Czechoslovak Mathematical Journal

Florian-Horia Vasilescu
Spectral mapping theorem for the local spectrum

Czechoslovak Mathematical Journal, Vol. 30 (1980), No. 1, 28-35

Persistent URL: http://dml.cz/dmlcz/101652

Terms of use:

© Institute of Mathematics AS CR, 1980

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/101652
http://dml.cz

Czechoslovak Mathematical Journal, 30 (105) 1980, Praha

SPECTRAL MAPPING THEOREM FOR THE LOCAL SPECTRUM

F.-H. VasiLescu, Bucharest

(Received January 2, 1978)

1. Introduction. In the sequel X will be a Fréchet space in the sense of [2]; in
particular, the topology of X will be defined by a countable family of semi-norms
{|x[m}m=1. We denote by C(X) the set of all linear closed operators acting in X,
and by L(X) the set of all continuous linear operators on X. The space L(X) will
be endowed with the topology of the uniform convergence on the bounded subsets
of X. We denote also by C,, the one-point compactification of the complex field C.

We recall that the spectrum o(T) of an operator Te C(X)is defined as the comple-
ment in C,, of the set ¢(T) of all points A € C,, which have a neighbourhood ¥, such
that (1 — T)™*' € L(X) for any pe V;, n C and the set

{(u=T)"'x; peV,nC}

is bounded for any x € X (this definition is equivalent to the original one given
in [9], in Fréchet spaces).

Let us fix now an operator Te C(X). We recall the concept of local spectrum, as
defined in [5]. Namely, for a fixed element x € X let us denote by &-(x) the set of
all 1 e C_, for which there are an open neighbourhood ¥V, and an X-valued analytic
function f,, defined in V;, whose values are actually in the domain of definition 2(T)
of T, such that (u — T) f,(x) = x for pe V; n C. Such a function f, will be called
T-associated with x (at ). The set y,(x) = C,, \ 67(x) is the local spectrum of T
at x and it is obviously contained in o(T).

Let us denote by Ay the set of all complex-valued functions, analytic in neigh-
bourhoods of o(T). The analytic functional calculus for T[4], [9], [1] is then defined
by

- - Lf(#) (= Ty du #a(T),
f(0) + ZLMJ‘rf(#) (p—=T)*dpy o eo(T),
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where T is a rectifiable contour surrounding o(7T) in C and f € Ay is arbitrary. The
properties of the analytic functional calculus are well-known and we will not repeat
all of them here. One of the most important properties of the analytic functional
calculus is known as the spectral mapping theorem and it asserts that o(f(T)) =
= f(o(T)), for any f € Ay. The main result of this paper is a variant of this formula,
valid for the local spectrum. In this way we improve an older result from [7],
extending the continuous case in Banach space, completely solved in [3] for the opera-
tors having the single valued extension property in Dunford’s sense (see again [3]
for this notion). We extend also the case of the continuous operators in Banach spaces,
which are not supposed to have the single valued extension property, developed in
[8]- The present refinement takes advantage of some ideas of [8].

Let us recall one more concept. As is shown in [5], there exists a unique maximal
open set Qp = C,, with the property that if U = Q; is open and f, : U » 2(T) is
analytic and (u — T)fo() = 0 for pe U N C then f, = 0 in U. In other words,
the set Qp is the maximal open set in C,, in which the operator T has the single valued
extension property. Its complement in C,, will be denoted by Sy. The set Sy is con=
tained in o(T) and has a “good behaviour” with respect to the analytic functional
calculus [7]. We shall return to this problem in the third section.

2. Main result. In this section we shall prove the following

2.1. Theorem. Consider T € C(X) and take f € Ap which is non-constant in any
connected component of its domain of definition. Then for every x € X we have

F2(x)) = vpay(x)-

In order to prove Theorem 2.1 we need some supplementary results.

2.2. Proposition. Consider T € C(X) and take x € X such that yr(x)$ co. Then
x € 9(T) for any k = 1 and

sup {|2]; z € 12(x)} < sup lim | T*x[4* < o0
m k-

The proof of this assertion can be found in [6].

2.3. Lemma. Assume that T € C(X) has the properties Q(T) + 0 and O"(T) 3 .
If f€ Ay is such that lim z* f(z) = 0 (0 < k < m) then for any polynomial P of

z— 0

degree at most m the function g = Pfe Ay, g(T) P(T)f(T) and ¢(T)x =
= f(T) P(T) x for any x € 9(P(T)).
The proof of this result is similar to that in [4] so that we omit it.

Proof of Theorem 2.1. If there exists at least one f € A; which is non-constant
in any connected component of its domain of definition then we must have o(T) =+ 0;
otherwise, the only functions in A; would be constants.
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Let us consider such an f € A, and fix x € X. We show first the inclusion f(y7(x))
< ypy(x). Take Ao €f ™ (87r(x)). Since po = f(Ao) € Ssry(x), we can take an
analytic function h which is f(T)-associated with x at y,. Let us write f(1) — f(z) =
= (A — z) g,(2), and note that for any fixed A the function g, is analytic in a neigh-
bourhood of o(T). By Lemma 2.3 we have (A — T)g,(T) h(f(1)) = x and the
mapping

9.(T) (7 (2)) = Mz) (z = T)"* W(f(2)) dz,

where I' is a rectifiable contour surrounding o'(T), is analyticin a neighbourhood of 4,.
We therefore have f™'(8,1y(x)) = 61(x), whence f(y1(x)) = ().

