Czechoslovak Mathematical Journal

Ivan Straskraba
Existence and uniqueness of periodic solutions of linear differential equations in

Banach spaces
Czechoslovak Mathematical Journal, Vol. 32 (1982), No. 1, 53-76

Persistent URL: http://dml.cz/dmlcz/101784

Terms of use:

© Institute of Mathematics AS CR, 1982

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/101784
http://dml.cz

Czechoslovak Mathematical Journal, 32 (107) 1982, Praha

EXISTENCE AND UNIQUENESS OF PERIODIC SOLUTIONS
OF LINEAR DIFFERENTIAL EQUATIONS IN BANACH SPACES

IVAN STRASKRABA, Praha

(Received July 21, 1978)

This work concerns the problem
(0.1) P(t,f,A) u(t) = f(1),
t

u(t + w) = u(t), teR = (—o0, ©),

in a complex Banach space B. Here P(1, 4, z) is a polynomial in Z, z of degree m
in A with real or complex coefficients, A is a linear closed densely defined operator
in B with a domain of definition D(A), A is supposed to be a generator of a strongly
continuous group {T(s)} ..z of linear bounded operators defined on B. Consistently,
u and f are B-valued functions of t € R from which f is supopsed to be periodic and u
is required to be periodic with the same period.

The problem (0.1) as well as more or less general ones were investigated in the
abstract setting by many authors for m < 2 (see e.g. [1], [8], [12], [13], [14], [15],
[16]. [18]. [19]. [20], [21], [22]).

The case m > 2 was treated by Ju. A. Dubinskij ([4], [5], [6]), N. Krylova, O.
Vejvoda [11] and M. Sova [17].

Ju. A. Dubinskij proves the existence of a periodic solution to the equation

m—1
u™(1) + Y A;uP(t) = (), teR,
j=0
where A, A,,..., A,; are generally unbounded mutually commuting linear

operators in a Hilbert space H whose joint spectrum satisfies a certain condition.
He uses an explicit formula which is based on the spectral resolution of the operator
i(d/dr) considered on smooth periodic functions in L,(R; H). N. Krylov4 and O.
Vejvoda [11] describe the general Poincaré scheme for the equation

Du = g + ¢F

with a set of general boundary conditions, where D is an m-th order differential
operator with respect to 9/dt.
In [17], which in revised form is included in [22], Chapter VII, §§ 1—-3, M. Sova
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proves the normal solvability in L,([0,2r]; H) of an operator

da- dm-1! d

—4+a, — +...+a,.,—+ A4

de drm1 dr
with a domain consisting of 2n-periodic distributions, supposing that 4 is a normal
linear operator in H and that the spectrum of A satisfies a certain condition. He uses
Fourier expansions in L,([0,2r]; H) and the theory of linear operators in H. Section 1
of the present work is auxiliary. In Section 2 we are concerned with the problem (0.1)
in B with a given period w > 0 of the right hand side f. In Secs. 3 and 4 we are also
concerned with some generalizations. We follow the idea of R. Hersh’s paper [9],
where the existence of a solution of the initial-value problem for the equation (0.1),
with f = 0 was proved. Hersh utilized the differential property of the group
{T(s)}sr to transform the problem to the investigation of some properties of
complex-valued fundamental solutions of the equation

0 0
Plt,—, —)u(t,s)=0.
( ot 83) (t:5)

Later on, his results were generalized and improved in [3], [1], from which [3] by
J. A. Donaldson provides the idea for the proof of uniqueness of a solution to (0.1)
in our Theorem 2.2.

1. NOTATION, DEFINITIONS, AUXILIARY RESULTS

Let C denote the set of all complex numbers and let B be a Banach space over C
with a norm |+||. (We denote by |- | the norm in a normed space E if necessary.)
- If A is defined on D(A) < B and if it is B-valued and linear then we denote by
N(A), R(A4), o(A4) and o(A) its kernel, range, spectrum and resolvent set, respectively.
If A, and A, are linear operators from B into itself with o(4,) + 0, o(A4,) * 0 then
we say that A,, 4, are mutually commuting if so are R(1;, 4,) (= (4, — 4,)7"),
R(2,, Ay) for all 4;eo(A4;), j = 1,2. Operators Ay, ..., A, are said to be mutually
commuting if so is any pair 4, 4, (1 < j, k < n).

A linear operator in B is called the generator of a strongly continuous group of
linear bounded operators {T(s)},.x (in the sequel only a group of operators) if

(i) {T(s)}ser = L(B) (= set of all bounded linear B-valued operators defined on B);
(ii) D(4) = {x e B: lim (1/s) (T(s) x — x) exists};
s=0

(iii) Ax = s — lim (1/s) (T(s) x — x), x € D(A).
s=0
Theorem 1.1. (Hille-Yosida, see [23], p. 253). For a linear densely defined operator
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A : D(A) < B — B let there exist non-negative constants c*, a* such that
c
R(s =AY |upy € —————, Red>a*,
IR( =AY Lo ®ei— a7y
-
R(A, —A4) <—————  Reld< —a",
IR Al &

n=1,2,.... Then A is the infinitesimal generator of a group of operators {T(s)}s.r
and there exists a positive constant K = K(a*, a™) such that

unmmmg{

Theorem 1.2. ([23], pp. 237—241). If A is the generator of a group of operators

{T(s)}scr then

(i) D(A) is dense in B;

(ii) given ne N, A" is closed and D(A") is a Banach space with respect to the norm
[xloeam = [ + l4"]. x & D(4");

(iii) (d/ds) T(s)x = — A T(s) x, xe D(A), seR,

(iv) lim 2" R(A, A)'x = x, x€ B, neN;
Ao *oo

K(a*,a )e**, 520,
K(@*,a™)e™™*, 50,

(v) [e ™ T(s)xds = (2 + A)"'x, xe B, ReA > a",
J2pe® T(s)xds = (2 — A)"'x. xeB, ReA>a".
The integrals in (v) as well as below are taken in the sense of Bochner.
For a given interval I < R, a given Banach space E and a non-negative integer k

we denote by C¥(I; E) the Banach space of continuous functions u : I — E which are k
times continuously differentiable in I, with

lullcxr,py =" sup {|uP(t)||e; tel, 1=01,...k} <.

