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ON A RESULT OF TZITZEICA AND A NEW ASYMPTOTIC
TRANSFORMATION OF MINIMAL PROJECTIVE SURFACES

FroIM MARrcus, Technion

(Received March 28, 1978)

In the memory of the eminent Geometer E. CECH

FIRST PART

1. Introduction. Tzitzeica’s result with which we are concerned here is not mentioned
in his classical book, Géométrie différentielle projective des réseaux [3], and was
brought to our attention through R. Calapso’s lecture at the Symposium de géométrie
et analyse globale, G. Tzitzeica et D. Pompeiu [4]

It is well known that Tzitzeica discovered a class of surfaces whose curvature K
at any point M is proportional to the fourth power of the distance d of a fixed point 0
(the so-called central point of the surface) to the tangent plane at M. Most important
in this class is the subclass which satisfies the condition

(o) % = constant ,

and which was characterized as S-surfaces, see [1], p. 128. Tziizeica showed that the
coordinates x, y, z, of a generic point M on an unruled surface S relative to the
asymptotics, are three linear independent integrals of a system which can be reduced
to the from

Ly o

h being a solution of the equation

6210gh_h_ 1

1.2 .
(12) ou dv h?

E. WiLcYNsKI [2] studied unruled surfaces with indeterminate directrices. Such a sur-
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face is determined up to a homography, by a completely integrable system which can
be reduced to

(1.3) B,

0*x

-5=_g£xu+ﬂxv; xvv=ﬂxu—_xu’
du B

B being a solution of the equation

0% log B k
1.4 — =2 =82 4=
(14) Ou Ov 4 B

>

where k is an arbitrary constant, (see [5]). Wilczynski [2] also determined in finite
form the surfaces belonging to the case k = 0, that is, surfaces with indeterminate
directrices and the asymptotic curves belonging to linear complexes. Fupint and CecH
showed in [5] that the surfaces (1.3) coincide for k = 0 with Tzitzeica’s S-surfaces
and, in recognition of Wilcynski’s important contribution, called them Tzitzeica-
Wilcynski surfaces for k + 0, and limited Tzitzeica-Wilcynski surfaces for k = 0.

Tzitzeica’s result. In two other notes [1], p- 188—190, 191—192, Tzitzeica stated
(without demonstration) the following results.

If M(x, Vs x) is a generical point of an S-surface, that is, a surface whose co-
ordinates satisfy a system of the form (1.1), then the point M(X, y, Z) such that

(1.5) fox_1tcllogRox 1-cdlogR o

(a similar formula for y, Z) where R is a solution of the completely integrable
system

2 1 1
(1.6) OR _hOR_1+c10R
ou? hou 1—ch dv
2

R _ R,

ou Ov
#R_ 1-c13R _hdR
ov* l+chou hov’

and c an arbitrary constant, — describes the second focal surface of the congruence
generated by the straight line (M, M). This focal surface is also an S-surface,
and the congruence (M, M) is a W-congruence.

We note here that ¢ cannot be zero, as Will be shown later.

Tzitzeica did not explain how he had arrived at the system (1.6) or what relation
exists between (1.1) and (1.6).

H. IoNas, the well-known geometer, who achieved great progress in metric study
of W-congruences, gave in [6] a proof of existence of an asymptotic transformation
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I, (n a constant) which transforms a surface characterized by

11 22
1.7 =
w {1-0
({l’ky} being Christoffel’s second set of symbols> into another surface of the same

class. (This is the transformation by W-congruence of isothermic-surfaces which
Fubini, [5] p. 283287, obtained in his study of asymptotic transformations of
surfaces, preserving Darboux’s curves).

