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(Received October 18, 1978)

This paper is concerned with the determinability of inverse semigroups, or of classes
of inverse semigroups, by their lattices of inverse subsemigroups. In a previous paper
[14] the author showed after proving some general results that every lattice iso-
morphism of the free inverse semigroup & £y upon an inverse semigroup 7T'is induced
by a unique isomorphism of #.# y uponT. In this paper the general results are extended
to arbitrary inverse semigroups and applied to various classes of inverse semigroups.
In particular it is shown that the free product of two groups in the category of inverse
semigroups is determined by its lattice of inverse subsemigroups.

In Section 1 we show thatif @ is a lattice isomorphism between inverse semigroups S
and T, there is a ““weak isomorphism” of Eg upon E;, an #-and #-preserving bijec-
tion of the “non-subgroup” elements of S upon those of T and a comparability-
preserving bijection of the poset #(S) of #-classes of S upon the poset #(T) of
F-classes of T.

Using these results we show, for example (in Section 2) that if E is a semilattice,
the class of simple inverse semigroups with semilattice of idempotents isomorphic
with E is closed under lattice isomorphisms.

In Section 3, the general results are specialized a little to E-unitary inverse semi-
groups. Under some natural weak assumptions, it is shown (Theorems 3.4, 3.10)
that if S is E-unitary and %(S) = £(T), then T is also E-unitary, Eg = Er, and
moreover £(S|o) = £(T|o), the lattice isomorphisms commuting in a certain sense.
In particular thisistrueif S has a set of non-idempotent generators. As a consequence
we prove (Theorem 3.12) that the class of quasi-free inverse semigroups [29] of
given rank is closed under lattice isomorphisms.

The foregoing results are applied in Section 4 to prove the result stated earlier:
the free product of two groups in the category of inverse semigroups []8, 21] is
determined by its lattice of inverse subsemigroups, (thus answering in this special
case a question posed by Preston in [27, Problem 7]). If the groups are torsion-free
the lattice isomorphism is induced by a (semigroup) isomorphism but whether the
same is true in general the author does not know. This theorem is the analogue to
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that of Sadovskii for the free product of two non-trivial groups in the category of
groups. It is of interest to note that either of the groups may be trivial in our case.

Recall from [14] that by a lattice isomorphism [L-isomorphism, structural
isomorphism or projectivity] @ of an inverse semigroup S upon another T we mean
an isomorphism of Z(S) upon Z(T) (where £(S) denotes the lattice of inverse
subsemigroups of S, including the empty inverse subsemigroup). A mapping ¢ is
said to induce @ if A = A¢ for all A in Z(S).

To say that a class € of inverse semigroups is closed under lattice isomorphisms
means that if Se% and Z(S) = £(T) then Te €. A stronger property is to say
that an inverse semigroup is determined by its lattice of inverse subsemigroups —
that is if #(S) =~ £(T) then S = T. (Equivalently the class {S} is closed under
lattice isomorphisms.) We say S is strongly determined by Z(S) if every lattice
isomorphism of S upon Tis induced by an isomorphism of S upon T. We prove
results of each type, (for example the theorems quoted above, on quasi-free inverse
semigroups, free products of groups and free inverse semigroups respectively).

1. LATTICE ISOMORPHISMS

Throughout this section S and T are inverse semigroups and ¢ is a lattice iso-
morphism of Supon T. If 4 = S, then E, or E(4) will denote the set of idempotents
of A. For all other terminology the reader is referred to [14] (or to [3, 12] for basic
properties of inverse semigroups and [2] for lattice-theoretic results).

Result 1.1. ([14, Lemma 1.1]). There is a unique bijection ¢ of Es upon Ey such
that (e) @ = (e for all e € Eg. In addition ¢ satisfies

(i) ek f if and only if epg k fop,
(ii) e ||f implies (ef) ¢ = (eqSE) (for)

(Recall that if (P, <) is a poset then p f ¢ if p and g are comparable, and p || q
otherwise). Where no confusion arises we will write ¢ for ¢ . Such bijections between
semigroups were called weak isomorphisms by Severin [32]. It is easily seen that
a weak isomorphism is an isomorphism if and only if it is order-preserving, a fact
which will be used without comment.

As an immediate consequence of Result 1.1, & maps a maximal subgroup H,
of S, e € Eg, to the maximal subgroup H,, of T. Further,

Result 1.2. ([ 14, Proposition 1.4]). If S is completely semisimple, so is T.

Most of the results in [14] were proved for completely semisimple inverse semi-
groups (those for which no two distinct Z-related idempotents are comparable).
Before going on to generalize those results we state first a result from [6] and [17],
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whose fundamental importance to this paper stems from the well known fact that
every inverse semigroup which is not completely semisimple contains a copy of
bicyclic semigroup as an inverse subsemigroup.

Result 1.3. ([6, 17]). The bicyclic semigroup B is strongly determined by its
lattice of inverse subsemigroups — in fact every lattice isomorphism of B upon T
is induced by a unique isomorphism.

By Result 1.1, the restriction of this isomorphism to the idempotents of B is just ¢ .

Ersova [6] proved the weaker version of this result but also proved more generally
that any infinite elementary inverse semigroup is determined, weakly, by its lattice
of inverse subsemigroups.

Lemma 1.4. If S = (x), an elementary inverse semigroup, then T is also ele-
mentary.

Proof. If S is a group, this follows from results of Ore [26]; see [33, Chapter1].

If xx™* | x~'x, the proof is identical with that of [14, Lemma 1.5] noting again
that M = S\ {x, x~*} is the maximum proper inverse subsemigroup of S.

If xx~' Jf x™'x then S is bicyclic, by [3, Lemma 1.31], so T'is also, by Result 1.3.

In order to strengthen this lemma and for use in the sequel we require a description
of the elementary (or monogenic) inverse semigroups. These were classified by
Gluskin [7] and more succinctly by Ersova [5]; for a lucid account see [4, p. 27— 28].
An elementary inverse semigroup S = {x) is of one of the following types:

(I) a cyclic group;
(IT) the free elementary inverse semigroup & .%;
(IIT) defined by the relations x"x™" = x7"x", x"*™ = x", n > 2, m = 0, whence S

is completely semisimple, with a group kernel generated by x"*1x~» (as an inverse
subsemigroup);

(IV) bicyclic;
or (V) defined by the relation (x"x™") (x ™"x") = x™"x", n = 2, (or its dual) whence S
has a bicyclic kernel, generated by x"+1x~" (or, dually, by x*("“)x"),

When S has a kernel K, S is an ideal extension of K by #.# /I, where I, is the
ideal of #.#, generated by x".

Lemma 1.5. If S = {x), not a group, then there exists a unique generator y of T
such that (Xx—‘l) ¢ = yy_l and (X\lx) ¢ — y—ly.

Proof. Clearly S has one of the types (II) to (V) above. Types (1) and (III) were
covered in parts (i) and (ii) of the proof of [ 14, Lemma 1.6].

If S is of type (IV), that is bicyclic, let y be the image of x under the unique iso-
morphism upon T which induces ¢ (Result 1.3).
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If S is of type (V), then by the comments following Result 1.3, T = S, for S is
certainly infinite. Moreover if Ky, K denote the kernels of S and T respectively,
K@ = Ky, and the restriction of @y to E(Ks) is an isomorphism upon E(Kp),
by Result 1.3. Then an argument almost identical with that of part (ii) of the proof
of [14, Lemma 1.6], (replacing the identity O, of the subgroup kernel there by the
semilattice E(Ks) of idempotents of the bicyclic kernel and noting the final sentence
in the description of the elementary inverse semigroups above) yields the required
result.

(Note that even if S is a (cyclic) group there is still of course such a generator y,
but the properties above do not then define y uniquely).