If @ > 0 then C(R; E) denotes the subspace of C¥(R; E) of w-periodic functions.
Especially, we shall make use of the spaces Ck(R; D(4")),k = 0,1,....,1 =1,2,...,.
In what follows we use a formula of the type

d b(t)

O of db
— ft,rdr=f —(t,7)dt + — (1) (1, b{t
S s e =L oyar + S 00 b0)
for a vector-valued Bochner integrable function f depending on a parameter t (b being
a real-valued-function) whenever its correctness is clear from the context. Here and
elsewhere du/dt (or du/dt) for a Banach space-valued function u stand for the strong
(partial) derivative of u with respect to 7. Let M = R be measurable and p = 1.
Denote

L(M;E) = {f : M — E; f strongly measurable, J [£()]% dt < oo}
M
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and

hison = ([ ol ar) "

Further C3'(R"), n € N, denotes the space of functions with compact supports which
are infinitely times differentiable. The topology on CZ(R") is that of the inductive
limit of the semi-normed spaces Cg’(K), where K = R" is compact.

If fe L,(R"; E) then we define by
0 =760 = [ s
Rn
the Fourier transform of f, while

(F1) (x) =

(2n)

is the inverse Fourier transform of f. We have

J. e f(¢) d¢
er

F LI(R"; E) c C(R"; E) , F1 LI(R”; E) c C(R"; E) .
It is clear that
FCS’(R") =7Z, FZ = C8°(R"), F! CS"(R") =Z, F'z= CS"(R"),

where Z is the space of functions which are holomorphic in C" and satisfy

2 f(z)] £ C,exp (a i [Imzj|), oaeN"
=1

(see [7] Vol. 1, pp. 175—180). If Z is equipped with a suitable topology then F is
a homeomorphism between Cg'(R") and Z.

We shall need the following
" Theorem 1.3. Let f be a C-valued function holomorphic in an open set containing
S={zeC; —b; <Imz; b/, j=1,..,r}, (b >0,j=1,....7)
and let

[_f(z)l < const. [1 + (j;[zjlz)”z]""l , z=(zg,..,2)€S.

Then Ff is continuous in R and there is a constant C such that

(FP)(6)] £ Coxp (T ap)s 5= (s0-ms)e R,

where a; = —b; if s; Z0anda;=b; if 5; <0, (j=1,....7).

The proof is standard and can be performed by successively integrating the
function g,(z) = e~ ™ f(z) along rectangles with vertices —M, M, M + ibj, —M +
+ib}; —M, —M —ib;, M —ib;, M, (j =r,r — 1,...,1), using the Cauchy
integration theorem and letting M — oo.
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Finally, the following theorem will be useful in what follows:

Theorem 1.4. ([7], Vol 3, p. 78). Let P = (py)ix=1 be a matrix with complex

elements and let A = max Re ;, 4, ..., 4, being all eigenvalues of P.
1=jsm

Then
Je?] < (1 + 20p] + .. + 271 [P,

(The symbol | - | denotes the norm of a matrix induced by the Euclidean norm in R".)

In the next two sections we shall construct a solution of the problem (0.1) via
a solution of a certain ordinary differential equation in B, the cosfficients of which
are scalar functions depending on a parameter o € C". That is why we formulate the
forthcoming auxiliary lemmas.

Lemma 1.1. Let r 2 1 be an integer and let Q = C". Given functions q(t, o),
q1(t,0), ..., gu(t, ), m = 1 on R x Q, continuous in t and o, holomorphic with
respect to ¢ at any oq € Q°, with q,(t,0) # 0 for all (t,6)e R x Q, there exists
a unique function w(t, T, a), T = t, 0 € Q which is m-times continuously differen-
tiable with respect to t and t, continuous in &, holomorphic with respect to ¢ in Q°
and satisfies

n diw
1.1 -l,O'N't,T,O'zo,
(1.1) 2 af0) 42 (1.5.0)
k
(1.2) ﬂ) 1,0) = =1 k=0,1,...m—1, 7<t, ceQ.
det - qn(T, 0')
In the case that the functions q;, j = 1,2, ..., m, are independent of t, i.e.

q(t, 0) = q,(0), there exists a unique function w(t, 6), t € R, 6 € Q which is infinitely
times differentiable with respect to t, holomorphic with respect to o in Q° and
satisfies

(1.1) ; ()——(t o) =0,

k
(1.2) d—w(0,6)=m, k=0,1,...m—1, teR.
de dm(0)

Moreover, the following relations hold:

(1.3) (w(t, o'),(ii—v:(t, W), on %;-ITW : a))T _ (Zj@) e )Q( ))

(0,0,...,0,1)",

where the superscript T denotes the transﬁosition,

d'w @ (2t) et
. —(t,0)| = [ 4

]=0,1,...,n1—1,
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(1.5)

< mla, (o)) max_Ja(o)]-
=jsm—

(21) m—1 tA(a) € ce
( lm()|||Q<)N+ o+ m()|m,|lQ<)u ) teR, e,

(1.6) I o, dm(c), O, ..., 0, 0
0, 0, qm(0)s ..., 0, 0
Q(0) = :

0, 0, 0, ..., 0, 4n(0)

—q0(0), —4:1(0), —=q2(0), - -s —qw-2(0), —du-1(0)1
and
(1.7) A(o) = max Re (o), o€ Q,

44(0) bemg'all roots of the polynomial Z ¥ q (o).

Proof. This result is an easy consequence of standard theorems on linear ordinary

differential equations.
Let us note that (1.4) follows from (1.3) and Theorem 1.4. The estimate (1.5) is

derived from (1.1') and (1.4).