Next Ionas [6] noted that surfaces with K/d* = const. belong to the class charac-
terized by (1.7), particularized his transformation IT, to S-surfaces and obtained
after rather complicated calculations, Tzitzeica’s system (1.6) showing at the same
time that surfaces generated by the point (1‘5) are also S-surfaces. Ionas likewise
failed to show the connection between (1.1) and (1.6). To show this connection we
shall define the 2-correspondence between two unruled surfaces and we shall show
that Tzitzeica’s asymptotic transformation is a particular case of a general
asymptotic transformation of minimal projective surfaces obtained through
D-asymptotic correspondences.

2. 9-correspondence between two unruled minimal projective surfaces. According
to G. THOMSEN [9], unruled surfaces which satisfy the condition

(2.1) 5”1 J(4)dudv =0,

where A and I are, respectively, the discriminant of Fubini’s first fundamental form
and Fubini-Pick’s invariant, are minimal projective. If x(u, v) is an unruled surface
and u, v its asymptotic parameters, then it is determined by the completely integrable
system

(2.2) Xuuw = 0,X, + BX, + P11X . Xpp = YXy + 0,X, + P22X .
The integrability conditions are
(2.3) L, + 2By, + 8. =05 M, +2yB, + By, =0,

ﬁM,, + ZMﬁ,, + ﬂvw = '}’Lu + 2)’Lu + Yuuu »
where

(2-4) L= guu - %0: - Bv - ﬂgv - 2P11 ; M= 000 - %95 = Yu— '}’9“ - 21722 .
According to MAYER [10], one of the following conditions
(2'5) BMD + 2Mﬂfl + ﬂvl}” = 0; “yLll + 2LYu + Vuuu = 0 s

characterizes a minimal projective surface. Mayer succeeded in proving the following
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result: A minimal projective surface always allows (exclusive of some other W-
transformations) a class of oo W-transformations, which are also minimal projec-
tive surfaces. ‘

In this case we have the relation

(2.6) B =0,

where o is an arbitrary constant and the expressions # and &/ will be explained in
the next section.

According to Cech [8], asymptotic correspondences between two unruled surfaces
with contact invariants r and s, see [5’], fall into three categories, the third of which
is characterized by

(2'7) r=ki; s=k,,

ki, k, being constants such that k, + k, = 0 + +1.

Let there be two unruled surfaces in asymptotic correspondence, such that one of
the surfaces is determined by the system (2.2). If the correspondence is of the third
category, then the second surface is determined by the quantities

* *
(2.8) B—=k1; Yook,
Y

which should satisfy integrability conditions like (2.3)
We denote by

(2.9) Xaw = OxT + BT+ pTx* 5 xp, = yAx0 4+ 00x] + phx*,

the completely integrable system which should determine the second surface.

We define a 9-correspondence as an asymptotic correspondence of the third
category between two surfaces or between their systems, which conserves Fubini’s
first and third differential forms.

Consequently a 9-correspondence exists iff:

(2.10) kik, =1 and L*=L; M*=M.

We want to show that such a correspondence may hold only between minimal
projective surfaces.

Indeed, let us suppose that surfaces x(u, v) and x*(u, v) are in a Z-correspondence.
Then condition (2.10) holds. From the third integrability condition of (2.3) and the
similar condition for system (2.9), results if we denote by k; = a,

(2.11) (2 = 1) (BM, + 2MB, + B,,) = 0.
Taking into account that o & =+1 it follows that
(212) ﬁMv + 2Mﬁu + ﬁuuu = 0 s
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and according to Mayer’s above-mentioned condition, it follows that x(u, v) is a
minimal projective surface.

Therefore we have the following result.

A Z-asymptotic correspondence can exist only between minimal projective
surfaces.

In a paper in the Archivum Mathematicum, Brno [7] we obtained some results
which can be formulated, using the above definition of Z-correspondence, in the
following manner.

1. Every surface in Z-asymptotic correspondence with an unruled minimal
projective surface is also minimal projective.

2. An unruled minimal projective surface (F) yields through a 2-asymptotic
correspondence a class C of surfaces of the same category.