Combining this lemma with Result 1.1 we have

Proposition 1.6. For each x in S, either idempotent or in no subgroup of S, there
is a unique element y of Tsuch that {(x) ® = {y),(xx™ ') ¢ = yy tand (x 'x) ¢ =
=y ly

Combining this proposition with the comments preceding it and with those
preceding Result 1.2 yields a technical point which will be useful in the sequel: for
any x in S there exists y in T'such that y € R(;;-1) N {x)> P, (and y generates {x) P).

Corollary 1.7. The mapping x — y defines a partial one-to-one map ¢ of S into T,
extending ¢ and taking S\(UeepsH.) onto TN(U g H,). Further ¢ and ¢~ *
R- and L-preserving. If 0 is any homomorphism of S upon T which induces @,
then x0 = x¢, wherever x¢ is defined.

Proof. The bijectivity of ¢ between the non-subgroup elements of S and those
of T comes from applying the above arguments to the lattice isomorphism @ ~!
of Tupon S.

Now suppose s, t € S and s¢, t¢ are defined. Then s Z 1 iff ss™! = 1t~ iff (s¢).
(s9)t=(ssT) = (7)) ¢ = (1) (1¢)” " iff 5§ % 1.

The final statement follows from the uniqueness of y in Proposition 1.6.

In particular if S is combinatorial (whence by [14, Corollary 1.3] so is T), ¢ is
therefore a bijection of S upon Tand if 6 is a homomorphism of S upon Tinducing @,
then 0 = ¢. For instance, in Result 1.3 the isomorphism of B inducing a lattice
isomorphism @ of #(B) must in fact be ¢.

Denote by 2(U) the set of @-classes of a semigroup U.

Proposition 1.8. If e, f € Eg, then e D f if and only if e¢ Z f¢. Hence there is
a bijection ¢4 of 2(S) upon D(T). Further for each D-class D of S

|Er A D¢,| = |Es 0 D
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Proof. If e,feEg, e + f, then ¢ 2 f implies e = xx™!, x™'x = f for some
x € S, in no subgroup of S. Then by Corollary 1.7, e¢ = (x¢) (x¢)™* and (x¢)*.
. (x¢) = f¢, that is e¢ D f¢. The converse is similar.

Define ¢4 by D¢, = D,, for some (any) e € Ep,. This is clearly well-defined and
bijective. The final statement is then immediate from the bijectivity of ¢y.

An application is the following. An idempotent e (and similarly any subgroup
of H,) is called isolated [13] if Es n D, = {e} (that is, if D, = H,), and otherwise
non-isolated.

Corollary 1.9. If S has no isolated non-trivial subgroups then there is a one-to-one
correspondence between the cardinalities of the A-classes of S and the cardinalities
of those of T. Hence ]Sl = |Tl

Proof. Since the #-classes within any given Z-class of S have the same number
of elements it is sufficient to show, by the proposition, that for each Z-class of S,
an s-class of D has the same number of elements as some #-class of D¢.

Let e€ Ej,. If D = {e}, then D¢, = {ed}. Otherwise by assumption, e Z f for
some f € Eg, f # e. Since the s#'-class H = R, n L, of S intersects no subgroup
of S, ¢ is defined on H and moreover maps ¢ bijectively upon the #-class R4 0 Ly,
of T'(since ¢ is #- and L-preserving). Thus IHI = |H(/)|.

Since |ET N D¢9| = ]ES ) Dl, we have therefore |D¢9[ = |D| for each D € 2(S).
But |2(5)] = [2(T)]. so |5] = |7].

Before proving the analogue for #-classes of Proposition 1.8, we prove a result of
interest in its own right. Some applications are considered in Section 2.

Lemma 1.10. The weak isomorphism ¢y is order-preserving on the idempotents
of each g-class of S.

Proof. Let J be a #-class of S and let e, fe E;, e < f. Then f 2 g for some
g € Es, g < e(see, for example [3, Section 8.4, Exercise 3]). Let x € R; n Ly clearly
xx"1 =f>g=x"1x, that is x is strictly right regular, and so {x) is bicyclic.
By the comments following Corollary 1.7, ¢ is therefore an isomorphism on the
idempotents of {x). Thus f¢ > g¢, (whence x¢ is also strictly right regular).

Now ex Ze and ex # e (for if ex = e, then gx = g, that is x™'x* = x7'x,

impossible in a bicyclic semigroup). Further by the comments following Proposition
1.6, applied to ex, there exists y in T'such that y € R4 N {ex) ®. Thus y e {Eg, x) & =
= (Er, x¢) (since x¢ is not in a subgroup), and by Lemma 2.2 of [16], yy~* <
< (x¢) (x¢)™ ", that is e < f.

Denote by #(U) the poset of #-classes of an inverse semigroup U (where J, < J,
if UuU < UvU, u,veU).
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Corollary 1.11. If e, f€ Eg, then e # f if and only if e¢ 7 f¢. Hence there is
bijection ¢z of J(S) upon #(T) such that
(i) [Er 0 J¢s| = [Es 0 ]
(i) J, & Iz if and only if J,pgs ¥ J2dy,
and
(iii) J and J¢ 4 have the same number of D-classes, for all J, J{, J, € f(S).

s

Proof. Let e,f€ Eg, e # f. Again f @ g for some g € Eg, g < e. By Proposition
1.8, f¢ @ g¢ and by the lemma g¢ < e¢p. Hence J,, = Jyy < J,p. Similarly J,, <
< J 4, whence ep ¥ f¢. The converse is similar.

If Je #(S), define Jopy = J,4 for some (any) e€ E;. Then ¢, is clearly well-
defined and bijective, and (iii) (and therefore (i)) follow from the corresponding
result for P-classes.

To prove (i) suppose J, i J,, Jy, J, € #(S). Then by [3, Section 8.4, Exercise
3] again, e J f for some e € E(J,), f € E(J,). By Result 1.1, e¢ Jf f, whence J, 5 =
= Jop & Js4 = J24. The converse is similar.

From part (ii) of this corollary we can deduce (as in Result 1.1) that ¢ 4 is an order
isomorphism if and only if it is order preserving.

Using Lemma 1.10 and its corollary the conditions under which the weak iso-
morphism ¢ is an isomorphism can be substantially weakened. The results of
Sections 3 and 4 depend strongly on this weakening.

Proposition 1.12. The following are equivalent:
a) ¢g is order-preserving (that is, an isomorphism),

b) for all J,, J, € #(S) such that J, < J,, there exist e E(J,), f € E(J,) such
that ep < fo,

¢) ¢4 is order-preserving (that is, an order-isomorphism).

Proof. We prove a) = b) = ¢) = a).

a)=b): Let J, < J,(Jy, Jo € #(S)). As above, there exist e e E(J,), fe E(J,),
e <f.Bya)ep < fo.

b) = c): Let Jy, J, € #(S), J; < J,. By b) e¢ < f¢p for some e € E(J,), f € E(J,),

c)=>a): Let e, fe Es, e < f. If e # f then by Lemma 1.10, e¢p < f¢. Otherwise
J, < Jg, so that by ¢), J.4 < Jy4. By Result 1.1, eg Jf f, possible only if e¢p < f.
Corollary 1.13. If S is an elementary inverse semigroup then ¢ is an isomorphism.
Proof. Recall the five types of elementary inverse semigroup listed earlier. Let

S = (x). If S is a group, the result is obvious, if S is free, then it follows from [14,
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Theorem 2.1] and if S is bicyclic, it follows from Result 1.3. Otherwise S is of type
(I11) or (V). In either case, we have, for some n = 2

f(s) = {Jx’ sz’ cees an—x, K}

where J, > J,» > ... > J.-1 > K and the kernel K = J,. = Ju-1 = .... (Since
F(FF,) is a chain ,s0 is #(S). Then use the final comment before Lemma 1.5).
Now x""'x™""De J,, and x""'x~ @ V| x~!x (since the same is true in FJ,)
so if e=(x""'x"""Y)(x"'x), then J, < Jyu-1, that is ee K. By Lemma 1.1,
ep = (x""'x""" V) P(x7'x) p, that is ed < (x"'x"""V) @, s0 Koy < Jou-1¢hy.