Conversely, take po € y;(x). If o(T) 3 00, we suppose that p, + f(0). Consider
the equation p, — f(4) = 0. Since the solutions of this equation have no cluster
point in the domain of definition of f, we may suppose, diminishing this domain of
definition if necessary, that the above equation has only the distinct roots 4, ..., 4,.
Let us assume that all these roots are in 67(x). Take g; which are T-associated with x
at A;; more precisely, we may suppose that g; are defined in neighbourhoods of some
open and mutually disjoint sets 4;3 4;, whose boundaries are rectifiable contours
(j=1,...,n).

We investigate first the case o(T) 3 0. Then the set where f is not defined is com-
pact in C and contained in ¢(T). Let 4, be an open neighbourhood of this set,
disjoint with every 4; and such that its boundary is a rectifiable contour. Then the '
set 4 = ) 4; has the property that its boundary I' is a rectifiable contour. Note also

j=0
that in z/irtue of continuity and compactness, there exists an open neighbourhood V
of p such that the equation w — f(2) has roots only in 4, for any w € V. If we denote
by g the function which is equal to g;in 4; and to (z — T)™" x in 4, (the set 4, may
be supposed to lie in ¢(T)), we can define the function

w) = (w — f(e0)) ! x 1 (é)
0 = v =) w2 [ e

which is analyticin V. We shall show that (w — f(T)) h(w) = x in V. Let I'; be another
contour surrounding o(T). We take I'; such that the open set whose boundary is I';
contains the open set whose boundary is I', including I' itself, and which is still
in the domain of definition of f. Note the relation

E=mh—-T)"9@&)=0~-T)"x-g()),

from which we derive the equalities

L - [
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~5 ], =10 G, e =) 0~ -
- 5 =IO (5 r(c—n)g((é)— 1®) dé) "=
LD (o sty - e -

O G ) - ) xan -

2mi Jr,
_w—ﬂww' g(&)
w— f(é)
since we have
- = (v = ()

2mi Jr (€ = n)(w = f(¢))

indeed, according to the choice of the contours I' and I'y, as n € I'y, the function
(& = n)~" (w — f(&)~* is analytic in the open set whose boundary is I and we may

apply the Cauchy formula at infinity. We have used also the equalities

2ni r é-—
and

J g(¢)de=0.
Since we have
(v =S 5 = v = J(@) x4 o [ (= S) o = 1)

by the above calculation we can write

P T § S
(v = F(T) hlw) = x + “22 L,w—f@)d“

+ (oSl ‘f(.“’””j (v~ S (r — T xdn +
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which contradicts the choice of uy. We therefore must have ;e yr(x) for at least
one index j, which implies the inclusion

rn(®) < f(re(x)) O {f(o0)} .
When ¢(T) % o, we consider the function
SR G ((9
H(w) 2mi L- w — f(¢) de.

where I is chosen as in the previous case. The point at infinity does not play a role
any longer and the relations

1 dé _
EEL@ =1 "

and

—1~, g9(8)d¢ = —I—J (E-T)"'xdl=x
2ni J - 2mi J r,

imply the inclusion y,(x) = f(yr(x)). Consequently, in the case o(T)# co the
theorem is proved.

Let us establish the theorem in its general form. It will be sufficient to prove the
equality when y(x)$ co. Let us fix Ay € o(T) and define ¢(z) = (z — 4,)~*. Note
that ¢(c0) = 0. We show first that y,7y(X) # 0. According to Proposition 2.2, there is
a constant L = 0 such that

[T £ ML (k,m =1,2,3,..).

Set y, = (T — Ao)* x and notice that

ko rk : .

1yelm = Zo (J) 2ol | T~ Ix]| < ML+ [Ao])-
=
This estimate shows that the series
“(W) = - z WYr 1
k=0

defines an analytic function in a neighbourhood of 0, which satisfies the equality
(w — o(T)) a(w) = x, hence 0 ¢ 7,(r)(x).

Finally, a well-known property of the analytic functional calculus [4] yields f(T) =
= (fo @ *) (¢(T)), therefore we can write

')’j(r)(x) =foq~ l('}’w(r)(x)) = (f o (P—l) (‘P(VT(X)) =f (')’T(x)) >

and the proof is complete.
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As we shall see in the next section, the hypothesis made in Theorem 2.1 on the
function f to be non-constant in any connected component of its domain of definition
is essential.

3. Some consequences. The main aim of this section is to give a proof of the
following

3.1. Theorem. Consider Te C(X) and take f € Ay which is non-constant in any
connected component of its domain of definition. Then we have Sy, = f(Sy).

This theorem has been already proved in [7]. We shall give here a different proof,
based on Theorem 2.1.

The next result is inspired by [8].