3. These last surfaces do not belong to the class of o W-transformation of
Mayer.

Let us now recall the surfaces considered by Tzitzeica. The projective invariants
of system (1.1) are

1 h 3h? h 3h2

2'13 = = = ; L = S “ ; M = L v )

(2.13) B=v=, - e

and we see immediately that Mayer’s condition (2.5) is satisfied, that is (see also [10])
Tzitzieca’s surfaces are minimal projective.

We can interpret system (1.6) used by Tzitzeica for his asymptotic transformation
of surfaces (1.1) as a system which determines for different ¢ =+ 0 a class of surfaces
in Z-asymptotic correspondence with surfaces (1.1) which are also minimal projective
surfaces.

Denoting by

(2.14) o=—, a=14+c; b=c—1;
then in (2.8) we have

(2.8’) ﬁ*=_]+c 1—c¢

B; y*=-— y
1—c¢ 1 +c¢

Consequently, with a Z-asymptotic correspondence we obtain precisely system (1.6).
We thus have the following result:

The system (1.6) used by Tzitzeica for asymptotic transformation of his surfaces
is none other than the one obtained through 9-correspondence of system (1.1).

This is the eonnection between system (1.6) and (1.1). Regarding the asymptotic
transformation discovered by Tzitzeica, we shall show that it is a particular case of
general asymptotic transformation of minimal projective surfaces, including also
asymptotic transformation of the limiting Tzitzeica-Wilczynski surfaces.
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I am indebted to the results of the late eminent geometer, George Tzitzeica, which
appeared in the mentioned two papers, which enabled us to extend our results recently
obtained for minimal projective surfaces in Archivum Mathematicum Tomus 6
Brno.

SECOND PART

3. Recapitulation of Fubini’s general method for the study of W-congruences with
a given focal surface. Let x(u, v) be an unruled surface referred to the asymptotic
parameters u, v the first focal surface of a congruence generated by the tangents to the
curves

(3.1) du _do

Then, according to Fubini [5], the point
(3.2) X = pux + Ax,, + Bx,,

(similar equations for y, z, i) describes the second focal surface of the congruence.
The congruence is W iff

(3.3) KA (ﬁiﬂ) _9 (Bu_*“_f‘lﬁ).

ou A ov B

In this case, one can find a common factor & so that A = 64 and B = 6B can be
a solution (other 4 = B = 0) of the system

(3.4) A, +By=0; B,+ A48 =0.

Let us write again A, B, instead of 4, B respectively. Then we have:

(35) wu=-—%4,+ 40, + B, + BO,); L= —3A,+ 40, — B, — BY,).
The following quantities _

(3-6) o = AA,, — 3A? + A’L; & = BB,, — 3B + B’M,

(3.7) N=23-);

are very important in Fubini’s theory.
For the second focal surface X(u, v) we have

(3.8) §=06+log|N|,
N A N,
+ =—___‘f; 4y = — — v’
B+ AN Ty B N
1 N, AN,
I_’llzpll+ﬂo+ﬂgv+—l—s Pzz=Pzz+7..+Y0.,—E-ﬁ.
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N is constant for W-transformations obtained by application of a null reciprocity
to the first surface, and N = 0 for W-congruences with a degenerate second focal
surface.

4. A new asymptotic transformation of minimal projective surfaces. Let x(u, v) be
an unruled minimal projective surface and x*(u, v), one of the surfaces in Z-cor-
respondence with x(u, v).