Again using the comments before Lemma 1.5, J»¢py < J-ipyfor2 < r s n — 1,
since X" IxTC T e J o, X7 [ x7x and x[(x"IxTCTY) (x T Ix)] x T =
= xx"", that is e=(x"'x"""D)(x"'x)e J,, whence ep < (x""'x"""V)¢.
Hence ¢ 4 is an isomorphism and by the proposition, ¢ is an isomorphism.

To complete this section we consider for a moment fundamental inverse semi-
groups. An inverse semigroup is fundamental [22, 24] if it admits no non-trivial
1demp0ten§separat1ng congruences.

Alternatively S is fundamental if 4 = ¢, where u is the largest 1dempotentseparatmg
congruence on S, defined [11] by x pu y if xex™! = yey™! for all e € E5. The con-
gruence p is the largest congruence contained in .

We now characterise fundamental inverse semigroups by properties of their lattices
of inverse subsemigroups — from this it easily follows that the class of fundamental
inverse semigroups is closed under lattice isomorphisms. An application will be
considered in Section 2.

Proposition 1.14. An inverse semigroup S is fundamental if and only if for every
non-idempotent x of S, {Es, x) is not a union of subgroups of S.

Proof. Suppose S is fundamental and x is non-idempotent. Since 4 = ¢, (x, b 1x) ¢
¢ p and so xfx~! # (x7'x) f(x"'x) = f(x"'x), for some fe Es. But then (xf).
(xf)™" # (xf) "' (xf), that is xf is not a subgroup of S.

Conversely, suppose for all non-idempotents x of S, {Eg, x) is not a union of sub-
groups of S; let au b, a,beS. Clearly ab™t ubb™ . Put ¢ = ab™! and e = bb™ 1.
Since u € #, ce H,.

If ¢¢Es, then {Eg ¢) & Es. Let s be a non-idempotent of {Eg, ¢). Then (by
commuting idempotents, if necessay), s = hc" for some h e Eg, n =& 0. Since ¢" y e,
s u he, that is s € H,,. Therefore <E, c) is a union of subgroups, contradicting the
hypothesis. So ¢ € Eg, that is ¢ € E. That a = b then follows, whence u = ¢.

Theorem 1.15. The class of fundamental inverse semigroups is closed under
lattice isomorphisms.
Proof. Let S be fundamental and @ an isomorphism of Z(S) upon &(T). If T

is not fundamental, then for some non-idempotent ¢ of T, {Ey, t)is a union of sub-

30



groups, and so Eg v {t) @ ' is also. (If se Eg v (1) @' = (Ep, t) 7', then
{s) @ = (Eq, ty since {s) ® = {b) for some be T, and {s) ® is a subgroup of T.
Hence {s) is a subgroup of S). Let se {t) ®~ !, non-idempotent. Then {Eg, s) is
a union of subgroups, a contradiction, by the proposition. Hence T is fundamental.

2. SIMPLE INVERSE SEMIGROUPS
Applying 1.8—1.11 to simple inverse semigroups, we have the following.

Theorem 2.1. Lst S be a simple inverse semigroup with o @-classes. If £L(T) =
=~ Z(S)then Tis also simple with o @-classes, and moreover Ey = Eg and lSl = [T|

Proof. By Lemma 1.10, the induced weak isomorphism of Eg upon Ej is order-
preserving, thus an isomorphism. The remainder of the theorem follows from
Corollary 1.9 and 1.11.

In particular, if S is bisimple and £(T) = Z(S) thensois T.

In view of Corollary 1.9 we may be a little more precise than just IS] = |T| in the
theorem — there is a one-to-one correspondence between the cardinalities of the
HA-classes of S and the cardinalities of those of T. If we apply the theorem to the
semilattice C,, of positive integers under the inverse of their usual order, we see that
the class of simple inverse w-semigroups with d @-classes (d finite; see [19, 23] or
[12, Chapter V]) is closed under lattice isomorphisms. More particularly if S is the
fundamental simple inverse semigroup B, with d %-classes and Z(T) = Z(S),
then T is again fundamental, by Theorem 1.15, whence T = S. (It was shown by
different methods in [17] that the inverse semigroups B, are in fact strongly deter-
mined by their lattices of inverse subsemigroups)\’./

Of course for some semilattices E there is no simple inverse semigroup having E
as its semilattice of idempotents. Munn [25] characterized those semilattices which
are the semilattice of idempotents of a simple inverse semigroup as being subuni-
form — E is subuniform if for all e, f € E there exists g € E, g < f, such that Ee =~
~ Eg. Given a subuniform semilattice E, every fundamental simple inverse semi-
group having semilattice of idempotents E is isomorphic with a full inverse subsemi-
group of T, the (fundamental and simple) inverse subsemigroup of Jj consisting
of the isomorphisms between principal ideals of E.

Proposition 2.2. Let E be a subuniform semilattice. If £(S) = Z(Tx) for some
inverse semigroup S, then S is isomorphic with a full inverse subsemigroup of Ty.

Further if each principal ideal of E has a finite group of automorphisms, then
S = Tg.

Proof. Let ¢ : £(S) —» Z(T) be the isomorphism. By Theorem 2.1 (applied to
@~ 1!), S is simple, and by Theorem 1.15 S is fundamental. Further the weak iso-
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morphism ¢ : Es = E(Ty) is an isomorphism. There is a monomorphism 6 of S
into Ty extending ¢, and S0 is a full inverse subsemigroup of T.

In fact by the arguments of Corollary 1.9, we have |H0\ = |R;p N Lf4>| and
HO = R,; N Ly, for each #-class H = R, n L, of S. If each principal ideal of E
has finite automorphism group, then the #-classes of Ty are finite. Thus SO0 = Ty
and S = T;.

For example if E is an w-tree, that is a semilattice in which each principal ideal is
isomorphic with C,, then Ew is (sub)uniform and each principal ideal has trivial
automorphism group. Thus T} is determined by its lattice of inverse subsemigroups.

There is an analogue of Theorem 2.1 for O-simple inverse semigroups. Note first,
however, that if U and V are inverse semigroups such that Z(U) & Z(V), then
Z(U°) = £(V'). We show, rather surprisingly prehaps, that this is the “worst”
that can happen if S is O-simple: if Z(T) = Z(S), either T is O-simple or T = V'
where Z(V) = £(S\0). More precisely (denoting S\ 0 by 5*).

Theorem 2.3. Let S be a 0-simple inverse semigroup with o 9-classes, and suppose
Z(S) = Z(T). Either T is O-simple with o @-classes and Ep = Eg, or S* < S
(that is S = (S*)°) and T = (S*®)', where S*® is simple with « — 1 D-classes
and E(S*®) = E(S*).

Proof. Let ¢ : #(S) —» Z(T) be the isomorphism. Since S has two #-classes,
one of which is trivial, the same is true of T. Suppose S* <« S. Then ef = 0 for
some e, f € E(S*). By Result 1.1, (e¢) (f¢) = 0¢ and so 0¢ < e¢p. Thus ¢, is order-
preserving and by Proposition 1.12, ¢ is an isomorphism. Since Jo, is trivial, O¢ is
the zero of T, whence T'is 0-simple.

Now suppose S* < S and let f € E(S*). If 0¢ < f¢, then as above ¢ is an iso-
morphism and T is 0-simple. Otherwise ¢ ; is order-inverting and so 0¢ > g for all
g € E(S*®). Put 0¢ = e. We must show ey = ye = y for all y € S*®.