Lemma 1.2. Let Q, q(t,0), j = 0,1,...,m and w(t, v, o) be as in Lemma 1.1.
Suppose that q; are periodic in t with a perzod o > 0 and that there are constants
C > 0and p0 € R such that

as) [72

Then for any f € C,(R; E) and any o € Q there exists a unique v(-, o) € Coy(R: E)
such that.

(1.9) .Z q,(t, a) (t o) =f(t), teR,
<o
and it is given by

(1.10) o(t,0) = J‘;w(t, t—1,0)f(t —1)dr = Jt c’ow(t, 1,0)f(r)dr, teR.

(tt——‘ca) dr < C(1 + o)), teR, 0ceQ j=0,1,...m~1.

Moreover, (d/v/dt) (1, 6), j = 0,1,...,m — 1, are continuous in t and o, holo-
morphic with respect to a in Q° and

(1.11) ,j—}(z,a) E

d™

S C(t+ o)™ | Fleome» =0.1,.om =1,

< max M’—L(l + a|)"‘

£ 001 g, (v 0)

holds for all te R and o € Q.
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In the case when the q;'s do not depend on t let us suppose that A(c) given by (1.7)
satisfies

(1.12) Ao) £ —d(1 + |o

with some constants d > 0 and « € R.

)y, ceQ,

Then for any fe C,(R; E) and any o € Q there is a function v(+, )€ Ci(R; E)
satisfying (1.9). This function is given by

(1.13)  o(t,0) = J:w(r, o) f(t — 1)dt = J:mw(t ~1,0)f(r)dt, teR,

with w(t, o) given by (1.3), the functions (d’v/dr)(t,0), j = 0,1....,m are con-
tinuous in t and o and holomorphic with respect to ¢ in Q° and
m 2k—1||Q(O.)||k~1

Eék; EW'}'?; I/ llcoiriry »

di
d¢

(1.14) (1, 0)

j=0,1,...m—1,

ool o) § 2O
< [an( max |\ Ok i+ o

holds for te R and o € Q, where Q(o) is defined by (1.4).

dm
“dT: (t.0) I/ llcarier

Proof. By (1.8) the formula (1.10) defines a function v(t, ¢) which is continuous
in t and ¢ and holomorphic with respect to ¢ in Q°. Moreover,

dv todw © olw )
(F(t,a)=J. —a—tj(t,r,a)f(r)dT=J’0 —a?j—(t,t-—r,a)f(t—'c)dr,
j=0,1,...m—1,

d™ 1 fo™
—(to)=——/() + — (1,1, 0) f(r) dz,
9= o0+ [ Do

which immediately implies (1.9). Clearly, (d’v/d#) (¢, 0), j = 1, ..., m, are continuous
in ¢, o and holomorphic with respect to ¢ in Q°. The assumption (1.8) implies (1.11)

S—j
E Y

from where (1.11) is obtained immediately by (1.8). The function v(t, ¢) is w-periodic
in 1 by virtue of (1.10) and the w-periodicity of the function f(t).

The case of constant coefficients is similar except for (1.14) which results from
(1.13), (1.4) and (1.5). It remains to verify the uniqueness of the w-periodic solution

dw
—— (.t —1,0)

d’v
— 1,0
d¢ ( ) dt

drmax ||f(0)|g, j=0,1,...,m,
] te[0,w]
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just found. Let v(1, ¢) be an w-periodic solution of
d

(1.15) P(l,d—, a) x(t,0) = 0.
t

If X(1, 7, 0) is a fundamental matrix for (1.15) considered as a system then by the
Floquet-Ljapunov theory there exists a continuous non-singular w-periodic matrix
F(t,0) (F(0, o) = 1d), such that the substitution x(t, a) = F(t, 0) y(1, 0), where

x(t, o) = <x(t o), —(1 N T a))
transforms (1.15) into a system
(1.16) i?y (. 0) = K(0) y(t. 0)

with K(6) = o™ ' In X(t + o, 7, ). The function w,(t,t,0) = F(t, 0)" ' w(t, 1, 0)
satisfies (1.16) and by (1.8) we have

J

where the estimates for j = m can be reiterated from the equation. But as K(o) is
independent of ¢ and w,(7, 7,0) = (0,0,...,0, g,(t,0)""), the elements of the
fundamental matrix Y(z, 7, ¢) of (1.16) can be expressed as linear combinations of the
components of w,(1, 7, 6), (éw,/é1) (1, 7, 6) etc. Thus

nJ |v(t, 0)|rm dt = J [v(t, 6)lgm dt = J [X(1,0,6) v(0, 0)| gm dt =
0 0 0

= J:w |F(1, 6) Y(t,0, 0) ¥(0, )| g di < const. J‘: [Y(t,0,0)v(0, 0)|gm dt < o

ow,
ot

dt < o©
R

(t+110) , j=1,2,...,

holds for all n € N. Hence we conclude that v(t, o) = 0.
2. THE EQUATION WITH A SINGLE OPERATOR

Let P(t,4,z) =Y Qft,z) ¥/, meN,
j=0
where
04z) = quk(t)L , 20, j=0,1,...m, queC,R;C),

k=0,1,...,n;

i

j=0,1,...,m,

w > 0 being a fixed period. Let us suppose that we have a linear operator A in
a complex Banach space B which is the generator of a strongly continuous group
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{T(s)}r of linear bounded operators in B. Let a function fe C,(R; B) be given. The
purpose of this section is to construct a function u € () CY’(R; D(A™)) satisfying the
j=0

equation
@.1) P(t,%,A) u(t) = f(1), teR,

in B. Our idea follows that of R. Hersh, [9] and consists in the following formalism:
Having a B-valued function v(t, s) satisfying

o 0
(22) Pt—, —)o(ts) = 8(s)1(1),

ot Os
(2.3) u(t + w,s) =v(t,s), teR, seR

(here 6 means the usual Dirac’s d), set formally

(2.4) u(t) = J':O T(s) o(t, s) ds .