For simplicity, we suppose that the coordinates of the two surfaces are non-homo-
geneous. Then, they are the respective solutions for the systems

(41) xuu = Guxu + Bxu ; xvv = yxu + Guxv >
(42) xh o= Okt 4 BoxE Xk = et 4 0T
Setting

a
4.3 o=,
(43) )

we obtain from (2.8), (2.10) and (2.4)

a
(44) B*zuﬂ, ‘y*:4'y,
b a
and
4.5 0% — 30%> — L po* — % p — 0, — 162~ B, — PO
() uu 2Y%u Bv _Bv'_ uu 2Y%u Bu ﬂv’
b b
0, — 405 = Zyor = 2y = 0, — 202 — 5, — 90,
a a

We note that in our case, if one of the systems (4.1) or (4.2) is completely integrable,
so is the other. For example if x(u, v) is a minimal projective surface. Then conditions
(2.3) are satisfied. From (4.4) and (2.10) it follows that the conditions (2.2) for system
(4.2) are also satisfied, and according to Mayer’s condition (2.8), we have
(4.6) B*My + 2M*B7 + By, = y*Li, + 2L*p) + y, = 0.

We first prove the following result.

For every non-constant solution of one of the systems (4.1) and (4.2) the functions

(4.7) A = —a(log x*),; B = b(log x*), ;
or
(4.7) A* = b(log x),; B* = —a(log x), ;

satisfy Fubini’s conditions (3.3).
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Indeed, let for example x* be a non-constant solution of system (4.2). Bearing
in mind (4.2), one verifies that

A, + By — 0 - (log )y B, + Ap
A B

(4.8)

= 0 — (log x*),;

consequently

(4.9)

0 A,+ By @8 B,+ Ap

Ju A E) B

= 0}, — (log x*),, .

It is seen that the straight line (x, X) where
(4.10) X = pux + Ax, + Bx,,

generates a W-congruence.
Similarly we can verify that the point

(4.10") X* = p*x* + A*x) + B*xy,

generates the second focal surface of a W-congruence if A* and B* are given by
(4.7"). This is further proof of the connection between a minimal projective unruled
surface and one of his 2-correspondence surface.

From (4.8) it follows that we may multiply the functions 4 and B by the factor

(4.11) o = x*¢” %, 0* not constant ,

or A*, B* by

(4.11) o* = xe”%, 6 not constant,

to yield

(4.12) A, +By=0; B,+AB=0;
or

(4.12) AY + B¥y* =0; B + A*B* =0;

in which case we have
(4.13) A= —ae™"x}; B=be""x};

or
(4.13) A* = be™%%,; B* = —ae %,.

One may restate the result just proved as follows:

Theorem. With every non-constant solution of one of the systems which determines
a minimal projective surface and another of a 9D-asymptotic correspondence, can
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be associated a rectilinear W-congruence whose first focal surface is that determined
by the other system.

This connection could not have been noticed by Tzitzeica or by Ionas. Using
Fubini’s method, we can simplify Tzitzeica’s equation (1.5) in the following form

’_C=x—livaxu'-l~cRuxv’
h h

which was overlooked by H. Ionas [6].

We now prove the following theorem.

Theorem. The second focal surfaces defined by points (4.10) or (4.10°) are also
minimal projective surfaces.

To prove this we have first to evaluate the expressions (3.6) and (3.7). From (4.13)
we obtain

(4.14) A, = abfe™"x} — ae™x},; B, = —bOje "x} + be "x} ;

uy > [Nt

A= —ae P20 + B9¥) + a0 — O — B — B0 + ae "l

uv >

hence
AA,, = a7 * X x(07, + Bry*) —
— a2 62, — 052 — B — prOY) — ale M xixk,,
(4.15) —3A7 = —Ja%e (032 — 200xIx0)
AL = ae"2"x¥%(0%, — 4032 — ¥ — p*0%),
because

L*=1L.

Therefore w;e have

(4.16) o = AA,, — 34} + A’L = a*e™2"[(0}, + B*v*) xixy — 4xi2].
Likewise ,

(417) 2 = BB,, — 1B} + B*M = b *"[(0}, + B*v*) x}xF — 1x}2].
Consequently from (3.7) we obtain '

(418) N =2(# — &) = (b* — a?) e 2*"[2(6}, + B*y*) xixy — xi2].
Setting

(4.19) b? = a2,
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we have by (4.16) and (4.17)
) B =0 .