Let y be a non-idempotent of S*®. Since e > yy ™!, ey Z yy~1. Now ey ele, y),
)

Ceyp @™t ey @t v et ={0) v oyet={0}uyyot.

But since e ¢ ey), 0¢ (ey) @, that is (ey) @~ = (y> &7, or ey e (y). Sup-
pose yy ' || y'y;then (y) N Ryy-r = {yy~", y}, so that ey = y (forifey = yy~1,
then y~'ey = y~!, a contradiction, for y is non-idempotent.) Otherwise yy ' Jf
X y~'y and {y) is bicyclic. Then ey e (y) implies y~'ey e (y> and ey = y(y~ley)
Thus ey ¢ y, and since ey # y and {y) is E-unitary (see Section 3), ey = y. Similarly
ye = ).

Hence T = (S*@)". The final statement is an application of Theorem 2.1,

Applications similar to those of Theorem 2.1 can be made for O-subuniform
semilattices [25].
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In a slightly different direction, suppose S is a Brandt semigroup, that is a com-
pletely O-simple inverse semigroup. If S = G°, group with zero adjoined, and #(S) =
~ #(T),then T= H® or T = H' for some group H with Z(H) = #(G).If S * G°,
then T is again O-simple, ‘T' = ’S and E; = Eg, whence T is completely O-simple.
If §=.4°G;1,1;4), say ([3, Chapter 3]), |1| > 2, then T= #°H;I,1I; 4) for
some group H such that £(G) = %(H) and |G| = |H|. (Note that by cardinality
arguments similar to those used above, it can be seen that @ is even a strictly index-
preserving isomorphism of £(G) upon Z(H), that is ]V: U] = [V(P : Ud>' for all
U<VZa)

If for instance G is cyclic, then so is H, whence G =~ H and S =~ T. However there
exist non-isomorphic finite groups G and H with a strictly index-preserving lattice
isomorphism between them (even preserving conjugacy), [33, p. 57]. The author
does not know, however, whether for two such groups G and H Z(./°(G; 1,1; 4)) =
=~ P(M°(H; L1 4)).

3. E-UNITARY INVERSE SEMIGROUPS

An inverse semigroup S is called E-unitary (or proper, or reduced) if ex = e, e? =
= e imply x> = x, x, e € S. Equivalently [28] S is E-unitary if Z n o = 1, where ¢
is the least group congruence on S, defined by a ¢ b if ea = eb for some e € Eg.

Before applying the results of Section 1 to E-unitary inverse semigroups, some
observations are in order.

The existence of isolated subgroups in an inverse semigroup S can clearly lead
to difficulties when considering lattice isomorphisms of S. There are, of course, many
non-isomorphic groups having isomorphic lattices of subgroups. More importantly,
from our point of view, are example like the semilattice S; y of groups G and H,
where e; > ey and gh = hg = hforallg e G, h e H. It is is easily seen that Z(S¢ 5)
is isomorphic with the lattice formed by adjoining a zero to #(G) x £(H). Then
Z(Se.u) = L(Su.c) though of course Sg y and Sy, need not be isomorphic. In
particular if G is trivial, then S; = H' and Sy ¢ = H°. Here Sgy is E-unitary
but Sy ¢ is not.

Note however that in this example, the associated weak-isomorphism ¢y inverts
the idempotents. We will show that if ¢ is an isomorphism then the property of
being E-unitary is preserved. Moreover under some mild conditions, ¢, must be an
isomorphism.

For the remainder of the section @ will be a lattice isomorphism of S upon T and
the various mappings ¢, ¢, ¢4 and ¢, are those defined in Section 1.

Lemma 3.1. If S is E-unitary and J is a non-trivial #-class of S, then ¢ is an
isomorphism on the ideal generated by J.
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Proof. By Proposition 1.12, applied to the ideal generated by J, it is sufficient
to show that for any J,, J, € #(S) such that J; < J, < J, then e¢ < f¢ for some
e€E(J,), fe E(J,),

Now since J is non-trivial so is J,. For, let x e J\E,. Since xx '€ E;, g < xx~
for some g € E(J,) (as in the proof of Lemma 1.10), whence gx e R, = J, and gx * g
since S is E-unitary.

Let a € J, N E(J,); clearly aa™* and a™'a are in E(J,). Again e < aa™"' for some
e€ E(J,) and again ea # e, ea + e. By the comments following Lemma 1.5, there
is an element y of T'such that (a) & = {(y>, yy ' = (aa” ') pand y~'y = (a"'a) ¢.
Similarly <ea) & = (z), zz"' = ((ea)(ea)™') ¢ = e¢ and z7'z = (a"'ea) ¢ for
some z € T, non-idempotent.

But {z) =<ea) ® < Eg v {a) & = {(Es, y), so z can be written in the form
z = hy" for some h€ Ep, n & 0. Then e = zz~! < y"y ™" so either e¢p < yy~! =
=(aa ') ¢ (ifn > 0)orep < y 'y = (a"'a) ¢ (if n < 0), as required.

1

n

Corollary 3.2. If S is E-unitary and has no trivial #Z-class, in particular if S
has a set of non-idempotent generators then ¢z is an isomorphism of Eg upon E.

Proof. Suppose no #-class of S is trivial. Let e, f € E5, e < f. Then J, is non-
trivial and e, f lie in the ideal generated by J, so that e¢ < f¢ by the lemma.

If S = (X), where X consists of non-idempotents, then every #-class of S is below
J, for some x € X. Since each J, is non-trivial, so is every #-class by the second
paragraph of the proof above.

The hypotheses of this corollary are by no means necessary — for example there
are semilattices which are strongly determined by their lattices of subsemilattices
[32]. (Note, however, that from the comments early in the proof of Lemma 3.1,
in an E-unitary inverse semigroup any _#-class above a trivial #-class (in the poset
of #-classes) is again trivial).

Lemma 3.3. If S is any inverse semigroup and A, B and A L Be Z(S), then
A L BP € Z(T).

Proof. Clearly A9 U B® = (4 U B) &.

Conversely let ye(4d v B) @, so that (3> ®* < AU B. By Lemma 1.4
{y> @~ = {s) for some se S. Either se A or se B, so (s> € A or (s> < B, that
is {y> € A® or {y> < B®. Hence ye AP U BP and AP UBD =(AuUB)de
e Z(T).

Theorem 3.4. If S is E-unitary and ¢y is an isomorphism then T is E-unitary.

Proof. Suppose not. Then ex = e = xe for some x € TN Ep, e€ Eg. (If ex = e,
then x o e, xf = ef for some fe Ey, whence x(ef) = ef = (ef) x). By induction
ex" = e = x"e for every integer n & 0. So (e,x) = {e} U(x) and e < x"x7",
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e < x7"x" for every integer n # 0. By the lemma, {e} ®7' U {(x) @' e Z(S).
Letf=edp ', g = (xx"') ¢~ * and let s be a non-idempotent of S such that {s) =
=(x)® ', ssT! =gand s"'s = (x"'x) ¢, (see Lemma 1.5 and the comments
following). Thus {f} U (s) € Z(S). Now fs & f since S is E-unitary, so fse {s).
But since e £ xx~ ' and ¢ is an isomorphism, f < g = ss™, so that f = f(ss™') =
= (fs) s~ € {s). Therefore e € (x> and by the properties above e is a zero for {x).
Thus (x) has a kernel K = H, n (x) = {e}. Since ¢;' (where # = #(s)) is an
order — isomorphism of #({x)) upon #({s>) (by Proposition 1.12), K&~ ! is the
minimum # ,-class of (s, that is the kernel of {s). But K¢~ = {f}, and so f
is a zero for {s). This is a contradiction as since S is E-unitary so is {s).

Corollary 3.5. The class of E-unitary inverse semigroups without trivial #-classes
is closed under lattice isomorphisms.

