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ORDERED GROUPS
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(Received January 25, 1980)

In this paper, the relations between torsion classes ([13] and [15]) and prime
selectors [16] of lattice ordered groups are investigated. The existence of the largest
presentations of torsion classes by prime selectors will be examined. We prove that
if X is a hereditary torsion class, then X has no largest presentation by prime
selectors. Some problems concerning torsion classes and prime selectors proposed
in [16] will be solved.

1. PRELIMINARIES

Several classes of lattice ordered groups that have been thoroughly studied are
not definable by identities, i.e., they fail to be varieties. As examples we can mention
here (i) the class of all complete lattice ordered groups, (ii) the class of all archi-
medean lattice ordered groups, (iii) the class of all lattice ordered groups such that
every bounded disjoint subset is finite or (iv) the class of all cardinal sums of linearly
ordered groups. Thus, for classifying types of lattice ordered groups we need more
general notions than the notion of a variety.

The notions of a torsion class and a hereditary torsion class were introduced by
J. Martinez in [13], [15], and they have been dealt with in [3], [5], [6], [8], [11],
[12], [14]; for the notion of a radical class cf. [9], [10] (the definitions are given
below). All the above mentioned examples are radical classes; (iii) and (iv) are
hereditary torsion classes ((i) and (ii) fail to be torsion classes).

One of the methods for studying torsion classes consists in using value selectors
[15] or prime selectors [16] (rules that assign to each lattice ordered group G
a system of values of G or prime subgroups of G, respectively, such that certain
conditions are fulfilled).
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In this paper we shall apply the standard denotations for lattice ordered groups
(cf. Conrad [1] and Fuchs [4]). The group operation will be written additively.

The system of all convex I-subgroups of a lattice ordered group G will be denoted
by ¢(G); this system is partially ordered by inclusion. Then ¢(G) is a complete lattice;
the lattice operations in ¢(G) will be denoted by A and v.

Let % be the class of all lattice ordered groups and let 4 be a nonempty subclass
of 4. Consider the following conditions for 4:

(a) Xf Ge % and {H;},; < A 0 ¢(G), then V,;; H; € A.
(b) If Ge A and H € ¢(G), then H € A.

(c) A is closed with respect to homomorphisms.

(d) A is closed with respect to isomorphisms.

The class A is said to be a torsion class if it satisfies (a) and (c); if, moreover,
A fulfils also (b), then it is called a hereditary torsion class (cf. [16]; a different termi-
nology has been used in [3], [5], [13], [14]). Every variety of lattice ordered groups
is a hereditary torsion class (Holland [5]).
If the class A fulfils the conditions (a), (b) and (d), then it is called a radical class
[97 (such classes were considered (under another terminology) already in [7]).
Let J and # be the class of all torsion classes or hereditary torsion classes,
respectively. Both & and # are partially ordered by inclusion. Then  and # are

complete lattices (cf. [13] and [16]). For Ge % and A€ J we denote by A(G) the
join of all convex I-subgroups of G belonging to A.

The following hereditary torsion classes were examined by Conrad [3]:

Ar — the class of all hyperarchimedean lattice ordered groups;

Fb — the class of all lattice ordered groups G such that each bounded disjoint
subset of G is finite;

Fv — the class of all finite valued lattice ordered groups;

Dc — the class of all lattice ordered groups whose regular subgroups satisfy the
descending chain condition;

Os — the class of all cardinal sums of linearly ordered groups;

Rs — the class of all cardinal sums of archimedean linearly ordered groups;

Bp — the class of all lattice ordered groups G such that each prime of G exceeds
a unique minimal prime.

We shal use the following notation: N, Q and R are the sets of all positive integers,
all rational numbers and all reals, respectively; each of these sets is linearly ordered

in the natural way. Q and R are also considered as additive groups (and hence as
linearly ordered groups).
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2. PRIME SELECTORS

The notion of a prime selector was introduced in [16]. Let us recall some defini-
tions and results concerning prime selectors, which we shall need in the sequel.

Let Ge¥, 0+ xe G. A convex I-subgroup of G maximal with respect to the
property of noncontaining x is called a value of x in G. A convex I-subgroup of G
is said to be a value (or a regular subgroup) if it is a value of an element of G.