According to Mayer’s above-mentioned result, it follows that the surfaces %(u, v)
or X*(u, v) are minimal projective surfaces.

5. The particular case of Tzizeica-Wilczyinski surfaces. Suppose that
(5.1) 0*=0.
Then from (4.5) we have

(5:2) (1 - %) (B + 0,) = 0 (1 - %) (ru + 70 = 0.

But by hypothesis « = a[b * 1, i.e. the surfaces (4.1) and (4.2) are not projectively
applicable. Thus

(5.3) B, + B8, =0; vy, +170,=0,
and we have by (5.3)
2 .
(5.4) 6_log£)j =0,
Ou Ov

ie., x(u, v) is isothermic asymptotic surface of Fubini. By a change of parameters u, v,
we can reduce systems (4.1) and (4.2) to the form

(5'5) Xyy = — & X, + ﬂxv 5 Xy = ﬂxu - &xv s
B B
and
(55) L Y T ST
B b a B

which are Tzitzeica-Wilczynski surfaces.
If B is a solution of the equation

2
(5.6) O logh 4 K
du dv B

>

then the two systems are completely integrable. If k & 0, we may associate with the
systems (5.5) and (5.5") respectively the third equation

(5.54) Xyp = Ex ,
(5.51) x¥ =

222




(for X, ¥, z, x*, y*, z*, but not for the fourth coordinate ¢, and t*), and the systems
are completely integrable throughout.
Setting

(5.7) w=x; R=x*¥, h==-, a=1+4+c¢; b=c—-1,
the systems (5.5) and (5.5,), (5.5') and (5.57) yield Tzitzeica’s systems (1.1) and
(1.6) for k = —1.

From (5.3) and (5.5") results

3 % log B

(58) 0., + By = 05, + B*y* = s B* = % (k +0)
and taking into account (4.18), (5.6) and

(5.9) p=ct=c",

we have

(5.10) N = (b* — a) p? (2% xEx¥ — x,’fvz).

It remains to note that the constant ¢ in Tzitzeica’s system (1.6) (see [1]), where it is
asserted that it is arbitrarily constant, cannot be zero because if ¢ = 0, then a = b
and by (4.18), N = 0. According to Fubini [5] however, N = 0 signifies that the
surfaces generated by the point X given by (1.5) degenerates in a straight line.

6. The case of the limiting Tzitzeica-Wilcynski surfaces. Let us suppose that k = 0.
In such a case the equations

(6.1) x,,,,=,—cx; Xk o= —x*,
B

cannot be associated with the systems (5.5) and (5.5"). Observing that we now have
(6.2) Ou + By = 04y + B** =0,
then it follows from (5.10) that

(6.3) N = (a* — b?) p?x37 ;

uv >

since the limiting Tzitzeica-Wilczynski surfaces are known in finite form (see [2])»
we can calculate (6.3).

Indeed, according to Wilczynski or Terracini (see [11]), these surfaces are generated
by the points ’

(A) x; =4U+V)=2u—-0v)(U = V); x,=U" =V';

x3=u+v; Xg=1;
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where u, v, are asymptotic parameters, U is an arbitrary function of u alone and V
of v alone, whose derivatives of third order do not vanish.
The coordinates (A) must satisfy the system (see [2]),

2 2
(6.4) Ox [ 2Pu0x | 0p %% g, 0X 0% B0
ou? ® du v ov? u @ o
with
2
(6.5) Glogd _ 450,
Ou dv

Consequently U(u) and V(v) must be third order polynomials of u alone and v
alone. We can therefore take, according to O. BoRUVKA (see [11]), for the surface
(5.5) the coordinates

