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1. INTRODUCTION

One of the most frequent ways of defining a class of graphs is by means of forbidden
subgraphs. (For a survey see [2]). Let ¢ be a set of graphs. We say that & is deter-
mined by a set # of forbidden subgraphs if ¥ = {G = (V, E)| |V| = n and G does
not contain any H € # as an induced subgraph}. We can measure the complexity
of a class ¢ by minimum number k with the properiy: ¢ is determined by a set J#
of forbidden graphs with at most k vertices. It appears that, for n large, it is not
possible to divide all graphs with n vertices into two classes of small complexity. We
give a quantitative expression of this fact in § 4.

In § 3 we study the following related question. What is the minimum number ¢, (k)
of graphs with k vertices so that every graph with n vertices contains at least one of
them as an induced subgraph? (A set of graphs with this property is called n-univer-
sal.) This problem generalizes in a way the Ramsey numbers as ¢,(k) = 2 if n is so
large that any graph with n vertices contains either a clique or an independent set of
cardinality k.

2. BASIC NOTIONS

Let G be a graph, we shall denote by ¥(G) and E(G) the vertex and edge set, respec-
tively.

We say that H is an induced subgraph of Gif V(H) is a subset of V(G)and E(H)is
equal to the set E(G) restricted to V(H) (ie. E(H) = E(G) n [V(H)]?). Note that
all subgraphs considered in this paper are induced.

By the symbol Gra” we denote the set of all graphs with n vertices without loops.

0
We define Gra = () Gra". Let # be a system of graphs. We define Forb J# as the class

n=1
of all graphs not containing a subgraph isomorphic to H for any H € 5. Put Forb” =
= Gra" n Forb &#. Let ¢ be a given set of graphs. It is easy to see that s with
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Forb s# = % need not exist. On the other hand if ¥ < Gra" then obviously for
H = Gra" — 4 we have ¥ = Forb" &#: thus the following question arises. What is
the minimal k such that # < Gra* and ¥ = Forb" #? The set ¢ has in some sense
a “‘simple structure” if the k with the above property is small — in this case we can
recognize for a given graph G € Gra" whether G € 4 in short time. Let G € Forb™.
Then obviously every graph from # = Gra" — ¥ contains a subgraph isomorphic to
some H € 5. In this case we say that 5 is n-universal for %. This fact we denote
by % = Univ" . If % = Gra" we say that # is n-universal.

We shall conclude this section with one definition which will be often used in our
paper: Let Gy, G, be two graphs and H be an induced subgraph of both G, and G,.
We say that a graph F is an amalgamation of G, and G, if |V(F)| = V(G| +
+ |V(G,)| — |V(H)| and F contains (as induced subgraphs) copies of G, and G, the
intersection of which is isomorphic to H.

3. n-UNIVERSAL GRAPHS

Denote by ¢,(k) = min {|Jf|, # < Gra¥ and o is n-universal}. In this sec-
tion we shall give some bounds for the behavior of the function (p,,(k). The problem
of determination of values of (p,,(k) includes the problem of determination of Ramsey
numbers as the following holds:

3.1. Proposition.
a) n® =1 for k =1
B) n® =2 for 2 < k < r(n)
y) n® > 2 for k > r(n),

where r(n) is the maximal k such that every graph with n vertices contains either the
complete graph with k vertices K, or a discrete graph with k vertices @, as an
induced subgraph.

For the proof it is sufficient to realize that if 5# is n-universal then both K, and 0,
are contained in .

The bounds for the number r(n) are given by the following

3.2. Proposition. (See [1], § 12.)
tlog,n < r(n) <2log,n.

Let us note that the slight improvements of the above bounds are known (see [5],
[4]). As we are able to give rough bounds for the quantities studied in our paper
only, the restrictions given by Proposition 3.2. are sufficiently exact for our purposes.
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3.3. Theorem.

k

2
A) 2k—' b < ¢, (k) for every nand k <n.

n
k
Moreover, if k = r(n), then

2k
B) o,(k) < 22— for tlog,n < k <log, n,
n

n

2k
D) g k) <2.202) (k - [%D for k=nf2,

where rx_l denotes the upper integer part of the number x.

C) oK) < 2(5)(

—k/2
) for log,n <k<nf2; k=4,

Proof. First we prove the inequality A). Without loss of generality suppose that
Gra’ = {G; V(G) = {1,2,...,n}}. Let ¢,(k) = p; hence there exists # < Gra*
such that # = {Hy, H,, ..., H,} is n-universal.