A convex I-subgroup N of G is called a prime subgroup of G, if, whenever a, b e G
and a A beN, then aeN or be N. Every value of G is a prime subgroup of G.
Let M°(G) and P(G) be the set of all values of G and the set of all proper prime sub-
groups of G, respectively.

A prime selector is a function M which assigns to every lattice ordered roup G
a subset M(G) of P(G) such that the following conditions are fulfilled:

(1) If ¢ is a homomorphism of G onto a lattice ordered group H and if N € M(G),
N 2 Ker (¢), then ¢(N) € M(H).

(2) If Ce ¢(G) and N € P(G), then N n C e M(C) implies that N € M(G).

Let M, and M, be prime selectors. We put M, < M, if M,(G) = M(G) is valid
for each G € 4. Let {M},.; be a family of prime selectors; we put M(G) = ;. M(G)
and M,(G) = ;s M{(G) for each G € 4. Then M, and M, are prime selectors and,
moreover, M = Ajeg M, My, = Vi M,

If M is a prime selector we define TOR(M) to be the class of all lattice ordered
groups G with M(G) = P(G). For each torsion class T and each G € 4 we put

h(T)(G) = {N e P(G): T(G) & N} .
Then we have (cf. [16], Propos. 1 and 2):
2.1. Proposition. For every prime selector M, TOR(M) is a torsion class.

2.2. Proposition. For every torsion class T, h(T) is a prime selector and
TOR(K(T)) = T. Moreover, if M is a prime selector with TOR(M) = T, then
hT) £ M.

A prime selector is called hereditary, if it fulfils the condition

(2') whenever Ge %, C e ¢(G) and N € P(G), then we have N n C e M(C) if and
only if Ne M(G) and N 2 C.

2.3. Proposition. (Cf. [16].) If M is a hereditary prime selector, then TOR(M)
is a hereditary torsion class. If T is a hereditary torsion class, then h(T) is a here-
ditary prime selector.

Let M be a hereditary prime selector such that for each G € ¢, all elements of M(G)
are values in G; then M is called a value selector.
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If Tis a torsion class and M is a prime selector with TOR(M) = T, then we say
that M presents T or that M is a presentation of T. For each torsion class T we
denote by My(T) the class of all prime selectors presenting T.

The following open questions 2.4, 2.6, 2.8 and 2.9 on the relations between torsion
classes and prime selectors have been formulated by J. Martinez [16].

In [16] it is remarked that the map TOR preserves arbitrary meets, and the fol-
lowing question is proposed:

2.4. Question. It would be useful to know whether TOR preserves joins. If so,
then every torsion class has a largest presentation.

A lattice ordered group is said to be epiarchimedean if each of its homomorphic
images is archimedean. Let Ar be the class of all epiarchimedean lattice ordered
groups; Ar is a hereditary torsion class (cf. [3], [16]). Let us denote by M, the prime
selector of minimal primes.

2.5. Lemma. (Cf. [16].) TOR(M,) = Ar.

2.6. Question. Is M the largest presentation of Ar?

A value H in G is called special if there exists g € G such that H is the only value
of g in G. A lattice ordered group G is said to be finite valued if each element x € G,
x =% 0, has only a finite number of values. Let Fv be the class of all finite valued
lattice ordered groups. Further, let F be the prime selector that picks all non-values
and every special value.

2.7. Lemma. (Cf. [16].) TOR(F) = Fv.

2.8. Question. Is F the largest presentation of Fv?

1t is also remarked in [16] that if T; (i € I) are torsion classes and if T = V¢ T},
then h(T) = V. h(T;), and that for each pair of hereditary torsion classes Ty, T,
we have h(T; A T;) = h(Ty) A h(Ty).

2.9. Question. In general, however, it is unknown whether h preserve finite meets.

The question analogous to 2.4 concerning value selectors has been proposed by
Martinez [15] and dealt with in the author’s paper [12]. By modifying the con-
struction from [12] we obtain here three types of constructions showing that the
answer to all the above questions is “No’. The intersections of the result implied by
these constructions are nonempty. A further investigation using these (or analogous)
constructions might perhaps enable one to shed light on the properties of partially
ordered classes Mo(X), where X is a torsion class, and, in particular, on the charac-
terization of those torsion classes X which have a largest presentation (if such torsion
classes X do exist).
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3. THE MAPPINGS si{ AND s}

Let Ge¥ and Y= G. We denote Y’ = {geG: |g| A Iy[ = 0 for each ye Y}.
Tt is well-known that Y? is a convex I-subgroup of G.

