Theorem 3. The following are para Hermite conditions:

(P12) (DxF)Y — (DyF)X — (DgF) Y + (DyF)X =0, P,,-Hermite
(Pis) (DxF)Y — (DyF)X + (DxF)Y — (DyF)X =0, P,s-Hermite ,
(Pys) (DxF)Y — (DyF)X — (DxF) Y + (DyF)X =0, P,,-Hermite ,
(Pys) (DxF)Y— (DyF)X + (DyF) Y — (DyF)X =0, P,s-Hermite ,
(P1s) (DxF)Y— (DyF)X — (DxF)Y + (DyF)X =0, P,s-Hermite ,
(P17) (DxF)Y — (DyF)X + (DgF) Y — (DyF)X =0, P,;-Hermite ,
(P1s)  (DxF) Y — (DyF) Y — (DyF) Y + (DxF) Y — (DyF) X +

+ (DyF)X + (DyF) X — (DyF)X =0, P g-Hermite ,
(P1s) (DyF)Y — (DxF) Y + (DyF) Y — (DxF) Y — (DyF) X +

+ (DyF)X — (DyF) X + (DyF)X =0, P,o-Hermite ,
(Pyo) (DxF)Y+ (DxF) Y — (DyF) Y — (DxF) Y — (DyF) X —

— (DyF)X + (DyF)X + (DyF)X =0, P,-Hermite ,
(P2;) (DxF) Y + (DxF) Y + (DxF) Y + (DxF) Y — (DyF) X —

— (DyF) X — (DyF) X — (DyF)X =0, P,,-Hermite .

Proof. Conditions 12 to 21 are given respectively by:
(=0 —a)p(I=0)(I + o) (I=0)(I =B, (=0 +5),
(I=o)I =y, (=0l +7). (I=0)(I-—u=B+7),
=) —a+p=9.I-0)I+a—=B=7),(-0)I+a+p+7).

From the above construction and theorems 1 and 2 we see that these are the only
structures in G;.
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Case 2. In this case we let a, f3, y bar first, seconds, first and second slots respectively
and o switches vectors. The set G, of all linear combinations of I, «, f, y, o, oo, 3, oy
is an infinite commutative ring with G, G, as subrings. In G, product is given by
Tables 1, 2 and the following:

(B) oo = ac = (DyF)X, of = po = (DyF)X, oy =7y =(DyF)X.
Theorem 4. The following are para Hermite conditions

(P)  (DxF)Y — (DyF)X — (DgF) Y + (DyF)X =0, P,,-Hermite ,

(P13)  (DyxF)Y — (DyF)X + (DgF) Y — (DyF)X = 0, P,y-Hermite,

(P2s) (DyF)Y — (DyF)X — (DxF)Y + (DyF)X =0, P,,-Hermite,

(Ps)  (DxF)Y — (DyF)X + (DyF) Y — (DyF)X =0, P,s-Hermite .
Proof. These are respectively given by (I — ¢)(I — «), (I — o) (I + ), (I — o).

(I =B), (I =0)(+ p).

The rest of the products give structures already given in theorem 3.

Case 3. Let o, 8, y bar vectors and o switches vectors. Here we have:
(©) oo = fo = (DyF)X, oo =of = (DyF)X, oy =ys = (DyF)X.

If we take G5 to be the set of all linear combinations of I, «, f, v, ¢, g, ao, oy,
then G5 will be an infinite non commutative ring with G, G, as subrings.

To get new structures in G5 we have to multiply on both sides. It can be seen easily
from A, B and C that if we multiply in one direction, we obtain the structures of
theorem 3, and if we multiply in the other direction we get those of theorem 4. Thus
in this case no new structures are obtained.

Case 4. Here o, 8, y bar slots and ¢ switches slots and we get:
a0 = off = (DyF) X, oo = po = (DyF)X, oy =y = (DyF)X
and as in case 3 nothing new is obtained.

Inclusions. Now, let us study inclusions among these classes of para Hermite
structures. The class of P;-Hermite manifolds is contained in the class of P;-Hermite
manifolds (P; < P)) if

(Pi) = (PJ)

where (P;), (P;) represent the para Hermite conditions.

Theorem 5. In the class of para Hermite manifolds the following inclusion rela-
tions hold:

P, cPy, P,,P,,P,cPg, P,,P5,Pc Py,
Py, Py, Pg = Py, P, Ps,P;c< Py,
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P,,P,<Py,, P,,P,cP,,,

P,,P; = Py3, P, P;cP,;,

Py, Py, = Py, P, P,c Py,

P,Ps < P,s, P,Psc P,s,

P,,Ps < P, P,P,cP,;, P,Pygc= Py,
Py, Py = Pyg, Py, Py =Py, Py, Py <Py

Proof. We will only prove that P, = P,. The rest follow directly from the defini-
tions of the structures.

Since (DxF?) = (DxF) F + F(DyF), and F? = I,, we get:

(a) (DxF) Y= —(DyF) Y,
for all vector fields X, Y and hence
(v) (DxF) Y= —(DsF) Y,

if (P,) holds, i.e. (DxF) Y — (DyF) X = 0, then from (b) we get:
(DxF) Y = —(DyF)X = (DyF) X = (DyF)X = (DyF) Y
and (DxF) Y — (DxF) Y = 0 which is (P).

Distributions. It is well known that the existence of an almost product structure F
on a Riemannian manifold (M, g) is equivalent to the existence of two complementary
distributions P, Q on M. That is, starting with F, then P and Q can be respectively
defined by the following projections:

le%[lln-i_F]’ L2=%[],"*F].

Conversely, starting with two complementary distributions P, Q on M, then F can
be defined in a natural way as follows: F(X + Y) =X — Y where X + Y is any
vector field. In fact, we can start with one distribution P and take Q its orthogonal
complement.

In the following theorems, which give a geometric explanation of some of the
para Hermite structures found, F is always constructed as above. The proofs of these
theorems are direct applications of the results of Walker [3] and Willmore [4] and
will be omitted.

Theorem 6. Let P be a distribution on a Riemannian manifold (M, g). If (M, g, F)
is Pyy-Hermite then P is a semi-parallel.

Theorem 7. Let P, Q be two complementary distributions on a Riemannian
manifold (M, g). If (M, g, F) is Po-Hermite then one of the distributions is parallel
along the other.
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Theorem 8. Let P, Q be two complementary distributions on a Riemannian mani-
Jold (M, g). If (M, g, F) is Po-Hermite then both distributions are semi parallel.

Theorem 9. Let P be a distribution on a Riemannian manifold (M, g). If (M, g, F)
is Ps-Hermite then P is parallel and hence integrable.

Theorem 10. Let P, Q be two complementary distributions on a Riemannian
manifold (M, g). If (M, g, F) is para Kdéhler then both distributions are parallel
and hence integrable.
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