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1. INTRODUCTION AND PRELIMINARIES

A conventional semigroup S is a regular semigroup in which E, the set of idem-
potents, is self-conjugate; that is, cEc’ < E for each c € S and for each inverse ¢’ of c.
This property was derived from orthodox semigroups wherein the set of idempotents,
being a subsemigroup, are inherently self-conjugate. Conventional semigroups
were first developed by Masat in [4] and stemmed directly from generalizations of
Meakin’s work in [6].

Viewed as classes, the following relationships hold with all the inclusions being
proper (see [4; Proposition, p. 398]): inverse semigroups < orthodox semigroups <
conventional semigroups < regular semigroups. This paper investigates inverses
and the set of idempotents in a conventional semigroup. In particular, in a conven-
tional semigroup the set E can be decomposed into its orthodox elements and non-
orthodox elements. For each element ce S of a regular semigroup S, we define
V(c) = {xeS:ecxc = c and xcx = x} to be the set of inverses of c. For S con-
ventional, V(E) is described in terms of E and those #-classes of S which are not
subgroups of S. Lastly, the set of inverses of A, V(A4), is described, where 4 is the
kernel of a congruence on S.

The results of the next section use the notation of Clifford and Preston, [1]
Moreover, if R is a congruence relation on S, then R* will denote the homomorphism
on S induced by R; if 4 is a subset of S, then 4 will denote the subsemigroup of S
generated by 4. For a general development where A = E in a regular semigroup,
see [2].

2. E AND V(E) FOR A CONVENTIONAL SEMIGROUP

We begin this section with a result that provides an additional way of recognizing
conventional semigroups.

*) This research was supported by a Glassboro State College Faculty Research Grant.

384



Lemma 2.1. In a regular semigroup S, the following conditions are equivalent:
(i) cEc’ € E forall ceS and c' e V(c);
(i) eEe < E for all e€E.

Proof. It is clear that condition (i) implies condition (ii) since e € ¥'(e). Conversely,
let ce S, ¢’ e V(c), and e € E. By condition (ii) ¢’cec’c € E and therefore

(cec’) (cec’)

Il

(cc’cec’) (cec’ec’),

c(c’cec’cec’c) ¢,

c(c’cec’c) (c'cec’c) ¢’

It

c(c’cec’c) ¢’ = cec’ .

Thus, condition (ii) implies condition (i).

We now investigate the structure of E in a conventional semigroup and give a result
that generalizes the description of E for all orthodox semigroups.

Theorem 2.2. A regular semigroup S is conventional if and only if there exists

a decomposition of E such that E = ) E,, where the union is disjoint, each E,
aecY

is a rectangular band, and E,E;E, < E,;, for each o, f € Y.

Proof. If ee E,, f€ E; then efee E,E4E, = E,;, implies that efe e E. Applying
Lemma 2.1, S is conventional.

Conversely, if S is a conventional semigroup then for each e € E, {e} is a rectangular
band. Indexing each singleton subset of E with a set Y implies that for o, €Y,
E,E4E, < E,4, since by Lemma 2.1 efee E.

Note that in the above theorem, Y may or may not be a semigroup. If it is, we have
the following.

Corollary 2.3. [1: Exercise 1, p. 129] A4 regular semigroup is orthodox if and only

if E= ) E,, where the union is disjoint, each E, is a rectangular band, and
axeY

E,E, < E,p for each o, fe Y.

In seeking generalizations of orthodox semigroups, we parallel previous results
obtained for regularity, ideals, and so on; i.e., we investigate the notion of left or
right orthodox.

For a regular semigroup S, let e € E and call e left orthodox if eE < E. Dually,
e will be called right orthodox if Ee < E. An element e € E will be called orthodox
if it is both left and right orthodox. An element e in E will be called non-orthodox
if one of eE or Ee is not contained in E. We then have the following result.

Proposition. A regular semigroup is orthodox if and only if each idempotent is
orthodox.

Proof. If each idempotent is orthodox, then E is a subsemigroup; the converse
is self evident.
Taking the above notion further, we decompose the set of idempotents of a regular
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semigroup into its orthodox members and its non-orthodox members. This leads us
to ask about the interaction between orthodox and non-orthodox idempotents. The
results are presented in the next theorem.

Theorem 2.4. Let S be a regular semigroup with set of idempotents E. Denote the
set of orthodox [non-orthodox] idempotents of S by Eo[Eg]. If E and Ej denote
the subsemigroups of S generated by E and Ej respectively, then:

(i) E, is a subsemigroup of S,

(ii) EoEq < E and EgE, < E,

(iii) £ = E, v Eg.