Let I be a linearly ordered set and for each i € let G; be a lattice ordered group
such that G; is linearly ordered whenever i fails to be the least element of I. We
denote by I'y; G; the lexicographic product of the lattice ordered groups G; (cf.
Fuchs [4]). If all G; are linearly ordered, then I';.; G; is linearly ordered as well.

Let R;, R, be dense subsets of Q such that R, = Q \ Ry. Let f be a one-to-one
mapping of Q onto N,. Let P = {p,:ne Ny} be the set of all primes. For each
x € Q let K, be the additive group of all rational numbers y which can be expressed
as y = zp, ", where n = f(x), m € N, and z is any integer; the group K, is linearly
ordered in the natural way. We denote by H, the class of all lattice ordered groups H
which can be written in the form

) H=TyH,,

where (i) I is a convex subset of Q, and (ii) for each i € I, H; is isomorphic with K.
Further, let Hy be the class of all He H,, such that the set I in (3) is a one-element set.

Because each H; in (3) is lexicographically indecomposable and since for x, y € Q,
x # y, the linearly ordered groups K, and K, are not isomorphic, it follows from
Malcev-Fuchs Theorem (cf. [4], Chap. II, Thm. 9) that for a given H € H,, the set I
in (3) is uniquely determined and that the corresponding lattice ordered groups H;
are determined up to isomorphisms.

Let H be as in (3) and let 0 < x € H. Let i, be the least element of I with x(iy) = 0.
If iy € R; (i = 1, 2). then x is said to be of type R;; let R,(H) be the set of all elements
of H of type R;. A homomorphism ¢ of a lattice ordered group G, into a lattice
ordered group G, is called convex if (p(G,) is a convex subset of G,. Let H, H' € H,,
and let ¢ be a convex homomorphism of H into H' with ¢(H) =+ {0}. Then it follows
from the structure of lattice ordered groups belonging to H, that there is a dual
ideal I, of I such that (under the notation as in (3)) ¢(H) is isomorphic with I';;, H,
and Ker(¢) = iy, H;.

Now let G be any lattice ordered group, i€ {1,2}. We denote by Ry(G) the set
of all elements g € G which have the following property: there exist H € H, and
a convex isomorphism ¢ of H into G such that x € ¢(H) and ¢ ~*(x) € Ry(H). Further,
let Ry(G) be the set of those g € Ry(G) U Ry(G) for which there exists H with the just
mentioned property, such that H belongs to Hy,.

3.1. Lemma. For each g € R,(G) U Ry(G), the element g has a unique value in G.

This follows from [12], Lemma 3.2.
If g € Ry(G) U Ry(G), then the value of g in G will be denoted by ve(g). We put

50(G) = {vs(x) : x € Ro(G)}, s(G) = {vg(x) : xe R(G)} (i = 1,2),
si(G) = s{G) U s(G) (i = 1,2).
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3.2. Lemma. (Cf. [12], Lemma 4.2.) s] and s; are value selectors.

For G € ¢ let 1,(G) be the set of all primes N in G such that N fails to be a value
in G.

3.3. Lemma. t, is a prime selector.

Proof. The condition (1) is obviously fulfilled. The validity of (2) follows from the
fact that if N is a value in G such that N 2 C, then N n C is a value in C (cf. [16];
cf. also 4.1 and 4.2 below).

Let A, be the class of all lattice ordered groups G such that either G = {0} or G
is a direct sum of lattice ordered groups belonging to Hj,. It is easy to verify that A,
is a hereditary torsion class. (This also follows immediately from Thm. 2.6 in [11].)

Put t;=s; v 1, (i =1,2).

3.4. Lemma. TOR(t,) = TOR(t,) = A,.

Proof. Let G € Ay. Then each prime in G is a value in G. Thus from (5) in [12]
we obtain 4, = TOR(s}). In view of s; < t; we get TOR(s]) = TOR(¢,) implying
A, = TOR(t,).