Assuming o(t, s) — 0 as |s| — o0 in an appropriate way and integrating by parts
we have

(2.5) P (:, %, A) u(t) = P (z, ad-t, A) j: T(s) o{t, 5) ds =

Ao (e )
oo as= [ 10 (12 D) uteoas -
= J : T(s) 3(s) £(t) ds = T(0) f(1) = ().

In what follows we try to correct the equation (2.2) and the formula (2.4) in such
a way to make the arrangements (2.5) justifiable.

Choose numbers p = —1 and b* > a*, b~ >a~, b > max{b*, b~}, where
a*,a” are the numbers from Theorem 1.1. Suppose that fe C,(R: D(A?*?)) and
put

ot () = T b
To(p+ 1)
for s 2 0 and ¢*(s) = 0 for s < 0, i.e. p*(s) is the (p + 2)-fold primitive of J(s)
times e(~0%b*)s, ‘

Writing v%(t, s) = e**** v(t, 5) we have
P t,g,g o(t,s) =P t,i,-a-¥bi vi(t, s).
ot 0Os ot 0Os ’
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Further, it can be easily verified that

fw S e (b + AP+ T(s) (1) ds = f(1)

o (p+ 1)
(see the proof of Theorem 2.1). Finally, it appears to be convenient to search for the
w-periodic solution of (2.1) in the form

0
(2.6) u(r) =f e’  T(s) v (¢, s)ds +f e T(s) v*(1, 5)ds,
where the functions v*(t, s) are the solutions of
(2.7%) P(z,j ; Tb ) V(1 5) = 0*(5) (b + AP 1),
t

v (t + w,5) = vi(t,s), teR, seR

with the corresponding signs.
First of all we shall solve the problems (2.7%) in the class of functions u(t, s) with

continuous bounded derivatives (0**'v/dt* 0s') (t,s), teR, seR, k=0,1,....,m,
I=0,1,..., n = max n; Applying the Fourier transform to (2.7%), the functions

0sjsm
("0
5%(1, o) =J e 7 ¥ (1, 5) ds
— 0
are to satisfy

(2.8%) P<t,di, io bi) t¥(,0) = (b F b* +i0) P2 (b + AP /(1)
t

0%(t + . 0) = t*(1,0), teR, o€R,

with the corresponding signs. Suppose that

(2.9) 0,(t,ic F b*) 0, teR, ceR.
Then by Lemma 1.1 there are functions w*(1, 7, 6), © < 1, 0 € R, satisfying
(2.10) ‘ P(t,dg, ic F bi>wi(1, 7,0) =0,
t
dw* (t, 7, 0) = — ~ Okm-1 <1,
det Qu(z,ic F b* )

ceR, k=0,1,....m—1.

Suppose that there exist constants C > 0 and p, € R such that

(2.11) J
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Then by Lemma 1.2, (2.8%) have the solutions

(2.12) o%5(t,0) = (b ¥ b* + ia)_”'zj wi(t, t — 1,0).
0

(b + Ap+2f(t —1)dt, teR, oeR,

with the corresponding signs.

The functions (d/d*/dr) (t,0), j = 0,1, ...,

satisfy the inequalities

(2.13)

dip*
. t,O'
|dt,( )

ma{

< Clb F b* 0|72 (14 o] (b + A fllewrim »

dmp*

dm

Q(t.ic F b*)| .

i=01,..,m—1,

(t. o)

IIA

lQ,,,(t ic F b* )I

@ + Ayt flleoip, t€R, o€eR.

Clb F b* +io| P72 (1 + [o]).

te[0.w], j=0,1,...m— 1}.

m are continuous in ¢t and ¢ and

Theorem 2.1. Let a polynomial P(t, A, z) and an operator A satisfy the assump-
tions stated at the beginning of this section together with (2.9) and (2.11), where
the functions w* are determined by (2.10).

Let n = max n; and suppose that p = n + po. Moreover, assume that the fol-

1<jsm

lowing implication holds:

(2.14) If

e
< const.
e

then z(1,s) = 0.

aj%-k

ot! os*
5 520,
_b+s , S é 0

z e C(R x R; B),

t

z:R X R — B is a function such that

) itz

o0 ost

(1. 5)

p
,— ) z(t,s) =0,
aS)( )

= .

j=0,1,...m, k=0,1,..,

z(t + o,5) = z(t,s), teR, seR,

h = max n;,
1<jsm

Under these conditions for any fe Cw(R D(AP*?)) (fe C,(R; B) if p < —2)

the function u given by (2.6), where

vx (1, s) =

(2.15)

LJ. e’ 0%(t, o) do
2n ) -
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with 0%(t, o) given by (2.12), belongs to () C/(R; D(A")), satisfies (2.1) and
j=o

max
0=j=m

holds with a constant K independent of f.

)

0 } = K| f]lcomripear+2y

Cuw(R;D(AM))

Proof. By the assumption p = n + p, and (2.13) it is clear that

(o) Y2 (1, )

v < const. (1 + [0))72 | flleaminiarsay » K =0,1,...on.

). x € D(A'), | € N by the closed graph

Note that [[(b + A) x|| < const. (|x| + [4'x|
theorem.
Thus (2.15) implies that the functions
aj+kui

5—15—’ t,S), j=0,1,...,m, k:-O,l,...,n
t’ os*

are continuous and their norms are bounded by const. || f| ¢, r:pr+2y)- Hence the

integrals

aj+ku+

JO e 1(5) T (1, ) ds f Tere ) T (1 5y ds
aass 77 Jo orost

- OSk

j=0,1,...m, k=0,1,..,n,

converge and are continuous functions of t.