We will now show that Theorem 3.4 can be strengthened: when ¢is an isomorphism
not only must 7 be E-unitary but there is a lattice isomorphism of S/o upon TJo
which, in a certain sense, commutes with @. Two preliminary lemmas on elementary
inverse semigroups are needed.

Lemma 3.6. If S = (a) then a"$p = (ap)" for every integer r(+0) such that a
is not in the kernel, if any, of S.

Proof. If S is free, then ¢ : S — T is an isomorphism [14, Theorem 2.1] so
a'¢ = (a¢) for all r # 0. (In this case S has no kernel).

Otherwise S has a kernel K, either a group or bicyclic. (See section 1.) Suppose
a" ¢ K. Then a” is not a subgroup of S, and therefore neither is a. Hence a"¢ and a¢
are defined (Proposition 1.6).

From the description of the elementary inverse semigroups given in Section 1
(and in particular the comment immediately preceding Lemma 1.5) we see that, as
in 4, the #-class J,. of S contains a unique idempotent, a"a™", below aa™*
and covered by at most one idempotent of S. Moreover since ¢ is an isomorphism
by Corollary 1.13, ¢, is an order-isomorphism of #(S) upon #(T), by Proposition
1.12. Thus (J,-) ¢, is not the kernel K& of T. In fact J,¢; = J,4 since J,- and
Jg have the same depth in their respective posets #(S), #(T), each chains.
(Namely they have depth r, the depth of J,. in #(FS,), FS, = {x)). Since ¢ is
an isomorphism, J(,4-thus has a unique idempotent (a"a™") ¢ below (aa™') ¢ =
= (a¢) (a¢)™! and covered by at most one idempotent of T. But (a¢) (agp) " also
has this property in T, so

(") (a™"¢) = (a’a™") ¢ = (ad)" (ad)™",
that is a"¢ 2 (a¢)".

Dually a"¢p & (a¢), so a"¢p # (ag). Since J 4 does not meet the kernel of T,
it has trivial subgroups. Hence a’¢p = (a¢)".
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Lemma 3.7. If S is E-unitary and x € S, suppose {x) has kernel K. Thep Ko =
= <{x) 0.

Proof. (Note that strictly speaking we should perhaps be writing Ko* = (x) o*
where ¢* is the natural morphism of S upon S/c.)

From the list of elementary inverse semigroups given in Section 1, the result is
obvious if (x) is of type (I) or (IV) (when K = <{x)). Otherwise K = {x""'x™")

for some n > 2, and since x" " 'x " "ox, we have Ko = (x) 0.

The crucial technical lemma is the following.

Lemma 3.8. If S is E-unitary and ¢y is an isomorphism, suppose z = fx, X, Z €
€ S\Eg, fe Eg. Then

(2> P)o = (x> D)o

Proof. By Lemma 1.4, (z) = (¢} and (x) = <a) for some ¢, a € T\ E;. Since
z = fx, {z) < (Es, x), whence {c¢) < (Eq,ay. By commuting idempotents, if
necessary, we may write ¢ = ku for some ke E; and u = a*e {a), s + 0. Then
cou,so{cyo=uyoayo Wewill show that {a) ¢ = (u) 0. Now ¢ € (E, u),
so conversely, (z> € <{Es, y>, where (y> = (u) &~ < (x>. Similarly z = Iy"
for some [ € Eg and m # 0. Thus x ¢ y™.

If (i) <x)> is a group, then y = x" for some r #+ 0 and so x o x™. Since ¢ is the
identical relation on any subgroup of S, x = x™e{y) = {u) &7, that is (a) =
= (uy. Hence <a) 0 = <u) o.

If (ii) (x) is bicyclic, then ¢ : {x) — {a) is an isomorphism (Result 1.3) and we
may choose y = u¢p ™' = a’¢p ™' = (adp™ ') = x°, s0 x ¢ x™™. Since {x¢) is infinite
cyclic, this is possible only if sm = +1, so that s = +1.

Thus u = a*!, so <u) = <{a) and {a) ¢ = {u) o again.

If (iii) y™ is not in the kernel (if any) of <x), (so that {x) is neither a group nor
bicyclic), then neither is y, and hence u is not in the kernel of {a). We may therefore
choose y = u¢™'. By Lemma 3.6 (appliedto ¢ '), y = u¢p ™! = a’¢p™" = (ap™ ') =
= x°. Hence x o x™ again. If sm = 1, then x™ ' ¢ E (since S is E-unitary), and so
{x) has a kernel, which must contain (x*"~!) x = x™ = y, contradicting the assump-
tion. Hence sm = 1 and as in (ii), {uy g = <a) o.

If (iv) (x> is not a group but y” is in a subgroup of {x), that is in the kernel K
of {x), then {x) is of type (III) (sce Section 1) and K = {(x"*'x~") for some n = 2.
But x"*!x™" ¢ x ¢ y”, in the subgroup K, so y" = x"*'x7". Thus z = I(x"*1x™")
and using (i) ((z) @) ¢ = (x"*'x™") @) o = (KP) 0. As in the proof of Lemma 3.6,
¢4 is an order-isomorphism of #({x)) upon #({x> @), so K& is the kernel of
{x)» @ = {a). By Lemma 3.7, (K®) ¢ = {a) 0, 50 {c) 0 = {a) 0.

If, finally, (v), <x) is not bicyclic but y™ is in a bicyclic kernel K of (x> (so (x) is
of type (V)) then since z = Iy™ we have, applying (ii), <c) 0 = ((z) ®) 0 =
= ({(y™) @) 0. Now as in (iv) K& is the kernel (again bicyclic) of {a). Further
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<I>]_‘Z’(K) is induced by the isomorphism ¢ : K - K®. Now K is generated by

N"FIx T or xT @ Dy (each right regular) for some n = 2. Similarly K@ is gencrated

by a’'a™? or a~®*PaP for some p = 2. Il K is generated by x"*!x7", then

(x""'x™") ¢ =a’'a"P or a” P Va? But y"eK and y"oxox""'x7" s0 y'po
o (x""'x"") o a*'. Hence (y"$p) ¢ = {a) a. A similar result is obtained if K =
= (x" " Ux". Thus <ayo = (" P)o = () P)o = <udo, and so (a) o =
= {uyo.

In very case, then, <a) ¢ = {u) g, so that ({z) ?) 6 = (> o =<uyo=<ayo =
= ({x)> D) o.

Corollary 3.9. If S is E-unitary and ¢ is an isomorphism, let x, y € S. Then

o= yyo ifandonlyif ({x)®)o = ({y)P)o.

Proof. Suppose (x> o = {y) . Then xow for some we {y), and therefore
fx = fw = z, say, for some fe Es. If z € E, then since S is E-unitary, x, w € Eg.
Clearly in this case (x) @, {y> ® < E; and ({x) ®)o = ({y) ) o. Otherwise
Lemma 3.8 applies and

(x> @)o = ((z) P)o = ({w) P)o = ({y) P)o.
The converse inclusion follows similarly and so
((xy®)o =y P)o.
The converse implication follows similarly (for by Theorem 3.4, T is also E-unitary).

Recall from [ 15, Lemma 5.5] that in an E-unitary inverse semigroup S, the natural
morphism ¢* of S upon S/o induces a lattice morphism X of £.Z(S). the lattice of
full inverse subsemigroups of S, upon Z(S/o).

Theorem 3.10. If S is E-unitary and ¢y is an isomorphism then there is a latti-
ce isomorphism ¥ of S| upon T|o such that the following diagram commutes.
]
LFS)—— LF(T)
| E
Z(Slo) Z(Tjo)

Fig. 1.

Proof. By Theorem 3.4, T'is E-unitary and so X, is a morphism. For convenience,
put G = Sfo, H = TJo.