Conversely, let G e TOR(z,) and let H be a value in G. Then H € t,(G) = s1(G) u
U to(G), hence H € 5(G). This and Lemma 4.6 in [12] imply G € A4,, thus TOR(t,) <
< 4,

The proof for ¢, is analogous.

Under the notation as above let H® = I';., H;. From the definition of ¢, and ¢,
we obtain

@) H°e TOR(t, v 1),
and obviously A4y n (Ho\ Hp) = 0; hence in particular
(5) H¢ 4.
In view of 3.4, (4) and (5) we have
TOR(t; v t;) + TOR(t;) v TOR(t,) = 4,.

Thus the mapping TOR need not preserve joins. Also, according to 3.4, ¢, and t,
are presentations of A,, but in view of (4) and (5) ¢; v t, fails to be a presentation
of Ay; hence A, has no largest presentation. Therefore Question 2.4 is answered
negatively.

The above result can be expressed as follows:

3.5. Proposition. The class MO(AO) is not upper directed, hence it has no greatest
element.
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The value selectors s; and s, have been defined by means of the mapping f; let
us write now s1(f) and sj(f) instead of s; and s5. Obviously there exists an infinite
set of mappings f; (j € J) such that (i) every f; is a one-to-one mapping of Q onto N,
and (i) if j, k€ J and j # k, then s, (f;) = s;,(fi) is valid for iy, i, € {1, 2}. Thus
3.5 can be sharpened in the following way:

3.6. Proposition. There exists an infinite set of pairs (s}, s5;) (j € J) such that for
each je J we have (i) si; and s,; are value selectors; (ii) S1; V to and sh; V to
belong 10 Mo(Ao); (iii) the set {si; v to, s3; V to} has no upper bound in My(A,).

4. THE MAPPINGS 1 AND t}
For the following two lemmas cf. Conrad [3] and Martinez [15], [16].

4.1. Lemma. If G,He % and if ®:G — H is an epimorphism, then the map
N - N®~' is a one-to-one correspondence between P(H) and the proper primes
of G that contain Ker(®).

4.2. Lemma. Let Ge %, C € ¢(G). The map N — N n C is a one-to-one correspon-
dence between the primes of G that do not contain C and P(C).

Moreover, each of the above correspondences can be restricted to the appropriate
sets of values (cf. [16]), and hence also to the appropriate sets of primes which fail
to be values.

Let C be a lattice ordered group. Consider the following condition for C:

(0) If Ge ¥, Cec(G), 0 < g, € G and if there exists ¢, € C with ¢; £ g;, then
there are elements 0 < ¢, € C, 0 £ g, € C° such that g, = ¢, + g,.

It is easy to verify that every linearly ordered group fulfils the condition ().
4.3. Lemma. Let C be a lattice ordered group fulfilling the condition (o). Let
Ge ¥, Cec(G), Nye P(C). Then N = N, + C° belongs to P(G).

Proof. Let 0 £ xe G, 0 < ye G and suppose that x A y e N. Thus there are
elements 0 < x; eN;, 0 <y, eC® with x A y =%, +y;, =%, V y;. Now N, e
€ P(C) implies C # {0}, hence there is 0 < x, e C such that x, > x,. Hence we infer
that x A y % x,; therefore either x or y does not exceed C. We may suppose that
y does not exceed C. Hence there are elements 0 < ¢; € C, 0 £ g, € C° with y =
= ¢, + g,. Clearly y = ¢; v g,. Thus

xAy=xAle;vg)=CxAc)v(xag), xaceC, xAgeC.

From this and from x A y = x; v y, we easily obtain x; = x A ¢;, Y1 = X A g3.
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Assume that x exceeds C. Then x; = ¢; € Ny, hence y = x; + g, € N. Now
assume that x does not exceed C. Hence there are elements 0 < c, € C, 0 < g, € C°
with x = ¢, + g, = ¢, Vv ¢g,. This implies ~

X/\.V=(02ng)/\(c1 V91)=(01/\‘32)V(91’\gz)=x1 Vi
whence x; = ¢; A ¢,. Since N, is a prime in C, we infer that either ¢; or ¢, belongs
to N,. Therefore either x or y belongs to N.