In particular, the function u(t) given by (2.6) is continuous. Let j and k be integers,
0<j=<m, 0= k=< n Let us prove that u(t)e D(4") for all e R and that the
derivative (d’A*u/d#’) (¢) exists and is continuous. Putting R, = A R(4, A) for A€ R,
,A[ > max {a*, a”}, we have

0 © ’
(2.16) A*Ru() =J A  T(s) RS v (1, 5)ds + f e P74 T(s) R5 v*(t,5)ds =
0

[ G o e ane |

- 0

[ e s

k=17 q\k=1-1 o . @
+3 [ {— T(s) — (e™""*R5 v*(t, 5)) -+
i=o | \ ds s’ =0

0 k ] k
+ Jr T(s) ;? (" Rk v (1,5))ds + J T(s) % (e™*"RY v*(t,5))ds =

0
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S im0 -\ - J PN
= z A 'R). [(‘a*' + b ) v (t, S)js=0 - (g —b ) v (t, S)'s=0:| +
1=0 N

0 k © k
+ R',{J. e T(s) (ai + b‘) v (t,s)ds + R',{J e " T(s) (g - b*) v¥(t, s)ds.
© S 0 S

Let z*(1,s) = e¥***v*(t, 5). Since the functions v*(t, s) obviously satisfy (2.7%)
with the corresponding signs and the relations

0 _ o\ tpes 02°
— F b )vH(t,s)=¢ —(t, s
(5 707) e = (1.9
hold, it is clear that

P <z§; ai;) 251, ) = 0(s)

Sp+1
(p+ 1)

where 6(s) is the usual Heaviside function. Thus we have

e "™b + AP*?f(r), teR, seR,

P taﬁvﬁ (Z+(t,s)——-z_(t,s))=0, tER, SER.
Ot 0Os

The assumption (2.14) implies z*(t,s) — z7(t,5) = 0, ie. e " v™(t,s) =
=e"*v7(t,5), teR, seR.
Differentiating successively the last relation by s and putting s = 0 we get

<§-§ - b+)lv+(t, 9

Hence (2.16) is reduced to

AR u(t) = R';J‘

1 .
=0 = £+b' v(t, )i=0, teR, 1=0,1,....n.
Js =0

0

e T(s) (;j + b‘)k v (ts) +

— o0

0 k
+ R'j_J e " 1(s) <§ - b+> v* (. s)ds.
s

0

Now letting A — oo we obtain by Theorem 1.2, (ii) and (iv) that u(r) € D(A*) and

2.17) A u(t) = J’ im s T(s)(;% + b~)ku—(t, $)ds +

0 k
+ J’ e?"s T(s) 9 _ b*) v*(t,s)ds, teR.
0 ds
As we may interchange integration and differentiation when differentiating (2.17)
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we have finally

d o, O ¥ [0 .
(2.18) S| e ST(S)$<a—S ; b—> b (1, 5)ds +
® e F (0 LV '
+ e S T(s)—(— — b* ) v*(s,5)ds.
jo ()6z’<8s > ( )

We have proved u e (| Ci(R; D(A™)). Tt remains to verify (2.1). By (2.18) and
ji=0

2.7%), the following arrangements are correct:
T f 5
P t,g,A u(t) = ° e T(s) P t,2.£+b_ v (t,s)ds +
dt w ot Os
” ~b*s ¢ 9 + +
+J e T(s)P(t,g—,~—b>v (t,s)ds =
t

o ds

) SP+1
- j ST e (b 4 AP T(s) (1) ds =

o(p+1)
[ (2 o -

S el G GRCICC.
- [ L eor-0+ 008 =10, 1<,

where we integrated by parts and used Theorem 1.2, (v).

The following theorem provides a more explicit condition for the eXisFenCC of
a periodic solution of (2.1) than (2.14), along with a condition for the uniqueness
of the given problem.

Theorem 2.2. Let a polynomial P(t, ), z) and an operator A satisfy the require-
ments stated at the beginning of this Section. Let the numbers b* and b~ be chosen
as in Theorem 2.1. Suppose that there are constants C > 0, pp € R, B* > b*
B~ > b~ such that

(219)  Q,(t,ic)*+0, teR, ceS={oeC; —B~ <Imo = p"}
and that the function w(t, 7, o) determined by the equations

d
Plt,—, ic)yw(t,t,0) =0,
(4 w)pen

w 0
2 (t, 1, 0) = —dm=L_ i=0,1,...,m—1
at’( ) 0.7, 0) J

66

and



satisfies the inequalities

(2.20)
— (. t—r10)

Jo ot

Then the assumption (2.14) of Theorem 2.1 is satisfied and the problem
(2.21) P (t, a‘i, A) u(t) =0,
t

u(t + o) =u(t), teR

w .
dr§C(1+|a])”° for j=0,1,...m—1, oeS.

has only the trivial solution.

Proof Let the functions ¢ € C(R) and f e C,(R: C) be arbitrary.
We shall find a function v(t, s) satisfying

(2.22) P (z, :af? i") ot,s) = £(1) o(s),

ot + o,5) =v(t,s), teR, seR,

in the classical sense. If we write v(1, 5) = (2n)~* [%, 8(1, 6) €"*° do then the function
D is to satisfy

(2.23) P(t,%g, —ia) 8(t, o) = (1) 9(0).
. t
o(t + w,6) = 9(t,0), teR, ogeR.
It follows from Lemma 1.2 that
(1, 0) =j w(—t, =t — 1, —0)f(—t — 1) ¢(s)dr, teR, ceS,
(o]

is a solution of (2.23) even for o € S. By [7], Vol. 1, p. 175, the function ¢(c) is holo-
morphic in all C and

(224) (1 + |o])* |9(0)| = Cpett™!

holds for all 6 € C, k = 0, 1, ..., with some constants C, and with a > 0 such that
supp ¢ = [—a, a]. It is clear from (2.20) and Lemma 1.1 that the functions
(d/8/de’) (1, 6), j = 0,1, ..., m, are holomorphic in S and that

© 1j )
'[ %(r, t—t,0)f(t — 1) de
0

holds for all j = 0,1, ...,im, te R and o € S. This together with (2.24) implies that

d’p
— (t, 0
5 -0

< (1 + o))" |/ | cucrior

(L+ o))

S Mge™l geS, k=0,1,..., j=0,1,... m
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with appropriate constants M,. Therefore, the functions (¢/**v[dt as*) (¢, s) are conti-
nuous and satisfy (2.22). By Theorem 1.3 for any ¢ > 0 there exist constants C*(e, k)
such that

(1) =

&tk
ot os*

C'e k)™ ™ feumo» 1R, 520,

arfa“

(t,)

teR., s<0, j=0,1,...m, k=0,1,....