If K e %(G), define
KY = (Ko ') &2y,
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(where, of course, Ko~ ! = {se S :s0eK}. If Le #(H), define
LO = (Lo~ 1) &3,

(where, now Lo~ " = {t€ T: to € L}, the symbol ¢ standing for o or o as required).

In order that (K¥)@ = K, we require [(Ko™!) @] X0~ = (Ko™ ') @, that is
to e((Ko™') @) o implies t € (Ko~*) ®. (In other words we require that (Ko™') @
be unitary).

So let t e T be such that t ¢ v for some ve (Ko™ ') @. Then {t) ™' = (s) and
vy @~ = (u) forsomes, u € S. By Corollary 3.9, appliedto @1, (s> 6 = (ud g <
< (Ko™ ') o = K. Thus {s) < Ko™ *, whence t € {t) < (Ko~ ') @, as required.

Hence (K¥)© = K for all K € #(G). Similarly (LO) ¥ = L for all Le #(H).
Therefore @ = ¥~ 1,

If Kl,Kze,?(G), K, € K,, then clearly K;¥ < K,¥. So ¥ and similarly @
are order-preserving, that is ¥ is an order-isomorphism (lattice isomorphism) of
Z(G) upon Z(H).

To show the diagram commutes, let A € ZF(S). Now 4 < (4o) 67! = (4Z5) 67,
so

ADT, < ((AZg) 0™1) D2y = (AZ5) ¥ .

Conversely, let he(AZs) o™ '@, that is h = to for some te(AZs) o™ . Let
{ty ®71 = (s), so that s € (4X5) ¢~ '. Then s ¢ a for some a € A. By Corollary 3.9,
({s) @) o = (Cay P)o < (AP) g and so he{t) o = AP, Therefore ADPL, =
= AX¥V and the diagram commutes.

We now apply this theorem to the class of quasi-free inverse semigroups. Recall
[29, p. 71] that an inverse semigroup is called quasi-free if it is isomorphic to the
quotient of a free inverse semigroup by an idempotent-determined congruence (that
is, a congruence which ([8]) identifies no non-idempotent with an idempotent).

Result 3.11. [29, Theorem 5.3]. Every quasi-free inverse semigroup is E-unitary.
An inverse semigroup S is quasi-free if and only if a) S|o is a free group and
b) S has a set M of generators such that o* ] M is injective and Mc* generates S/a
freely.

More precisely, if Q = Fifx/g for some idempotent-determined congruence g,
then M = X¢* is a generating set satisfying b), and Mo* generates Qo = F %y
freely. We call ]Xl the rank of Q. Note that M consists of non-idempotents.

The importance of quasi-free inverse semigroups stems from the fact ([29, Theorem
5.3]) that every inverse semigroup is an idempotent-separating image of such a semi-
group.

Theorem 3.12. The class of quasi-free inverse semigroups of given rank is closed
under lattice isomorphisms.
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Proof. Let Q be quasi-free of rank y, say, and let @ be a lattice isomorphism of Q
upon an inverse semigroup T.

Let M be a generating set of the above kind, so that M consists of non-idempotents.
By Corollary 3.2, ¢ is an isomorphism. Hence by Theorem 3.4, T'is E-unitary and
by Theorem 3.10, there is an isomorphism ¥ of £(Q[o) upon #(T/s) such that
APE; = AZ,Y for each Ae LF(Q). Since Qfo is free on y generators so is T/o,
by a theorem of Sadovskii [30].

In factif y # 1, ¥ is induced by an isomorphism ¥ of Qs upon To.

Foreach m e M, let {m) & = (m') for some m' € T, and put M' = {m’ tme M}
Then M’ generates T. If m e M, then {Egy, m) € ZF(Q) and so ({Eg, m) ®) Iy =
= ((Eg, m) Zo) ¥ = (Km) o*) ¥ = {mo*y ¥, that is (m'c*) = (Ep, m'y X =
(CEg, my @) Xy = (ma*)y V.

If x = 1, that is Q is elementary, then so is T'and by Result 3.11, T'is clearly quasi-
free.

If x # 1, then {m'e*) = {mo*) y = {(mo*) Y, where ¥ induces &. But T/o,
being free, is certainly torsion-free, so m'c? = (ma*})*! for all m in M. Since Mo*
generates Q/o freely, (Mo*) y generates T/o freely. Hence M'c* generates T/o freely.
(See, for example [9, Chapter 7]). If mio* = mjo®, m,, m, € M, then (m,c*)y =
= [(myo*) Y]*", that is mc* = (my0*)*". Since Mo* generates Qfo freely, m;o* =
= m,o*, and since ¢* l M’ is injective, m; = m,. Thus ¢* | M’ is injective.

Hence by Result 3.11, T'is quasi-free of rank .

Some quasi-free inverse semigroups, for example free inverse semigroups [14],
free groups [30] and the bicyclic semigroup [17] are in fact determined (in most
cases strongly) by their lattices of inverse subsemigroups. The author conjectures
that the same is true for all quasi-free inverse semigroups. It is however, possible
for two E-unitary inverse semigroups to have isomorphic semilattices and isomorphic
maximum group images without being isomorphic. (See [20, Theorem 1.3]).

4. FREE PRODUCTS OF GROUPS

If G and H are groups then following [21] we will denote by G inv H their free
product in the category of inverse semigroups, and by G gp H their free product
in the category of groups. The inverse semigroup G inv H and the group G gp H
are characterized by the usual universal properties in their respective categories.

It was proved by Sadovskii [31] that G gp H is determined by its lattice of sub-
groups when G and H are non-trivial. (If one group is trivial then G gp H isisomorphic
with the otherbﬂ. In fact Holmes [10] and Ar3inov [1] proved that each lattice iso-
morphism of G‘gp H upon a group K is induced by a unique isomorphism of G gp H
upon K.

We now apply the results of Section 3 to show that for any groups G and H,
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Ginv H is determined by its lattice of inverse subsemigroups. Whether G inv H is
strongly determined by #(G inv H) is not known.

Explicit descriptions of G inv H were given independently by McAlister [21] and
by Knox [ 18] to which the reader is referred for all details. We present a brief sum-
mary of the relevant results. (For properties of G gp H, see [9]).

Result 4.1. Let G and H be groups. Then
(i) Ginv H is completely semisimple, and so 9 = ¢,
(ii) Ginv H is fundamental, except when G and H are finite and either G or H
(but not both) is trivial,
(iii) Ginv H is E-unitary and (G inv H)|o = G gp H.

This result gives the global properties of G inv H. To exhibit the fine structure some
definitions are required.

A word in G and H is said to reduced if no two adjacent letters are in the same
group G or H and no letter is idempotent. The empty word is defined to be reduced.

Then G gp H has as its set of elements the reduced words in G and H [9] with the
empty word as identity. '

If w=wy...w,is a reduced word, the expression is unique and n is the length
of w, denoted by I(w).

For n =2, let pre(w) = {wy, wyws, ..., wy...w,_}; let pre(w) = if we
€ G U H. (We are considering G and H to be subsets of G gp H — both 1 and 1
are identified with the identity 1 of G gp H).

A finite non-empty subset X of G gp H is a filter [21, p. 12] if

(i) we X implies pre (w) = X,
and

(i) Xn G+ [ and X nH % [ imply 1eX.
(This definition is slightly different from, but equivalent to McAlister’s.) For example
if w is a non-empty reduced word then pre (w) U {w} is a filter; if I(3) = 2, so is
pre (w) itself.

Denote the set of filters by #,. Put & = &, U {e, f}, where e = eg, f = ey,
and define

e>X if XnG+[1, f>X if XnH=+[0O
and
X2Yif XSV, X,Ye&F,.