For an arbitrary H € Gia* we have

/ n\_(k
I{GeGra"; H is isomorphic to a subgraph of G}| < k!. (Z) . 2(2) (2) .

Thus,

@) 3 femoron w2
2 = |{GeGra [ 3i : H; isomorphic to a subgraph of G}I <p.kl. i

k) 5(2)
and hence ¢,(k) 2 2('5)/ (k! (Z))

Before proving the inequalities B), C), D) choose in every G € Gra” a fixed sequence
of vertices x{, x5, ..., x{y 1, where ¢ = [log, n], and a sequence of independent sets
X =X§ 5 XS > ...> X, such that the following holds.

i) xy e Xy — X%\, x,.€X,,,, forevery i =1,2,...,t,

ii) EY = E(G) or Ef N E(G) =0 for i = 1,2,...,t and E{ = {(x7, ), ye X%, ,}.
Now we prove the inequality B). Define the set of sequences 2 < {0, 1}k-1 py
?=(P1, P2y k1) €P iffeither p, =0 forevery i=1,..,t—k +2

or p;=1 forevery i=1,...,t —k+2.
ATt =t —k+2)— 1)+ ((k—1) = (t — k + 2)), for every s =

= (51, S25 ..., 5,)€{0,1}' we can choose i; <i, <...< iy such that p =

= (Sip> Sigp -ves Sy, ) EP.
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For every sequence p € # we define the graph H, with the vertex set {vy, 03y -y vk}
such that for i < j

{viov,}eEH,) iff p,=1.

Put # = {H,; pe 2}. For a given graph G € Gra" we define a 0,1-sequence s =
= (54, S, -.- 5;) by
‘1 for EY < E(G)
Si =< G
0 for Ef nE(G)=0.
Choose p € 2 such that p is a subsequence of S. Clearly H, is an induced subgraph
of G. Hence
22k 22’(

I%I =2. 2(k—1)~(t—k+2) — <
4.2 n

C) Let #, be the largest positive integer such that n = k. 2%. Define the set # as
follows:

H=(V,E)e# iff V=/{vy, 05 .0, 0 Vgr1>--» 0} and
forevery i=1,...,t, and E;= {{v,v;}; i<j=k}
either E;NnE=0 or E,cE.
A is universal for Gra" as every subgraph induced on vertices x§, x5, ..., x&,

Vig+1s - Vi Where {y, 4, ..., ¥} = X, is isomorphic to some H € #.
Estimate the cardinality of

(k—to) 2(’5) 2 g)
|l#| <202t 2 = for k=4

T pto(k=(10+3)/2) < n \H2 =
2k

as to + 3 < log, (8n/k) and for k = 4 also log, (8n/k) < log, n + 1.
D) Define # as follows:
H=(V,E)yex iff V={v,v,...,0) and thereexistsd,
k—12dz2[(n—1)2] suchthatfor E; = {{vy,v,},2 =i =d}
either E,nE=0 or E, cE.

As in the previous case it is easy to verify that 5# is universal and

|7 < 2.2(k51).(k —[(n = 1)2]).
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4. CUTS

A pair 9,, 9, of nonempty sets of graphsiscalledacut if ¥, U ¢; = Gra" for
some n, and moreover ¥; N %, = 0. In this section we study the following question.
Let k, [ be such that there exist #;, < Gra*, #, < Gra' such that the sets ¥; =
= Forb" #,, 9, = Forb" #, form a cut. What is the relation among n, k and [?
For n = 2 obviously both 4, and s, are nonempty and thus also k = 2 and
I = 2. Choose an H,; € #, and H, € 5, and consider the disjoint sum H, + H,.
The cardinality of the vertex set of the graph H, + H, is at least n + 1. In the
opposite case the graph H; + H, would be a subgraph of a graph F with n vertices
and hence F ¢ Forb” &, U Forb” 5#,. Thus we have proved that k + [ > n.

If we replace in the above argument the disjoint sum H; + H, by a graph whichisan
amalgamation of graphs H, and H, in a vertex (one-point amalgamation) we prove
the following.

4.1. Proposition.
k+1>n+1.

In this section we find some refinements of the above statement. More precisely, for
given n, k (k < n) we define y(k, n) as the minimum [ such that there exists a cut
%, 9, with the above properties. We give some estimation for the function y(k, n).