< C (e k) e 7| flleomo s

Now, let z: R x R — B be a function such that there exist continuous derivatives
&*¥z[or os* satisfying

oItk +
Jak(ts < C*e?'s, teR, 520,
ot
j+k _

t,s))| £ Ce®", teR, s<0
tfa"

forj=0,1,....,m, k=0,1,...,n, and

a ¢
Plt,—,—)z(t,s) =0,
( ot 65) (-5)

z(t + w,s) = z(t,5), teR, seR.

Choosing ¢ > 0 so small that ¥ — & > b* and f~ — & > b~ we can write

J:’ J:f(t) o(s) =(t, 5) ds dt = J: rw p (: ;—t‘? ;—3‘3)

o(t, 8) 2(t, 5) ds dt = J: r oty 5)

P t,ﬁ,i z(t,s)dsdt = 0.
ot 0Os

Taking into account that feC,(R;C) and ¢ € CF(R) are arbitrary we conclude
that
{x*, z(t,s)>) =0 forall x*eB* andall (t,s)eR?,

where B¥ is the dual space to B and <-, ) denotes the duality between B and B*.
This finally leads to the conclusion z(t, s) = 0.
If u(¢) is an w-periodic solution of

d
Plt,—, A)u(t) =0,
( 4 ) 0
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then according to the above consideration the function z(t, s) = T(—s) u(—1) must
be identically zero. Thus u(f) must be identically zero as well.

Remark 2.1. In the case when the coefficients of P(, 4, z) are independent of ¢
we can replace the assumptions (2.11) and (2.20) by (1.12), where

Q={0ceC, Imo= +b*} and Q= S, respectively.

If the inequality in (1.12) is replaced by A(s) = d(1 + |0' ) then taking the new
variable 7 = —t, the new function A(c) corresponding to the polynomial P(t, — 1, ic)
satisfies A(c) < —d(1 + |o])".

Remark 2.2. The assumption (2.19) in fact implies the existence of an every-
where defined, continuous inverse to the operator Q,(A). Indeed, if oy, 05, ..., 0,
are all the roots of the polynomial Q,(ic) then either Re o; > B* > a* or Re o; <
< —B~ < —a”. Hence o;eg(4), j=1,2,...,n, and Q,(A)""' = (s, — A)"".
(o0, — A)"'...(s,, — A)"" € L(B). Unfortunately, in the case that (2.19) fails
to be satisfied at a point ¢, € S® our method is not applicable exluding some par-
ticular situations. This is illustrated by the following

Example 2.1. Let P(t,4,z) = Q,(z) A + Qo(z). Let S, = {oeC; |[Imo| <&},
where ¢ > 0. Suppose that there is an o, € S such that Q,(io) = (ic — io,)* 0,(io),
Qo(io) = (ic — io,)" Qy(ic), where k and I are integers, k = 1, | = 0 and §,(ic,) +
+ 0, Qy(ioo) # 0.1f k < I, then the equation (1.1) can be transformed into the system

0.,(4) g_;‘ (1) + (ioo — A)* Go(4) u(t) = o(1),
(oo — A o(t) = f(1),

which can be solved provided the second equation is regularly solvable (the condition
on A and f) and that

Re (190 = ’i“q)l.‘k 0(io) < —d(i + o
0,(io)

what implies k = I.

), (d>0,aeR), o€S,,

If k > I then obviously Re ((io, — ic)' ¥ §o(io)/0,(ic)) ranges over all reals when
|o — 6,| ranges over any interval (0, 6), > 0. This means that the assumption
(2.11) or (1.12) on which our method is based cannot be satisfied.

3. THE EQUATION WITH SEVERAL OPERATORS

Let A,, A,, ..., A, be linear, possibly unbounded, and mutually commuting opera-
tors in B which generate, respectively, strongly continuous groups {Tl(sl)}s,elb
{Ty(52)}sser> -+ > {T(5+)}ser Of linear bounded operators in B. Then also Tjs;).
. Ti(se) x = Ti(s) T(s;) x holds for s;, s,€R; j,k=1,2,....,r; xeB (see [14],
Lemma 11).

69



Let P(t,4,z,...,2,) =Y. Q)t, zy, ..., z,) ¥ be a polynomial of r + 1 variables
j=0

5

As Z4, ..+ Z,, the coefficients of which are continuous, w-periodic complex-valued
functions of t. Denote by nj the degree of the polynomial Q; with respect to the
variable z,.

Let us consider the problem
(3.1) P(t,g-, Ap s Ar) u(t) = f(1),
t
u(t + o) = u(t), teR,

where fe C,(R; B). A function ue U = (| C(R; D( [] A™)) satisfying (3.1) is
j=0 k=1
called a solution of (3.1).
Let af = 0 be such constants that

Ce™'™, 520,
e { ¢ .