Then [21, Lemma 2.5] & is a semilattice having % as an ideal. If X € &, let
e(X) =[] xefx~". Since Ginv H is generated by G and H, &(X) is an element,

xeX

in fact an idempotent of G inv H. (Again we consider G and H to be subsets of
G inv H. Each non-empty reduced word w; ... w, can then be considered an element
of G inv H in the obvious way.)
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Result 4.2, Let G and H be groups. Then

(i) every idempotent of Ginv H can be expressed uniquely in one of the forms
e, f or ¢(X), where X is a filter,
and

(i) # = E(G inv H), the isomorphism taking ¢ to e, f to fand the filter X to &(X).

Further if X, Ye %, then

(iii) &(X) 2 &(Y) if and only if X = wY for some reduced word w. In that case

x| = [¥].

For example if w is a non-empty reduced word in G and H, then wefw™ " cor-
responds to the filter pre (w) U {w}. (So if g € G, gefg ™' corresponds to {g} and
(9¢efg™") (ef) to {1, g}.)

Since # = E(G inv H) we may write & again for the equivalence on & induced
by the restriction of 2 to the idempotents of G inv H. Then X 2 Y if and only if
X = wY for some reduced word w.

Now put S = Ginv H and for the remainder of the section let @ be a lattice
isomorphism of #(S) upon $(T) for some inverse semigroup 7. Since G and H
generate S, G® and H® generate T (and G® and H® are groups). If both G and H
are trivial, then Ginv H is the semilattice {e, f, ef ], ¢ i| /f, which by Result 1.1 is
determined by its lattice of inverse subscmigroups. From now on G or H, but not
both, may be trivial.

From Result 4.2 it is readily seen that E(J,;) = {aefa™"' :a e G U H} and that
the correspondences g — gefg ™!, g € G, and h — hefh ™!, h € H are each one-to-one.
Moreover J < J,; for all Je #(S), J # J,, J, (since if X € #, then x € X, by (i)
of the definition, whence &(X) < &({x}) = xefx™! ¢ ef). By Lemma 3.1 the weak
isomorphism ¢, is therefore an isomorphism on E(S\ G u H). But e | £, so e¢ | f¢
and (ef ) ¢ = (ed) (f§). Thus Jiopyg < Jogs J ;4 and so ¢, is an order-isomorphism
of #(S5) upon #(T). By Proposition 1.12, ¢ is therefore an isomorphism. We have
proved the first part of the following.

1

Proposition 4.3. The map ¢ of Eg upon Eg is an isomorphism.
Therefore (i) T is E-unitary.
Further (ii) T is completely semisimple
and (iii) T is fundamental.

Proof. (i) follows from Theorem 3.4, (ii) from Result 1.2 and (iii) from Theorem
1.15, each applicd to Result 4.1.

At this stage we can, using Theorem 3.10, deduce also that #(S/o) = £(T]o)
whence by the results quoted earlier, there is an isomorphism of S/o upon TJo
inducing the lattice isomorphism of #(S/o) upon Z(T/s). Hence Tjo = G gp H.
There seems however little progress to be made by pursuing this approach further
and we will therefore use alternative techniques to achieve our goal.
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We now show that the properties of J,,, given above, are preserved in Ji,p4 =
= (J.;) ¢4. For convenience put k = (ef) ¢ = (e¢)(f¢). Then E(J,) = E(J,;) ¢p-

From the description of Ginv H as a “P-semigroup” in [21, Theorem 4.3] it is
easily seen that J,, has trivial subgroups. Thus the same is true of J,. If ae G® U
U H®, then aka™' @ k, for a '(aka™')a = (a"'a)k = k. If aka™' =k, then
ak # k so ak = k and a € {e¢, f¢} since T is E-unitary. Thus if a, be G and
aka™' = bkb™', so that (b~'a)k(b”'a)™! =k, then a = b. Hence the map
a—aka™', ae G®P is an injection, taking e¢ to k. There is a similar injection
b — bkb™! of H® into E(J,), taking f¢ to k.

Let d € E(D,), d = k. Thus d = bkb™" for some b e T\ E;.SinceT = {G®, HP)
we may write b = b, ... b,, where each b;e G® U H® and alternate b;’s are in
different subgroups G® or H®. Suppose n = 2, and without loss of generality
b, € GO, b, € H®, so that by(edp) = by and (f¢) b, = b,. Then (bkb7 ") (bkb™') =
= (bye fp by')(byb, ... bkb™ ") = biedp fp b, ... bkb™" = bkb~*. So bkby ' =
= bkb™! =d and b;kb7',deE(J,) whence by complete semisimplicity of T,
d = bkbi?.

Thus E(J,) = {aka™' : a € G® U HP}. It is now apparent that the composite map
06 :gr>gefg ' g kgi' — gy, where g kg; ' = (gefg™ ") ¢p, is a bijection of G
upon G taking e to ep. A bijection Oy : h— h, of H upon H® is defined similarly.

A technical lemma is now required.

Lemma 4.4, For all g e G, {g) ® = {g,>. Further g and g, have the same order.

Proof. Let g € G, and (gefg‘l) ¢ = g,;kg7*. Since {g,) is a cyclic group, so is
{g:> @', generated by a, say, a € G. Consider the inverse subsemigroup <{g;, k)
of T. Every idempotent of {g, k) has the form e¢ or (9i'kg;*) ... (g7kg1 ") for
some integers o;, | < i < n(n = 1). As above, each g{'kg;** € E(J,) and no product
of distinct idempotents of J, is again in J,. Hence

E<gy, kY 0 J = {gikgi*:aeZ}.
Similarly E<a, efy n J,, = {a’efa™" : e Z}, in S.

But, recalling that ¢ is #-preserving, (E<a, ef > N J.;) ¢r = E<a, ef ) pp 0 J; =
= Ea, efy ® 0 J, = Egy, k) 0 Jy, so {alefa™ : peZ} ¢y = {g5kgi* 1a e Z}.
Since the correspondences a’ - a’efa™" and g% > gikgi* are one-to-one, [{a’ : f e
e Z}| = |{4} : ¢ € Z}|, that is a and g, have the same order.

By definition gefg™! = (g,kgi ") ¢; ' and so gefg™' = a™efa™™, that is g = a”,
for some me Z, m % 0.

Therefore {g) < <{a) and {g) @ < {a) ® = {gy).

Conversely, {g)> @ = (b) for some b € GP. By similar arguments g, = b" for some

neZ, n =+ 0 and so {(g;> = <b) = <{g) . Hence {g) ® = {g,). Since therefore
{g) = <a), g and g, have the same order.
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Proposition 4.5. The maps 0; and 0y are isomorphisms of G upon G®, H upon
H®, inducing the lattice isomorphisms @ I Z(G), l Z(H) respectively.

Proof. Again denoting g0 by g,(g € G) we show first that g7 ' = (g~ *),. Clearly
we may assume g # e. Let g7 ' = u; for some ueG. (So (uefu™) ¢ = g;'kgy;
we must show u = g~'). Now in T,

k(g1 'kgy) = 97 '((9:kg1") k) 91 2 (9:kg7 ") k,

that is (ef . uefu™") ¢ 2 (gefg™" . ef) §. Since ¢ and ¢z ' are Z-preserving, in S
we have ef . uefu™' P gefg™" . ef, or in terms of filters {I,u} 2 {1, g}, whence
{l, u} = x{l, g} for some reduced word x, using Result 4.2 and the comments
immediately following it.

If x = u, then ug = 1, that is u = g~!, as required. Otherwise x = 1 and u = g.
In that case g7 * = g,, so that g% = 1. By the lemma g also has order 2, and so u =
=g =g ! again.

Now let a, be G. If a or b is idempotent clearly a;b, = (ab),, so suppose a, b €
e G\{e}, and put a,;b, = v, for some ve G. (So (vefv™') ¢ = a b, kb7 a7’; we
must show v = ab.)If v = e, then a;b; = e¢ and a, = by ' = (b™),, by the above,
whence a = b™ ! and ab = e = v.