3.2. Lemma. Consider T € C(X). The set of all A€ C such that there exists an
x; € 9(T), x; * 0 with the properties y(x;) = 0 and (. — T)x, = 0 is contained
in Sy and is dense in Sy.

Proof. Itis easily seen that Sy is the set of all points 4 € C, such that in any neigh-
bourhood V; of 4 one can find an open set U and a 2(T)-valued analytic function
f # Osuchthat (u — T) f(u) = Ofor pe U n C.

Take now A€ C such that there is an x, € X with the above stated properties.
Since yr(x;) = 0, we can find in a neighbourhood V; of 4 an open set U and an
analytic 9(T)-valued function g such that (u — T) g(u) = x for pe U n C. If we
define f(u) = (2 — T)g(w) then f & 0in U and (u — T) f(u) = 0, therefore A€ Sy.

Let us show that the set of all points A € C with the stated properties is dense in Sy.
Indeed, if A€ Sy is arbitrary and V, is a neighbourhood of 2 then there exists a 2(T)-
valued function f, defined in an open set U < V, f analytic, such that (u — T) f(u) =
= 0in U. If we fix e U n C such that x, = f(u) + 0, then y;(x,) = 0 (see [5],
Proposition 2.2), hence u € V, has the desired properties.

3.3. Lemma. Let U = C_, be anopen set,U3 o0 and f : U — C an analytic non-null
function. Then for any K < U, K 5 o, K closed, the function f has the represen-
tation

f2) =y = 2) ... (A — 2) (Ao — 2)"%9(2),
where Ay, ..., A, lie in K, g = n is an integer, .o ¢ U and g(z) + 0 in K.

Proof. If U = C, then f is constant and the representation is trivial. If U + C,,
we take Ao ¢ U and consider the transformation w = (z — 1,)™"; therefore we shall
study the analytic function g(w) = f(w‘1 + Jo) in a neighbourhood of zero. The set
K, = {w; ze K} is compact, therefore g has only a finite number of zeros in K;.
We have then

gw) = wP(w — wy) ... (w — w,) h(w),
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and h(w) # 0 in K,. Hence we obtain the corresponding representation for f, with
gq=p+nz=n.
Note that 4,, ..., 4, are not supposed to be necessarily distinct.

Proof of Theorem 3.1. We shall use Lemma 3.2. Let 1€ C have the property
that there is x, € 9(T), x; * 0, such that (1 — T) x; = 0 and y7(x;) = 0. Then we
have (f(2) — f(T)) x; = g(T) (2 — T) x; = 0, where g(z) = gi(2) is defined as in
the first part of the proof of Theorem 2.1. By Theorem 2.1, ys(r)(x;) = 0, therefore
f(2) € Sy By the density obtained in Lemma 3.2, we infer f(S1) = S

Conversely, take € Sy and x, # 0 with y;qy(x,) = @ and (¢ — f(T)x, = 0.
We suppose that ¢(T) 3 oo and apply Lemma 3.3 to the function 4 — f and to o(T).
We therefore have

p= 1) = (s = 2) eee (o = 2) (B0 — )" 9(2).

where g(z) # 0 in a neighbourhood of o(T) and 2, € ¢(T). By Lemma 2.3 we can
write

A =T)eo.(l = T) (Ao — T)"%9(T) x, = 0.
Let j be the largest index with the property
(A =T)c.(la— T)(A — T)™%9(T)x, = 0.

We have then y = (A4 — T)...(A4 — T) (Ao — T)"?9(T) x, + 0 (note that if
Jj =n, we have (1, — T)"?g(T) x, + O since g(T)™' exists). On the other hand,
hi(z) = (Aj+1 — 2) .- (4 — 2) (Ao — 2) g(z) is analytic at infinity by virtue of
g =n2n—j, therefore h(T)e L(X). As h(T)(z — T)x = (z — T) h(T) x for
any x e 9(T), we derive that yp(h,(T)x,) = yr(y) = yr(x,) = 0, where the last
equality is obtained by Theorem 2.1. Summarizing, we have (4; — T)y =0, y + 0
and yr(y) = 0, hence 4; € Sy. Then u = f(4;) € f(Sy), which completes the proof.

The case o(T) $ oo can be obtained in a similar manner, the decomposition of u — f
being of the same type, with ¢ = 0.

3.4. Remarks. 1° Note that the hypothesis that f be non-constant in any connected
component of its domain of definition is essential. Indeed, if Te C(X) has the proper-
ty Sp # @ and f(z) = 1, then f(T) = 1 and Sy, = 0, while £(S;) = {1}.

Furthermore, we can find an x € X, x # 0, such that y-,(x) = () by Lemma 3.2
while y,(x) = {1}. Therefore, the properties of f are also essential for Theorem 2.1.

2° By similar techniques, one can improve the results of [7] concerning the
calculus with polynomials. Namely, if Te C(X) has the property ¢(T) = 0 then for
any non-constant polynomial P we have y,ry(x) = P(yr(x)) for every xe X. As
a consequence, we can also prove the relation S,y = P(Sy) which is already proved
directly in [7]. We will not develop these ideas here; they will be published elsewhere.
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