Ce™ ™% 5 <0,

holds for k = 1, 2, ..., r with an appropriate positive constant C. Take constants
B > b > aif, which are sufficiently close to af (k= 1,2,...,7), and let M be
the set of all pairs (k, [), where k = (ky, ..., ky+), I = (Iy, ..., I,-), kul={1,2,...
wurh, knl=90,(¢g" + q~ =r). For (k,I)e M denote by by, the 2r-dimensional
vector the k;-th component of which is b,: and the I;-th component is b,‘j (i =1,...,q9",
j=1,...,q97), and by D,(z) the r-dimensional vector the j-th component of which
is equal to z; — bj if je{ky,...,k;+} and to z; + b} if je{ly, ..., I,-}. Further,
we define the functions ’
r gpit1 a* L _
. ——— e[ [TePu Ty i 5,20, i=1,..,7,

(s, byy) = <i=1 (p; + 1)! j=1 j=1

0 elsewhere in R",
where p = (py,..., p,) is a vector with non-negative integral components, b >
> max {b}, b; } and (k, I)e M.

1=jsr
Suppose that

(3-2) 0,(t,ic) £ 0, €0, w],
ceS={zeC; —p; <Imz; < B}, j=1,....r}

and let functions w(t, T, 0, bk,) be defined as solutions of the problem

d . diw S,
3.3) P(t,—, Dy(ie))w(t, ,0,b,)=0, — (1,71,0,b,)= —Lm=L_|
( ) ( dt kl( )) ( kl) dtj ( ‘ k’) Qm(’f, 10')

t1<t, ceC, j=0,1,...m—-1, (k,)eM.
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Assume that there exist constants C and p, such that

(3.4) J':

teR, j=1,2,...m—1, (k,])eM, ceS.

J
((ii—:,}(t, t—1,0, by)dt < C(1 + lol)m s

The following theorem, the proof of which follows the lines of the proofs of Theorems
2.1 and 2.2, is valid:

Theorem 3.1. Let a polynomial P(1, ), z,, ..., z,) and operators Ay, A,, ..., A,
satisfy the requirements stated at the beginning of this section. Moreover, let (3.2)
be fulfilled and let the functions w(t, t, o, by,), (k, I)e M defined as the solutions
of (3.3) satisfy (3.4).

.
Then there exist p;e N, j = 1, ..., r, such that for any fe F = C,(R; D([] 4%))
j=1

there exists one and only one solution of (3.1). This solution is given by

1 o0 0
uit) =
©) 2n) ,...,kq*},%x,...,lq‘})eM J'o J'o

——
q*-times
0 0 q* q-
J e P T, (se,) T €275 T (s,))
—w J—w j=1 ji=1
———
q~ -times

q* q~
J else 11 (b — b,fl + iakj)"”‘f2 I (b + by, + ia,j)“":_z.
R" j=1 j=1

J' wt, t — 1, o, by) T1 (b + A)P*? f(t — 1) de
0 j=1

dods, ...ds, _ds; ...ds. ., teR,
and satisfies
lullo = K|/

where U is the space of solutions, F is the space of the right-hand sides and K is
a constant independent of fe F.

4. EXTENSIONS TO MORE GENERAL SPACES

In this section we sketch how to employ the techniques of Donaldson [3] and Carrol
[1] to obtain a periodic solution to (2.1) in a linear topological space X. In accordance
with [1] we suppose that X is a complete, separated, locally convex topological
vector space, L(F) denotes continuous linear maps X — X with the strong operator
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topology. Further, we assume that a closed densely defined linear operator 4 in X
generates a group {T(s)},.x = L(X) and there is a constant a = 0 such that for any
continuous semi-norm p on X, there exists a continuous seminorm ¢ on X such that
p(T(s) x) < el g(x) for all se R and all x € X. Following Gelfand-Silov [7], Vol.
2, 3 we choose linear, complete, separated, barreled, locally convex topological
spaces @ and & of complex-valued functions, which are topologically isomorphic
under the Fourier transform: F:® — &, F~':® — &. Further, we assume that
polynomials are multipliers in @. Let L(®, X) and L(®, X) denote continuous linear
maps @ — X and & — X, respectively, endowed with the strong operator topology,
that is, R, = R means {R,, ¢) — (R, ¢) in X for each ¢ € . It is clear that the
Parseval type formula (R, $) = 2n(R, ¢(—s)> for ¢ € @ extends F onto L(®, X).
It is easily seen that F is a topological isomorphism of L(®, X) onto L(®, X) with
((6/as) R)™ = ioR.

Now we suppose that we are given a continuous map J : X — L(®, X) defined
by (Jx, @) = [2, ¢(s) T(s)xds, p e d, xeX, where the integral sign on the
right-hand side stands for the vector-valued integration (see [23], p. 237).

Theorem 4.1. Let @ be a linear topological space of complex functions defined
on R, with the properties listed above. Let the function w(t, T, o) given by

(4.1) P <!, di R io) w(t,7,0) =0,
t

diw

o
— (1,1, 0 —m=l s <t ceS={zeC; < b} (b >a),
Y (o) = et ( 16> )
as well as its derivatives (d'w/dt’) (¢, 1, 0), j = 0,1, ..., m — 1, generate multiplier

functions in & which are continuous operator functions in the strong operator
topology of ®. Further, suppose that

(4.2)
dL (tt—r10) =

" Cfo)e™™ for t<t, ce€S, j=0,1,>...,m~1,

where o > 0'and C|'s increase at most as polynomials in |a| if |a‘ — o0. Finally,
let pe N be sufficiently large and let (b + A) f(t) be a continuous function in X.
Then there exists a generalized solution u(t) of (2.1) in X in the sense that

L 4 T . S R
® %, (55 70w, 0/t #) = <TG, 0
F-
holds for all ¢ € ®, the relation taking place in L{®, X).
Proof. Put

u(i) = f f [(b g a)] (5) T(5) (b + AP f(z) ds dr.
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This is a well defined function in X since by (4.2) and Theorem 1.3

w@wuﬂ@

é Ce-—(a+a)|s| e "

F! ’———l
(b + ia)’J
for T = t, se R, whenever pe N is sufficiently large and ¢ > 0 sufficiently small.