Assume then, that v + e. By methods similar to those used above,

k(a,kai"') (aybikby'ar") 2 (a7 'kay) k(b kb)),
that is
(ef . aefa™' .vefv™ ) p Z (a"'efa.ef . bkb™ 1) ¢,

yielding ef . aefa™" . vefv™* Z a 'efa.ef . bkb™!, in S.
In terms of filters, then,

{1, a,v} = y{a™', 1, b} for some reduced word y .

Ifa) y =1, then {a,v} = {a~', b}. If v = b, then a,b, = v, = b,, a contradiction
since a # 1. Otherwise a = b and v = a™'. Then a? = a,b; = v, = aj ', that is
ai = 1. By thelemma, a® = 1,and v = ¢! = a? = ab.

If b) y = a, then v = ab.

Ifc) y = v, then {1,a} = {va™", vb}. If va™! =1, that is v = a, then a = ab,
a contradiction. Otherwise va™! = a and vb = 1. Consider the situation a = b
first. Clearly v = a2 that is aj = a;b; = v, = (a?), (and since this is the last case
to consider in this situation, aj = (a?), for all a € G). In the general case, then,
v = a® implies a,b, = v, = (a?); = aj, whence a, = b;, a = b and v = ab as
required. '

In every case, therefore, a;b, = (ab),. Thus 0, is an isomorphism of G upon G®.
That 6y is an isomorphism follows similarly.

Using Lemma 4.4 in conjunction with Lemma 3.3 of [17], 6; and 04 induce
® | £(G) and @ | £(H) respectively.
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By the universal properties of S (= G inv H), there is a unique morphism 0 of S
upon T extending 0 and 0y. For all ae G U H, (aefa™") 0 = (a0) (ef) (a0)™" =
= a,ka;’ = (aefa™") ¢.

In fact we will prove 0 | Eg = ¢,. Let a = 0¢; " | Es. Then « : Eg — Eg and for
all d € Eg, d0 = (do) ¢. Since ¢ is an isomorphism of Eg upon E; and since 0 is
a morphism, o is a well-defined surjective endomorphism of Eg. Moreover a is -
preserving (since ¢z ' is).

Proposition 4.6. The endomorphism o of Eg is in fact the identity. Thus 0 | Eg =
= ¢g.

Proof. Clearly o induces a surjective endomorphism, which we may again call o,
of &, the semilattice of filters. We show Xo = X for every filter X, by induction
on | X|.

If |X| =1, that is X = {a} for some ae G U H, then as above (aefa™")0 =
= (aefa™') ¢, or (aefa™ ') o = aefa™'. In F, then, {a} « = {a}.

Suppose now that n = 2 and that Xa = X for all filters X with less than n elements.
Let X be a filter with n elements.

Since for all words we X, pre(w) = X, we have X = U,.x pre (w) u {w}, where
each set pre (w) U {w} e # . If |pre(w) U {w}| < n for every we X then by the
hypothesis (pre (w) U {w}) « = pre (w) U {w} for each w € X. Thus Xo = X, since
is a morphism. So we may assume X = pre (w) L {w} for some reduced word w
of length n. Let w = wy ... w,: thus X = {wy, wiw,, ..., wy ... W,

Now wi'X = {1, w,, ..., w,...w,}, again a filter, and X Z w;'X, so Xa 2
@ (wi'X)a But by hypothesis agan, (wi'X)a = wi'X, since wi'X = {1} u
U {Ws, oy wy o w,}, 50 X @ wi'X @ X. Thus |Xo| = |X|. Moreover since pre (w)
is a filter contained in X and lpre (w)l =n — 1, then pre(w) = pre (w)a & Xo.
Thus Xa = pre (w) U {y} for some reduced word y. It remains to show y = w.

By similar arguments we have
Xu{l}2wi'(Xu{l})=wi'X u{w'}, again a filter, and so Xau {1} Z
2 (wi')au {wi't o =wi'X U {w;'}. (Note that since |Xau {1}] =|X U {1}
nad 1¢X, then 1¢ X« also.)

For some reduced word z, therefore,

X O {1} = z{L, wy, ..oy wy oo Wy ooy Wy ooy}

s e
If z =1, then Xo = X.

Otherwise 1 = zw; ... w; for some j, 1 < j < n. In that case z = wj—1 owih

If j<n, Xa={w;" . owi' o uw; S Wiegs ooy Wisq ... w,). However, this is
impossible, for w; and w;,  lie in different subgroups G and H, so that Xo. n G # [
and Xa n H # [ yet 1 ¢ Xo, contradicting the defining property (ii) of filters.

If j =n, thatis z = w; ' ... w?, then

1

R S -1 - -1 -1
Wis oWy cow gy = Xao={w, L oowr Lw toows L )
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By comparing lengths of words w, = w; %, w, ... w,_; = w; !

=t ows ) wit = (W) w, = w

cowytand y =

Therefore Xa = X and the result follows by induction.

Since ¢ is an isomorphism, 0 is therefore idempotent-separating.

Hence if neither G nor H is trivial, 0 is an isomorphism of G inv H upon T, for
by Result 4.1, Ginv H is in this case fundamental and so admits no non-trivial
idempotent-separating congruences.

Suppose H (or similarly G) is trivial. Then since S(=G inv {f} here) is generated
by G and f, every element s of S can be written in the form dg for some d € Eg and
ge€G. If s0e€Eq, that is (d0)(g0) € Er, then g0 e Ep, since T is E-unitary. But
0/G = 0, an isomorphism, so g = ¢ and s € Es. Thus 0 is idempotent — determined,
that is E;0”' = Eg. But then 00" < ¢, whence 007! < 6 N # < o n & (since 0
is idempotent-separating). But S in E-unitary and so 00~ ' = ¢, that is 0 is an iso-
morphism. (Note — in this case if the non-trivial subgroup is infinite G inv H is in
fact again fundamental. Otherwise, G inv H has a kernel isomorphic with G gp H.)

This completes the proof of our main theorem:

Theorem 4.7. If G and H are any groups, then Ginv H is determined up to iso-
morphism by its lattice of inverse subsemigroups.

The author does not know whether G inv H need in general be strongly determined
by °§f(G inv H). If, however, Gand H are torsion-free this is the case, as we now show.

Corollary 4.8. If G and H are torsion-free groups, then every lattice isomorphism
of Ginv H upon an inverse semigroup T is induced by a unique isomorphism of
Ginv H upon T.

Proof. Let @ : #{Ginv H) —» £(T) be an isomorphism. When G and H are
torsion-free, the subgroups G and H of S(= G inv H) are the only non-trivial
H-classes [21, Corollary 4‘6], whence GP and H® are the only non-trivial #-classes
of T. The partial one-to-one map ¢ defined in Corollary 1.7 is therefore a bijection,
of S\(G u H) upon T\ (G u H®). But 0 | Es = ¢p= ¢ | E, so forallse G u H.
(s0)(s0)™ " = (ss71) 0 = (ss™') ¢ = (s¢) (s¢)”'. Thus s0 Z s¢ and similary s0 L s¢
Since H, is trivial, s§ = s¢. By Proposition 1.6, therefore {s) & = s for all s€ S,
s ¢ G u H. But from Proposition 4.5 the same is true if s € G or s € H. By Lemma 3.3
of [17], the isomorphism induces @.

If y is any isomorphism inducing @, let g € G. Then (gefg™ ')y = (gefg™"') ¢ =
= (gefg™') 0, by Corollary 1.7, that is (gy) k(gy) ™" = (g0) k(g0)™" (where k =
= (ef ) (/)), whence by the arguments preceding Lemma 4.4, gy = g0. Hence
1/ ] G = 04 and similarly | H = 0y. But 0 extends 0; and 05 uniquely, so 0 = .

The arguments of the last paragraph hold in general so if @ is induced by an
isomorphism it is induced by a unique one.
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