From 4.2 and 4.3 we obtain:

4.4. Lemma. Let Ge % and C e ¢(G). Suppose that C fulfils the condition ().
Let N be a convex l-subgroup of G such that N 2 C. Then N is prime in G if and
only if it fulfils the following conditions:

(i) N n Cis a prime in C;

@ N=(NnC)+ C.

Let # be a class of lattice ordered groups and for each H € # let h(H) be a subset
of P(H). For each G € 4 we define h'(G) to be the set of all primes N of G which have
the following property: there exist H € #, a convex homomorphism ¢ of H into G
and a prime H, € h(H) such that ¢(H) =% {0}, ¢(H,) = ¢(H) n N and Ker(p) < H,.

4,5. Lemma. h' is a prime selector.

Proof. From 4.1 and 4.2 it follows that h’ fulfils the conditions (1) and (2).
For every positive integer n we put

Hl,Zn = H2,2n-—1 = Q s
Hl,2n—-1 = H2,2n = R.
Next we denote
H, = rieNoH1i9 H, = risNoHZi'

Let 0 < xe H; (je{1,2}) and i, be the least element of N, with x(io) # 0. The
element x is said to be of type Q or type R, if H; ;, = Q or H; ;, = R, respectively.
Let # = {H,, H,} and for je {1, 2} let #,(H;) and t,(H;) be the set of all values
vy, (x) in H; such that x is of type Q or of type R, respectively. From 4.5 we obtain:

4.6. Lemma. t; and t, are prime selectors.

Each homomorphic image of H; (j € {1, 2}) distinct from {0} is isomorphic either
to H, or to H,; thus in the definition of #] and ¢, it suffices to consider convex
isomorphisms of H; or H, instead of convex homomorphisms. Hence 4.4 and the
fact that each prime subgroup in H; € # is a value in H; yield the following lemma:
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4.7. Lemma. Let Ge % and let N e t}(G) (J=1resp.j= 2). Then there exist
H e #, a convex isomorphism ¢ of H into G and 0 < x € G such that (i) x € ¢(H)
and ¢~ '(x) is of type Q resp. R; (ii) N = M, + (¢(H))’, where M, is the value of x
in [x].

4.8. Lemma. Let Ge 9. Then t1(G) n 15(G) = 0.

Proof. By way of contradiction, assume that N € t;(G) n #5(G). Hence there exists
x € G with the properties as in 4.7 such that x is of type Q; further, there exists 0 <
< y € G having analogous properties as x with the distinction that y is of type R.
Because ¢(H) is linearly ordered and 0 < x € ¢(H), we have (p(H))’ = {x}’. If x
and y are comparable, e.g., if x <y, then xe M, c M, + {y}° =N =M, +
+ {x}“, which is a contradiction. If x and y are incomparable, then x A y = 0,
whence x € {y}* = N, which is impossible.

4.9. Lemma. Let X be a torsion class. Then TOR(t; v h(X)) = X.

Proof. According to 2.2 we have X = TOR(h(X)) = TOR(#; v h(X)). Assume
that there exists G € TOR(1; v h(X)) such that G ¢ X. Thus there is N € P(G) with
N ¢ h(X) (G). Hence N 2 X(G). Since G € TOR(#; v h(X)), we must have N e t{(G).
Let H, ¢ and x be as in 4.7; then N = M, + {x}°. There exists y € p(H) with x < y
such that ¢~*(y) is of type R. Put N' = M, + {y}° = M, + (¢(H))’. According
to 4.4, N' € P(G). Moreover, M, € t,(H) and therefore N’ belongs to 3(G). From
x, y € (H) it follows that {y}° = {x}°. Clearly M, = M,. We infer that N' > N
and hence N’ > X(G). Thus N’ ¢ h(X) (G) and this implies that N’ e 1;(G); with
regard to 4.8 we have a contradiction.

Analogously we can prove

4.9'. Lemma. Let X be a torsion class. Then TOR(r, v h(X)) = X.

4.10. Proposition. Let X be a torsion class such that {Hy, H,} ¢ X. Then M(X)
is not upper-directed; hence X has no largest presentation.