(B) x; = —ud + 3uPv + 3uv? — 05 x, =u — 0%
X3 = —U—V; X4=
and then
1 1
6.6 = = — 5 0=0:= ,
( ) A=y u+v “ * w4
and for the surfaces (5.5')
3 2
* _ 423 2 2 Uk 2 _ U,
SC) xt = —a*?u® + 3u?v + 3uv et x5 = a*u el
x;‘=—a*u-—a—i, xg=1,
with
a a a 1 b 1
6.7 a=—=—a*2, * = = — - ;'y*——_.__ ;
©7) b 4 bﬂ bu+v au+v
o = or = .
u-+?v

And now let us calculate the function N from (6.3). We see immediately that for the
coordinates x% and x3 follows

(6.8) N=0,
and for x} = —a*?u® + 3u?v + 3uv® — v*[a*?, we have
(6.9) N = (a® — b?) p?x}? = 36(a> — b*) = non zero constant.

In the first case it follows that the second focal surface of the congruence generated
by (x, X) degenerated into a straight line, and in the other case the second focal
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surface generated by the point
= ux + Ax, + Bx,

=

with
A= —aBx}; B=bBx,
for x* = x7 is correlative to the first focal surface (x).
In [11] we proved the following theorem.

Theorem. The surfaces (A) of Wilczynski or Terracini’s surfaces of third class,
allow a group G, of collineations into themselves iff U(u) and V(v) are polynomials
of the third degree.

Consequently we have the following result.

With every non-constant solution of one of the systems defining a Tzitzeica-
Wilczynski limiting surface, which allows a group G, of collineation into them-
selves and one of the sytems in 9D-correspondence can also be associated with
a rectiliniar W-congruence, whose first focal surface is the one determined by the
other system

The congruences belong to special complexes, or the second focal surfaces are
correlative to the first ones.

Some remarks. 1. If we change the asumptotic parameters in Tzitzeica’s system
(1,1), letting

u 1+c¢
R=x; i=— D b=3aw; a=— ,
33 v 1—c¢
we obtain
Rﬁa=PjRa 11—+—C'Rs§ RaazlhclRa‘*‘ﬁRa, Rgz = hR,
h hl-—c¢ 1+ch h

which is the adjoint of Tzitzeica’s system (1.6).

2. It is easy to prove that only for coincidence minimal projective surfaces, the
pair A, B given by (4.13) and the pair A*, B*, given by (4.13') may satisfy the systems
(4.2) and (4.1), respectively.

3. If the coordinates of two minimal projective surfaces x(u, v) and x*(u, v) in
a Z-asymptotic correspondence are homogeneous, then the particular case of
Tzitzeica-Wilczynski surfaces is obtained by (5.1) and pf; = py1; P32 = Paa-

4. If the ratio a/b also varies, one obtain oo® W-congruences on all minimal
projective surfaces.

One can pass from systems (4.1) and (42) to the systems
(4.1) Xiw = BX, + DX’ Xy = 7%+ P22X',
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respectively
(4.2) xpw = BExy A+ pii s xe, =y 4+ praxt
by means of the transformation

x = Ax"; x* =ox*,
where

AN\ 2 A WD\ A A
o=l fw g Zon pr, =2 20) = Dy D
Pi1 (;) 2 P (;) 2 2
’ au 2 Uuu GU ’ O-ll 2 O’uu P O-ll
p71=2(—)-——+ﬁ*—; P =2() - M+
o o o o I o
Now it is easy to see that the expressions
,_ @ . ,_ b ,
A =;(o’x*),,; B =——2(ax*)“
and
A* —E(Jx’) ; B¥ = —— (Ax))
'—/12 - v - )'2 u) >

verify the conditions
A, +By=0; B,+ Ap=0,
and
AY + B¥y* =0; BY + A¥B* =0.

Consequently the straight ines (x'x’) and (x*’, X*') generate W congruences, where

X'=u'x" + A'x, + B'x,
and

XM o= p*x* 4 AFXY 4 B¥xT
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