Proof. For (i), if e, f€ E, then ¢fE < ¢E < E and similarly feE < E; i.e., ef is
orthodox and E, is a subsemigroup.

To show (ii), let ee E, and f € E5. Then ef € eE < E and duaﬂy feeE.

Part (iii) follows directly from (i) and (ii).

It should be noted that in part (iii) of the preceding theorem the union may not
be disjoint. For example, in the full transformation semigroup on {1, 2, 3, 4}, (1211)

and (1331) e E§ and (1331) (1211) = (1111) € E§ and E,,. It should also be obvious
that if Ej = 0, then S is orthodox.

In a conventional semigroup, the set E may be used to describe various congruences
on the semigroup. For example, the minimum group congruence on a conventional
semigroup is given in [4: Theorem 3.1, p. 396] as {(a, b)e S x S: eae = ebe for
some eeE}. And, in [5: Corollary 3.7], the minimum orthodox congruence on
a conventional semigroup is generated by {(ef, efef): e, f € E}. Other similar results
also appear in [5].

We now turn to inverses in a conventional semigroup and begin by investigating
V(E). We will let H, denote the #~class of a.

‘Theorem 2.5. Let S be a conventional semigroup with set of idempotents E. Then:
(i) For all ae V(E), a*> = a*.
(i) V(E) € E U H, where H = \JH, for a€ S such that H,n E = .

Proof. For (i), recall that V(E) = E? in regular semigroups and let a € V(E) = E?.
Thus a = ef for some e, f € E. From Lemma 2.1, a*> = (efe) f = (efe)’ f = (ef )’ =
= a’.

For (ii), we begin by showing that V(E) < E U H, such that H,n E = 0. If
ae V(E), then a € E* and therefore a = ef for some e, f€ E. It follows that a =
= ae = fa. If ae E, we are done; if a ¢ E, then a € H,. Proceeding indirectly, sup-
pose H,N E =+ 0, say ue H, n E. Since H, is a subgroup of S, a = ua = au and
there exists a’ € V(a) N H,. Part (i) then implies that a = a(u) = (a) (aa’) = a’a’ =
= a’a’ = a*(ad’) = a(au) = a?, a contradiction. It follows that V(E) < E u H.

As a corollary, we have the following result of J. C. Meakin.
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Corollary 2.6 [6: Lemma 1.3, p. 323] If S is an orthodox semigroup, then V(E)
c E.

Proof. From the proof of the theorem, if a € V(g), then a = fe. But since S is
orthodox, fee E.

For Tj, the full transformation semigroup on three symbols, it is straightforward
to verify that T is conventional and V(E) = E U H. It should be noted that for the
preceding theorem, the bicyclic semigroup provides an example wherein V(E) ¢
& E u H. For regular semigroups, it is not the case that in general V(E) = E U H;
eg, in T, (1212) € E, but (1414) € ¥((1212)) is also in a subgroup of T.

Since E is by definition contained in the kernel of a congruence on a regular
semigroup, we next consider the set of inverses of the kernel of a congruence on
a conventional semigroup.

Theorem 2.7. Let 9 be a congruence on a conventional semigroup S. If of =
= {A;: iel} denotes the kernel of ¢ and 0 = p*, then V(A) < A U B where A =
= U4, V(4) =UV(a): ae A, and B = (HO)0™' where H=\JH, for aeS
such that H, " E = (.

Proof. If ae A and a’ e V(a), then a’0 € V(ab) where 0 = ¢*. Since o/ is the

kernel of ¢, (af)* = af. By Theorem 2.5, a’6 € V(ab) = V(E6) = EO U HO, and
therefore a’0 € EOQ or a’'0 € HO. It follows that a’€ A U B.

In the orthodox case, V(E) = E and we have the following result.

Corollary 2.8 [6: Lemma 2.3, p. 325] Let S be an orthodox semigroup, ¢ a con-

gruence on S, and o/ = {A;: i eI} the kernel of . Then V(4) = A where A = |JA;
and V(A) = J{V(a); a € A}.

A theorem related to Theorem 2.7 follows as our last result.
Theorem 2.9. If S is a regular semigroup, ¢ an orthodox congruence on S, and
o = {A;:iel} the kernel of g, then V(A) = A.

Proof. Let aeeo and a’'e V(a). For 0 = ¢* ¢ orthodox implies that ((a’a).
.(aa’)) 0 € E6. But a’¢a and we therefore have (a’a)(aa’) 0 = (a'0) (a0) (a'0) =
= (a'aa’) 0 = a'0; ie., a’'0 € EO, so a’ € A.

The preceding corollary 2.8 could also be stated as a corollary of the above theorem.
The general case of S regular is presented by D. G. Fitz-Gerald in [3].
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