Proof. According to 4.9 and 4.9', both #; v h(X) and t; v h(X) are presentations
of X. Let s be a prime selector with #; v h(X) < s (i = 1,2). Then t; v t; < s.
The definition of ¢j and ¢, immediately yields {H,, H,} < TOR(t; v t;), whence
{H,, H,} = TOR(s). Therefore TOR(s) + X.

We obviously have H; ¢ Ar and H; ¢ Rs for i = 1, 2. Thus 4.10 implies the fol-
lowing corollary (answering Question 2.6):

4.11. Corollary. Let X be a torsion class, Ye {Ar, Rs}, X < Y. Then X has no
largest presentation. )

Let us remark that instead of R and Q we can take in the above consideration
any pair of non-isomorphic I-subgroups of R distinct from {0} Further, for each
G € %, all primes belonging to t{(G) are values in G, but #; and t} fail to be hereditary,
hence they are not value selectors.
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5. THE MAPPINGS r{ AND r)

Let Ge% and G, € c(G), G, # G. Assume that for each 0 < g € G\ G, and each
g1 € G; we have g > g,. Then G is said to be a lexico extension of G, and we write
G = {(Gy). A lattice ordered group G’ is called a lexico extension if there exists
G} € ¢(G) such that G' = {G}).

For the following two lemmas cf. Conrad [2].

5.1. Lemma. Every lexico extension fulfils the condition ().

It is easy to verify that if H is a lexico extension and if H' # {0} is a homo-
morphic image of H, then H’ is a lexico extension as well.

If Ge ¥ and if there exist lattice ordered groups G, =# {0}, G, such that G =
= G, o G, (the symbol - denoting the operation of the lexicographic product), then G
is a lexico extension.

Let I = Q and for each iel let H; be the linearly ordered group isomorphic
with R. Put G, = 'y H;, G, = [|ies Hi, H = G, o G,. Denote

ri(H) = M°(H), ry(H)= P(H)\M°H).

Put # = {H}. Let r; and r, have analogous meanings as ¢; and t; in § 4 with the
distinction that we take r; and r, instead of ¢, and t,. According to 4.5, r} and r}
are prime selectors.

5.2. Lemma. Let G € 4. Then r1(G) n r5(G) = 0.

Proof. Let N erj(G). Then assertions analogous to 4.1 and 4.2 that concern
the values of a lattice ordered group imply that N is a value in G. Similarly, if N’ €
e r5(G), then N’ is not a value. Thus r3(G) n r3(G) = 0.

5.3. Lemma. Let X be a torsion class. Then TOR(r} v h(X)) = X, TOR(r; v
v h(X)) = X.

Proof. We proceed analogously as in 4.9. Clearly X = TOR(r; v h(X)). Assume
that there exists G e TOR(rj v h(X)) such that G ¢ X. Hence there is N € P(G)
with N ¢ h(X) (G); thus N 2 X(G) and N er{(G). There exist Ny e M°(H) and
a convex homomorphism ¢ of H into G such that Ker(¢p) = Ny and N n ¢(H) =
= QD(N 1)'

There is N, € P(H)\ M°(H) with N, > N,. Put

N" = ¢(N,) + (¢(H))’ .

Then according to 4.4 and 5.1, N’ is a prime in G. Moreover, from 4.1, 4.2 and from
the analogous results concerning values we obtain that N’ fails to be a value in G.
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Thus N’ € r5(G). In view of 4.4 we have also

N = o(N,) + (o(H)),

hence N’ = N. Therefore N’ 2 X(G), implying N’ ¢ h(X) (G). From this and from
5.2 we obtain N" ¢ (r; v h(X))(G), whence G ¢ TOR(r} v h(X)), which is a contra-
diction.

The proof of the second assertion is analogous.

According to the definition of H we have H e TOR(ry v ry) = TOR(ry v rj v
v h(X)) for every torsion class X. Thus in view of 5.3 we infer:

5.4. Proposition. Let X be a torsion class such that H ¢ X. Then M(X) is not
upper directed, hence X has no largest presentation.

5.5. Lemma. (Cf. [3], §4.) Let G e %. The following conditions are equivalent:
(i) GeBp.
(ii) Each pair of incomparable primes in G generates G.