It remains to verify (4.3). This can be accomplished by means of the standard dis-
tributional calculus.

Remark 4.1. The preceding theorem and its proof provide only a rough informa-
tion on the subject. We mention it trying to bring the reader’s attention to the interes-
ting technique of [1] and [3], avoiding the details which make it difficult to under-
stand.

5. AN ABSTRACT SECOND-ORDER DIFFERENTIAL EQUATION ARISING
FROM THE TELEGRAPH EQUATION WITH AN INNER DAMPING TERM

In this last section we wish to give conditions on continuous w-periodic positive
functions a(t), b(t), ¢(t), d(f) and an operator A :B > D(A)— B which is the
generator of a group { T(s)} g, in order that the equation

6 SO+ @) - b)) 0 + (0 - d) A ul) = S0

have a solution u in C3(R; B) n CL(R; D(4?)).
As is shown in Sec. 2, this task can be solved by imposing conditions on the func-
tions a, b, ¢, d such that the solution w(t, t— 1, a) of the equation

(5.2) (:i_zz‘; + (a(t) + b(r) o®) 3—? + (c(r) + d()e*)w =0,

w(t,7,0) =0, j—w(r,r,a)=1
t

decreases in an appropriate way (e.g. exponentially) when t — 7 — oo for ‘a' <p
with a # > y = max lim sup (In|| T(s)||/|s|)- To this purpose we derive the following
+ s>t

Lemma 5.1. Let the function §(t) = d(t) b(t)™" be continously differentiable on R.
Suppose there exists a f > O such that

(5.3) a(t) — &(1) — B b(r) > 0

for all te [0, w]. Let yo and y, be positive constants satisfying
70 = 4{0(1) [a(t) — o(1) — B B(O]}'2,

72 2[5 0 = 607 + a0, 1e[0,0].
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If
(54) 2emin > (Ae + 70 76" — 4e,

where Cpin = min c(t), Cpay = Max c(t) and A, = cpyy — Cpin, then there exist
te[0,w] te[0,0]
constants C > 0 and o > 0 such that the solution w(t, 7, 6) of the equations

(5.5) ;% + (alt) + b(1) GZ)j_f T (et) + d(1) 0?) x = 0,

dx
x(t1) =0, —(r)=1, =5t
M=0. @
satisfies the inequality

(5.6) max (Iw(t, 1, 0)|,

dw
—\{t, 1,0
5, 09

) § Ce—u(l—t)

forallt 2 t and all 6 = o + i0,, where o, € R and |021 < b.
Proof. The equations (5.5) can be written equivalently in the form

(5.7) d—;t—l = —6x, + X, ,

dt dt
+ (0 —a—-bo%)x,, x0)=0, x,(0)=1,

912:[@_52+(a+b02)5~c—d02Jx1+

where x, = x. Let m > 0 be an arbitrary constant. Putting V(x,, x,) = 4m|x,|* +
+ %—]x2|2 (we omit the arguments) we have

(5.8) 4 _ o Re )?l—dx—l)-{—Re 5, 22
dt dt

dt
Assuming that (x, x,) in (5.8) is a vector-function satisfying (5.7) we get

% = —md|x(|* = (r; — ) |x2]* + 2D Re (x,%,),

where r; = a + b(o} — 63), ro=c + d(o} — 03) and D =27'(do/dr — 5> +
+ 1,0 — ro + m). Using the inequality 2|Re (x,X,)| < |xy|* + ¢ '|x,|> (which
holds for all ¢ > 0) we get

69 W omofel (- o)l + ol + P,
&

& = ¢(f) arbitrary. By (5.3) we have r, — 6 > 0. Requiring mé — ¢|D| > 0 and
ry — 6 — & '|D| > 0 the inequalities tD| (rs—0)" ' <e<mdD|™" have to be
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Satisfied. It is clear that

md(ry — 0) = D* = [md(ry — 8)]"* {[m6(r, — 8)]"* — |D|} 2

If we put m = 27" (¢pin + Cmay) then [m — ¢ < 2714, and by (5.4) yom'/? — y, —
~ 4, can be bounded below by a positive constant, say oy In (5.9) set ¢ =
=2""[ms|D|"* + |D|(r, — 5)"'].

Then

do

= 47 Yyom!/? [4"y0n1”2 — 27 m = - 27" e 6 + ad
t

> 4—1y0m1/2[4—1y0m1/2 — 471y, — 2_1|m - c|] .

W < ms(r, — 8) = D127 (ry — 8 || +

dt
+ (ry = 8)[md(ry — 08) + D*]7! \x2|2} .
We have proved m d(r, — 8) — D* 2= 27°%04po(Cmin + Cmax)'/? and, particularly,

D*> < mé(ry — 8). Hence (r; — 08)[mé(ry — 6) + D*]™' = (2ms)~*. Thus we
obtain the final estimate

(ji_lt/(t)é —ocV(t), te[r,oo),

where o is a positive constant which can be computed in terms of the coefficients
a, b, ¢, d and which does not depend on ¢ if this is contained in the domain
{]Im ol < B}. This inequality easily yields our estimate (5.6).

Lemma 5.1 and Theorems 2.1 and 2.2 give a result which is summarized in the
following

Theorem 5.1. Let A be the generator of a group {T(s)}.r = L(B) and let B >
> max lim sup (In| T(s)|/|s|). Suppose that a, b, ¢ and d are continuous w-periodic
+ soto

positive functions on R, which satisfy (5.3) and (5.4), 6(t) being continuously dif-
ferentiable on R. Then for any fe F = C,(R; D(A*)) there exists a unique solution
ueU = CL(R; B)n C'(R; D(A%)) of (5.1). Moreover, |ully < k|f|¢ holds with
a pesitive constant k.

Proof. In Theorems 2.1, 2.2 put n = 2. Lemma 5.1 ensures that (2.20) holds with
Po = 0. Our assertion follows immediately.
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