4.2. Theorem. Let n = 2, k = 2. Then
A) y(n — k,n) £ 2k + 2;
B) y(n — k,n) > k + %log, &, where & = min (k, n — k),

if
(1) n=k %—.
Proof. First we prove the inequality A). Put
4, = Forb{0,_,}, 9, =TForb{HeGra®**2p(H) =k + 1},

where f(H) = min {|4]; A = V(H) and e n 4 + 0 for every ee E(H)}. We prove
now that ¢, U ¢, = Gra". Let Ge %,, i.e. G contains §,_, and hence B(G) < k.
Thus G e 9,.

The proof of 4, n 4, = 0 will follow from the following

4.3. Lemma. Let f(G) = p. Then there exists a subgraph H of G such that
|V(H)| < 2p and B(H) = p.

Proof of lemma. Put G = (V, E). Let A = V, |4| = p be such that each edge
of G contains a vertex of 4. Define a relation R = 4 x E by

(x,e)eR iff xee.
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The existence of a matching F = {(x,, e), ..., (X,, €,)} = R of the cardinality p
follows from the Kénig-Hall Theorem [3]. The graph H induced on the set
p
U {Ub xi}
i=1
where e; = {v;, x;} has the requited properties.
Let now G € %,, i.e. if H is a subgraph of G which has 2k + 2 vertices then (H) <
< k. According to Lemma 4.3, ﬂ(G) < kand hence G contains 0,_, as a subgraph.
We prove the inequality B). Let n and k be given. Consider a cut 4, 4, with the
minimum [ such that
4, = Forb #, , H#, < Gra" ™k
4, = Forb #,, #,c Gra'.

Moreover, let k be such that (l) holds. We shall consider thtee cases.

o) Suppose K, €9, 0,€%, (thecase 0,€ %, K, € %, is analogous as all the pro-
perties considered here are invariant with respect to complement).

We prove that

) Y(n — k,n) > k + tlog, k.
Suppose that (2) does not hold, i.e.

3) I<k+tlog, k.
From (1) and (3) we get that

) Kn—k—1)zn(l—k— 12 + k(I — k- 1).
By Proposition 4.1 we hawe | — kK — 1 > 0 and hence

n—k—1>n(l—k—1)

5 = + 1.
©) l—k—-1" k

We show that we can choose positive integers a, b such that
(6) al—k—-1)=<n—-k-1
7) b(l—k—1)<1—-1.
Now (5) implies the existence of a positive integer a such that

®) n—k-—1 azn(l—k—l)
l—k—1 = k ’

v

which clearly implies the inequality (6). Put b = [n/c], from (8) it follows that

b < k <k it
I—k—1] I—-k-1 l—k—1
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b

Consider a partition of an n-point set X = (J X; such that lX,-| = qa for every i <

i=1
< [nfa] and define a complete b-partite graph F with the vertex set X such that
x€X; and x’' € X; are joined by an edge if i # j. From (6) and (7) it follows that
every h — k and I-subset of X = V(F) contains K,_, and 0,_,, respectively.

If Fe %, then F ¢ Forb #, and hence there exists a subgraph H of F such that
He #, and thus H does not contain @,_, as a subgraph. From the assumption
0,€ %, = Forb #, it follows that 0, ¢ Forb o, and hence 0,_, € #,. The amalga-
mation of H and 0,_, in 0,_, is a graph which contains graphs from both /#, and #,
which contradicts Forb s#; U Forb #, = Gra”.

Analogouslyif F € ¢, then there exists an H € o, such that K,_,is a subgraph of H.
From K, € 4, it follows that K, € o, and hence there exists a graph with n vertices
containing both K, and G as subgraphs.

2) Suppose K,, 0,€ %, and thus K, 0, #,. As IV(H)[ =n—k for He #,,
H contains either K, Or 0, Suppose that | < k + r(n — k). Fixan He
and consider the amalgamation of H and either K, or 0, in K, ,_,, or 0,(,_,, respec-
tively. Thus we obtain a graph F with n — k + [ — r(n — k) < n vertices, which
contains either K, or 0, and hence F ¢ 4,. As H is a subgraph of F we also have
Fe%, — a contradiciion. Thus we proved [ > k + r(n — k) and as r(m) >
> 1 log, m for every m we also have | > k + }log, (n — k).

3) Suppose that K,, 0,€ %, and hence K, _, 0,_, € #;. Analogously to 2) the
assumption ! < k + r(k) leads to the existence of a graph of order n which is not
an element of %, and ¥,, respectively. Thus I > k + 1 log, k.
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