There exist incomparable primes Ny, N, in H with N, N, = G,, whence H does
not fulfil the condition (ii) from 5.5; thus H does not belong to Bp. If X e {Fb, Fv,
Dc, Os}, then clearly H ¢ X. Hence 5.4 implies the following corollary which answers
Question 2.8:

5.6. Corollary. Let X be a torsion class and let Y e {Fb Fv, Dc, Os, Bp} IfX cy,
then X has no largest presentation.

6. THE MAPPINGS ¢,[K], q,[K] AND w[K]

Let K be a lattice ordered group and let G; be as in § 5. We put H' = G, - K,
={H},
0:[K] = M°(H'), q.[K] = P(H)\ M°(H'),
@[K]) = ¢i[K] (i=1,2)
(under analogous notation as in §4). The proofs of the following Lemmas 6.1 and
6.2 are analogous to those of 5.2 and 5.3.

6.1. Lemma. Let G€ 9. Then q;[K] (G) n g5[K](G) = 0.

6.2. Lemma. Let X be a torsion class. Then TOR(¢/[K] v h(X)) = X (i = 1,2).

The definition of ¢][K] (i = 1, 2) yields H' € TOR(¢:[K] Vv ¢5[K]). Thus in view
of 6.2 we have
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6.3. Proposition. Let X be a torsion class such that H' ¢ X. Then M(X) is not
upper directed, hence X has no largest presentation.

6.4. Corollary. Let X be a torsion class such that theré isGeG\XwithG,.G¢
¢ X. Then the torsion class X has no largest presentation.

6.5. Corollary. Let X be a hereditary torsion class, X & 4. Then X has no largest
presentation.

7. THE MAPPING £

Let us consider the mapping T — h(T) from § 2. If T}, T, are torsion classes, then
we obviously have Ty A T, = Ty n T,. In [16] it is remarked that h preserves the
meet of T, and T, if and only if

(*) (T: n 1) (6) = T3(G) n Tx(G)

is valid for each lattice ordered group G. The following example shows that (x)
need not hold.

Let o, B be distinct cardinals, & + 0 % f. Let T, be the class of all lattice ordered
groups G, such that either G, = {0} or G, can be expressed as a direct sum (= dis-
crete direct product) of lattice ordered groups isomorphic to I';,, H;, where each H;
is isomorphic to R. The class T} is defined analogously (with o replaced by ﬂ). Then T,
and T are (non-hereditary) torsion classes and we have

7,0 T, = {0}
Denote {{0}} = 0. ‘

Suppose that « < f8 and put G = T';<,,, H;. There exists a uniquely determined
convex [-subgroup G’ of G such that G’ is isomorphic with I';,,  H;. Then

T,(6) = G, T(6) =G,
whence

(T, 0 T,) (G) = 0(G) = {0},

T,(G)  T,(G) = G' + {0} .

We have proved that there exists a proper class of pairs of torsion classes Ty, T,
such that, for some G = G(T, T,), the relation (x) fails to hold. Hence the answer
to Question 2.9 is ‘No’.

Since the mapping h preserves finite meets of hereditary torsion classes, we can
ask whether h preserves also infinite meets of hereditary torsion classes. Let us
consider the following example (showing that the answer is negative).
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Let P = {p,, :ne Ny} be as in § 3. For each ne N, let H, be the subgroup of Q
generated by the set {p,™},.n,; H, is linearly ordered in the natural way. Let T,
be the class of all lattice ordered groups G such that either (i) G = {0}, or (ii) G can
be expressed as a lexicographic product of linearly ordered groups K; (j e J(G))
such that for each j € J(G), K is isomorphic to some H,, with m = n.

From Thm. 2.6 in [11] it follows that every T, is a hereditary torsion class. Put

G=FmeNon’ anrmeNo"Hm’

where Ng = {me N, : m 2 n}. Further, put N = {0}, T = A,cxo T-
We have T = {{0}} =0, T(G) = {0} = N, hence N € h(T)(G). On the other
hand, if n € No, then T,(G) = G, o N, whence N ¢ h(T,) (G) and so N ¢ N(h(T,) (G)).
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